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PKEFACE 


Recent discoYeries have revealed that electromagnetic phenomena 
are of greater importance in cosmic physics than used to be supposed. 
The time now seems to be ripe for an attempt to trace systematically 
the electromagnetic phenomena In the cosmos, and this is the reason 
for writing the present volume. 

Cosmic physics is still in the stage where the most important task is 
to find out what are the dominating physical factors. Too many 
theories have been worked out with much mathematical skill on basic 
assumptions which were not physically tenable. Hence in this book the 
stress is always laid more on the physical than on the mathematical side. 
It is clearly understood that definite tests of any theory can be made only 
by means of rigorous mathematics, but the scope of this book is more to 
put the problems than to solve them. 

The first four chapters are of fundamental character, the last three 
contain the applications. "J'he reader is supposed to be familiar with the 
empirical results in this field. No attempt has been made to give an 
historical account of the development of the theories. 

During a prolonged correspondence and many discussions Mr. Nicolai 
Herlofson has offered most valuable criticism from which I have 
profited. My tlianks are also due to Mr. Stig Lundquist who has very 
kindly helped me with tlic preparation of the manuscript. 

STOCKHOLM 

THK IlOYAL INSTITUTE OK TFOCUNI)U()OY 

July 11)4S 
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GENERAL SURVEY 

1.1. Physios is mainly based on experience gainedintbelaboratory. Wben 
we try to apply to cosmic phenomena the laws in which this experience 
is condensed, we make an enormous extrapolation, the legitimacy of 
which can be checked only by comparing the theoretical results with 
observations. Classical mechanics was once extrapolated into the realm 
of astronomy so successfully that only the most refined observations of 
the last decades have revealed phenomena for which it does not hold. 
The application of atomic theory, especially spectroscopy, to cosmic 
phenomena has proved equally successful. In fact, classical mechanics 
and spectroscopy have been two invaluable tools in exploring the urn- 
verse around us. 

It seems very probable that electromagnetic phenomena will prove to 
be of great importance in cosmic physics. Electromagnetic phenomena 
are described by classical electrodynamics, which, however, for a deeper 
understanding must be combined with atomic physics. This combina¬ 
tion is especially important for the phenomena occurring at the passage 
of current through gaseous conductors which are treated by the com¬ 
plicated theory of 'discharges’ in gases. ’No definite reasons are known 
why it should not be possible to extrapolate the laboratory results in 
this field to cosmic physics. Certainly, from time to time, various 
phenomena have been thought to indicate that ordinary electrodynamic 
laws do not hold for cosmic problems. For example, the difficulty of 
accounting for the general magnetic fields of celestial bodies has led 
different authors, most recently Blackett (1947), to assume that the 
production of a magnetic field by the rotation of a massive body is 
governed by a new law of nature. If this is true. Maxwell’s equations 
must be supplemented by a term which is of paramount importance in 
cosmic physics. The arguments in favour of a revision are still very 
weak. Thus it seems reasonable to maintain the generally accepted 
view that aU common physical laws hold up to lengths of the order 
of the 'radius of the universe’ and times of the order of the 'age of the 
universe’, limits given by the theory of general relativity. 

The discovery of sunspot magnetic fields (Hale, 1908) and later of the 
sun’s general field (Hale, Scares, von Maanen, and Ellerman, 1918) has 
been of decisive importance to cosmic electrodynamics. More recently 
Babcock (1947) has shown that even stars possess strong magnetic 

3595.74 B 
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fields. It may be said that if the sun and stars had no magnetic fields, 
electromagnetic phenomena would be of little importance to cosmic 
physics. 

Celestial magnetic fields affect the motion of charged particles in 
space. Under certain conditions electromagnetic forces are much 
stronger than gravitation. In order to illustrate this, let us suppose that 
a particle moves at the earth’s solar distance jB^ with the earth’s orbital 
velocity If the particle is a neutral atom, it is acted upon only by the 
solar gravitation (the effect of the solar magnetic field upon an eventual 
atomic magnetic moment being negligible). HMq) is the solar and rrij^ 
the atomic mass, and h is the constant of gravitation, this force is 

^ = kMQ mJBl 

If the atom becomes singly ionized, the ion as well as the electron 
(charge = is subject to the force 

fm = (^/c)[V^Hi] 

from the solar magnetic field H^. Under the assumption that this field 
is due to a dipole with the moment a = 0*42.10®^ gauss cm.®, we find 
— 1*2. lO”® gauss. If nij^ is the mass of a hydrogen atom it is easily 
found that 

Ma ~ 10®. 

This illustrates the enormous importance of the solar magnetic field 
even at the earth’s distance from the sun. 

On the other hand, as has opposite signs for electrons and for ions, 
in many cases the forces on electrons and ions may cancel each other. 
If we substitute for the particle an ionized cloud, containing the same 
number of electrons and ions, the resulting magnetic force on the cloud 
becomes zero to a first approximation. Second-order effects, e.g. due to 
the inhomogeneity of the magnetic field, may still be important. 
Further, the motion in the magnetic field produces a separation of the 
ions and electrons, but the resulting polarization causes an electric field 
which limits the separation. Under certain conditions the electric field 
may produce currents in adjacent conductors so that very complicated 
phenomena occur. 

In the sun itself the magnetic field is of importance in several respects. 
In the outer layers, the chromosphere and the corona, the radius of 
curvature of the path of a charged particle with thermal velocity is 
smaller than the mean free path. Hence the magnetic field introduces 
an anisotropy, so that, for example, the electric conductivity is higher 
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in the direction of the magnetic field than perpendicular to it (Cowling, 
1932). In the photosphere, and in the sun’s interior, the mean free path 
is small in comparison to the radius of curvature, which means that solar 
matter can be treated as an isotropic conductor. But even in this case an 
anisotropy is introduced by the fact that currents perpendicular to the 
magnetic field produce forces which accelerate the medium. A con¬ 
sequence of this is that magneto-hydrodynamic waves (see Chap. IV) 
move in the direction of the magnetic field. 

The examples above demonstrate on the one hand the importance 
of electromagnetic forces in cosmic physics, and on the other the com¬ 
plexity of the electromagnetic phenomena. In our attempt to trace 
electromagnetic effects we shall start with a discussion of the magnetic 
and electric fields in cosmic physics. In Chapter II we shall treat the 
motion of a single particle in such fields. If several charged particles are 
present, forming an ionized gas, phenomena related to those studied in 
electric discharges are likely to occur. A survey of these phenomena 
is given in Chapter III. At densities so great that the ionized gas can 
be considered as an ordinary electrical conductor, the most important 
phenomenon in connexion with electromagnetic forces is probably that 
of magneto-hydrodynamic waves. These are treated in Chapter IV. 

The results are applied to solar physics in Chapter V and to the theory 
of magnetic storms and aurora in Chapter VI. A discussion of the astro- 
physical aspect of cosmic radiation is given in Chapter VII. 

It was originally intended to discuss an electromagnetic theory of the 
origin of the solar system (Alfv6n, 1942,1943, 1946) in an eighth chapter. 
This has been excluded, however, because it would require rather too 
much space. 

It is a matter of judgement whether the physics of the ionosphere 
should be reckoned as cosmic electrodynamics or not. Certainly it has 
close connexions with, for example, the theory of the solar corona. On 
the other hand, it is still more closely related to the extensive field of the 
physics of the upper atmosphere. As even a superficial treatment of these 
problems would require too much space, the physics of the ionosphere 
has been excluded altogether. 

1.2. Magnetic fields in cosmic physics 

Every electric current, and what is equivalent to that, every magnet, 
gives a magnetic field which at great distances approximates to a dipole 
field. Hence in the absence of currents in the surroundings the fields 
of the earth and the sun are dipole fields at great distances. For the 
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earth, and probably also for the sun, this approximation is rather close 
even at the surface, and hence everywhere above the surface. 

A dipole with moment a situated at the origin and parallel to the is-axis 



gives a field, the components of which in a spherical coordinate system 


{R, 9 , A) are sin 9 , ( 1 ) 

ir, = — J£r^c0S9, (2) 

= 2a/JS», (3) 

H = = <41i>, (4) 

where ^ = ^(l+ 3 sin 29 ). (5) 

Hji represents the ‘vertical’ and the ‘horizontal’ component of the 
field.f A magnetic line of force has the equation 

R = rjCOs® 9 , ( 6 ) 

A = const.. 


where is the distance from the origin of the point where it intersects 
the equatorial plane (9 = 0 ). The angle a between the line offeree and 
the radius vector is given by 


or 


The ‘inclination’ of the field is |ir—a. 


tana = ^ cot 9 , 

(V 

cos CD 

sma = — 

9 

(8) 

2sincp 
cos a — j . 

9 

(9) 


t In. itorrostrial langnotisni tlin * vortical component* is counted positive if directed 
do’wnwards. 
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The total strength of the field along a given line of force can also be 

written 


(10) 

where 

_ 7 ( 1+3 sin^T) 

'g g * 

(11) 


cos ®9 

In a Cartesian system (x, y, z) we have 




(12) 


Hy = SyzJ-g, 

(13) 



(14) 


with = x^+y'^+z^. 

If the terrestrial field is treated as the field from a dipole situated at 
the earth’s centre, this dipole has the moment (see Chapman and Bartels, 

1940, p. 645) 8-1.1025 gauss cm.» ( 15 ) 

Its axis intersects the earth’s surface in two antipodal points situated 
at latitude 78*5° S., longitude 111 ° E., and at latitude 78-5° N., longi¬ 
tude 69° W. The dipole moment (15) corresponds according to (3) to 
= 0*63 gauss. 

A better approximation is obtainable if the condition that the dipole 
should be situated at the centre is dropped. The best agreement with 
the real field is obtained if the dipole is shifted 342 km. from the centre 
towards the point 6*5° N., 161*8° E. The axis of the eccentric dipole 
intersects the earth’s surface at two points, 76*3° S., 12 T 2 ° E., and 
80-1° N., 277*3° E. 

The terrestrial field is subject to a slow (secular) variation. At present 
the magnetic moment seems to decrease by about 0*1 per cent, per year. 

The solar magnetic field has been determined by measuring the Zee- 
mann effect. The displacement of the sunspot zone (see § 5.31) and some 
other effects supply additional, although less direct, arguments for the 
existence of a general magnetic field. The properties of the field are 
discussed in § 5.22. The polar strength is likely to be about 25 gauss, 
corresponding to a dipole moment of 

4*2.10^® gauss cm.^ (16) 

Because of the difficulty of exact measurements, this value may be in 
error by a factor 2 , perhaps even more. 
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Sunspots are always associated with, strong magnetic fields, as big as 
4,000 gauss. 

Stellar magnetic fields have been discovered by Babcock (1947) through 
Zeemann effect measurements. Bor 78 Virginis he finds a polar strength 
of 1,500 gauss corresponding to a moment of 4.10^® gauss cm.^, and for 
the star BD 18^3789 (HD 1252 48) the field is no less than 5,500 gauss. 
The field of the latter object seems to be variable. 

There are some arguments for the existence of a general galactic mag¬ 
netic field. This problem is treated in § 7.5. 


1.3. Induced electric field 

In the presence of a magnetic field an electric field is defined only 
in relation to a certain coordinate system. If in a system "at rest’ the 
electric and magnetic fields are E and H, we can calculate by means 
of relativistic transformation formulae the fields E', H', in a system 
which moves in relation to the first with the velocity v. The components 
parallel to v remain unchanged, but the components perpendicular to v 
are transformed in the following way: 


__ E+c-i[vB] 

V(l-c-V) ’ 


( 1 ) 


H~c-i[vD] 

^/(l — 


( 2 ) 


(D = eE, B = [jiH; reduced in a vacuum to D = E, B = H). 

The astronomical velocities are much smaller than the velocity of 
light (c). Because of the good conductivity, electrostatic fields will 
usually be of Httle importance. Hence the electric fields are usually 
secondary to the magnetic fields, which, according to (1), means that 
the electric fields are much weaker than the magnetic fields. Con¬ 
sequently in cosmic physics we can usually to a good approximation write 


E' = E+(l/c)[vH], (3) 

H' = H (4) 


(where also the components parallel to v are included in the vectors). 

Thus the magnetic fields are independent of the coordinate system, 
but to speak of an electric field without defining exactly the coordinate 
system to which it refers is meaningless. ^ 

These simple and fundamental principles seem to have attracted very 
little interest from astrophysicists and geophysicists. They are not very 
much to blame because the subject is omitted in most treatises on 
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electromagnetism. Formulae (1) and (2) are found in books on the theory 
of relativity, e.g. Riemann-Weber (1927) and McCrea (1935). 

The importance of the relativity of electric fields in cosmic physics is 
enormous. One of the consequences is that all celestial bodies with 
magnetic fields are on account of their rotation electrically polarized 

when seen from a system at rest. This _^ 

phenomenon is well known from labora¬ 
tory experiments and is usually called 
‘homopolar’ or 'unipolar’ induction. It 
was first studied by Faraday, and attracted 
much interest during the last century 
because it was thought that by investi¬ 
gating this subject it should be possible to 
ascertain whether the magnetic lines of 
force from a rotating magnet rotate with 
the magnet or not. At present the pheno¬ 
menon seems to be half-forgotten, and 
most text-book authors do not mention 
it. A noteworthy exception is CuUwick 
(1939), who devotes a special appendix to 
it. It is also discussed by Becker (1933). 

Further, it should be mentioned that one 
of th. best methods for absolute deter- 

mination of the ohm employs a unipolar its axis AA'a current is obtained in a 
inductor (see Curtis, 1937). The device 
has also been developed electrotechnically 

as a direct current generator producing currents of thousands of amperes 
(see, for example, Arnold-la Cour, 1919). 

A simple unipolar inductor is obtained by rotating a cyhndrical bar- 
magnet N-S around its axis AA' (see Fig. 1.2). A fixed wire AGDG 
connects the axis with a sliding contact C at the middle of the bar. If 
the switch D is closed the galvanometer 0 indicates a current as soon as 
the magnet rotates. The phenomenon can be treated either in a fixed 
system or in a rotating system. In the first case the magnetic lines of 
force are considered to be at rest outside as well as inside the magnet. The 
motion of the magnet produces a polarization inside it so that positive 
charge is accumulated near the axis and negative charge near the 
sliding contact. If the circuit is interrupted, this accumulation pro¬ 
ceeds until the field from the charges neutralizes the polarization field, 
so that the resulting field E' becomes zero. This is necessary because 
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the magnet is a conductor and when the current is zero the electric 
field seen from a system moving with a conductor must be zero. Then 


we have from (3) 


■(l/c)[vB]. 


The voltage difference between the sliding contact and the axis is 
F=-(l/c)/[vB]ds, (6) 

A 

where ds is a line element. 


If the switch is closed this voltage produces a current in the circuit. 

This discussion is founded on the assumption that the magnetic field 
is ‘at rest’. The problem can also be treated under the assumption that 
the lines of force take part in the rotation, and the result is the same. In 
this case no polarization is produced inside the magnet, but outside 
the magnet the wire AODG constantly cuts magnetic lines of force. 
Hence an e.m.f. is induced and it is easily shown that this has the 
value ( 6 ). 

When we treat a problem in the rotating system we must observe that 
according to the general theory of relativity the electrodynamic equa¬ 
tions for a rotating system do not have the usual form. In the presence 
of a magnetic field B the electric field deriving from a space charge p 


can be found from 


47 rp = divJ5/~(2/c)(a)B), 


where a> is the angular velocity.f Within a conductor we have E = 0, 
and the space charge is given by 


p = —(<oB)/27rC. 

The same result can also be obtained in the fixed system by taking the 
divergence of (5). 

If the magnet is surrounded by an ideal insulator, we have outside the 
magnet p = 0. Hence, even in the rotating system, an electric field is 
produced. If, on the other hand, the surrounding medium has a con¬ 
ductivity which differs from zero, we have also E 0 outside the 
magnet. In this case the magnetic lines of force may be considered as 
rotating with the magnet. As we have assumed v the result does not, 
of course, hold for large distances from the axis. 

It is not essential that the rotating body should be a permanent 
magnet. Any conductor will do if only a magnetic field is established in 
some way. In Pig. 1.3 a coil produces the magnetic field in which a 
copper disc rotates around the axis AA\ The e.m.f. is given by ( 6 ). 


I I am indebted to Professor O. Klein for pointing this out to me. 
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It should be observed that if an instrument G' is placed on the disc, so 
that it takes part in the rotation and is connected between the axis and 
periphery, the voltage zero is read on this instrument. 

After having discussed various types of earthly unipolar inductors 
we may be allowed to extrapolate the results to cosmic phenomena. It 
is obvious that the earth and the sun 
must be polarized in the same way as 
the bar-magnet or the copper disc. Let 
us consider the fields of these bodies 
as dipole fields with the magnetic axis 
coinciding with the rotational axis 
and neglect the non-uniform rotation 
of the sun. Because of the good elec¬ 
tric conductivity the electrostatic 
potential must be the same at the 

poles as at the equator, when measured Unipolar inductor, consisting of 

, . 7 , , ,• .I . a rotating copper disc which is polarized 

%n a system which takes part in the rota- the field from a coil 

tion. Transforming to a system at rest 

(not partaking in the rotation) the bodies are electrically polarized 
according to (3). The electric field lies in the meridian plane and its 
horizontal component amounts to 

vH^lc, 

where is the vertical component of the magnetic field. Putting 

V = «;gCoscp, 

= jy^sincp 

(cp = latitude, — equatorial velocity, = polar field strength), we 
obtain rr 

= ?^sin2cp. (7) 

Zc 

For the earth we have = 0*5.10® cm. sec.“^, = 0-6 gauss. Hence 

we obtain for cj) = 45°, the field E^ ~ 0*5.10“® e.s.u. = 150 /x volt cm."^ 
Integrating (7) from the equator to the pole, we find that the voltage 
difference between equator and pole is given by V = j E ds — 10® volts 
if measured from a system at rest. 

In the same way we find that seen from a system at rest there is a voltage 
difference between the equator and the poles of the sun of 1-7.10® 
volts. As in the case of the earth, the equator is negative in relation to 
both poles. 
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The aiEcfaoe charge of the rotating body produoea on elootrio quadru- 
polfi field ontoide the body. In oaee of a rotattng sphere this field baa 
bean oahnilated by Dayls (1047). If the body is Bnrroiinded by a eon- 
ducting medium, the eleotrlo field Is modified so that it becomes 

JS = vE/o, 

'with V rta, which means that the surrounding medium tends to share 
tlio rotational state of the body. 

The oonaequonoes of tiie unipolar aotion of oelestlal bodies wUl be 
disouBsed fiirther In g§ fi.fll and 8.82. 

Another esample of unipolar induotion Is found in the solar atmo¬ 
sphere, whore motlonsin the general magnetic field or sunspot fields may 
produce -very large eleotiomotlTe forces (see § 6.01). 

When an ionized cloud moTus in a nu^netio field it beoomes polarized 
aooording to (8). For example, the ionized clouds, which according to 
current Ideas of the oause of magnetio storms are emitted from the son 
(see § 6.1), are eleotrioolly neutial when seen fiom a coordinate system 
which mores with the dond. When seen fix>m the earth, wliioh in this 
connexion may be oonaldored os approximately at rest, tliey are eleo¬ 
trioolly polarized (compare Beoker, p. 336). As we shall see in Chapter 
VI, this field is xtrobably of deoisiTe importance in tlie theory of magnetio 
storms and aurorae. 

For the production of cleotrio fields aooording to (3) we use the term 
pcHtuvaiion or (with Cnllwick) molional indvetion. Unipolar induotion 
is oue special case of this and the polarization of on ionized cloud 
another. 

Fleotrio fields may also be produced by a change in magnetio field. 
This type of induotion is oalled by OuU'wiQk iran^ormer induclion. The 
field may be oaloulated from hlaxwoU’s equation 


ourlE 


1 ^ 
0 ^ 


or from 




dK 
di • 


where B b pH is the magnetio fiux density and A the veotoi potoutial. 

In oosmlo ^ysios large eleatromotive foioee are produced either by 
mnfitonnJ Indnotiou or transformer induotion. In speoial oasoe electro- 
statlo fields must also be taken into oonslderation. Small voltage dlfier- 
enoes, due to diffusion, thermo-eleotrio or electro-obemioal effeote, may 
in some oases be of impoitonoo. 
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1.4. Approximate equality of positive and ne^tlve apace charge 
Canalder a aphere of radloa B oontaiiiiDg podtive ohargoe 6 and N, 
negative ohaiges —0 per unit Tolnme. The eleotrostatlo potentid at its 
BQifaoe is , 

When we deal with a problem in, tea example, the aolar oorona, we oan 
be anio that there oonnot be a potentdal of aay 3.10^ volta (n 10* e.B.n,). 
A aphere with radlua JZ equal to 10* am. ia ao nmall a part of the 
oorona that all denaitleB are likely to be approximately uniform. Inaert- 
ing the value of B and putting 0 = 4-8,10~” e.B.n., the oondltlan 
7 < 10* gives 

Ni—Nf < 0>06 partialee.am.~* 

Aa .y, 10* am,“®, we find 

< 0-B.10-*. 

Henoe even If there are only 10*+1 eloofcroDB for 10* protons anlmposHihly 
high voltage Is produced. 

Similar results are obtained for almost all other ooemio problems. 
Heuoe we may oonolude that in cosmio physics the positive space charge 
in a oclume ia always approccimaldy ^uai to ihs negalive apace charge. 

From the study of eleotrio disohaigee in goses it is also known that the 
number of positive and of negative particles must be approximately the 
samOi as soon os the charged particle density is large, 
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ON THE MOTION OP OOaABQED PABTICOa IN 
MAGNETIC PTEUM 


2.1. Thi fliBb to appreoiate folly the poramoimt importonoe to ooamio 
phymoa of llie problemfl of the motion of charged portiolaa In magnetio 
fields were Blrkeland and St6rmer. Inspired by Blrkeland^s texrella 
experiment (see § 6.1)» StSrmer has devoted a long seriaB of papers 
eepeoially to motion in a magnetio dipole field. He him also disonssed the 
efieot of on additional oleotilo field. The problems are treated by exact 
mathematioaL methods, but the final resnlts about the paths of the 
partloles n^n be obtained only by very laborious numerloal Integrations. 
It has not been possible to oarry through the nftlnnlAfifnnfl except fiir the 
case when the particle does not makfl too many loops In the magnetio 
field. This means that StSrmer ^s method is generally applicable only for 
partioIeB above a oertain momentum. In the teirestrial field the limit 
lies in the range of oosmio rays. Of the trajeotories oorreeponding to 
momenta below this only some apeaUI types (trajectories through the 
dipole) can be found with a reasonable amount of labour. In the general 
case particles below the oosmio-ray range make himdreds or thoosanda 
of loops In the terrestrial magnetio field, and unless modem oaloulating 
machines ore used the integration is praotioaliy impossible. 

In the case when the path makes many loops the size of one loop is in 
general small oompared with the extension of the magnetic flelcL Hence 
during a single turn the particle moves in an approximately homogeneous 
field. In order to calculate the motion it is advantageous to start with the 
motion in a homogeneous field and Introduce the inhomogeneity as a 
perturbation (Alfv6n, 1040). ThiBperlurbaium mUhod which is developed 
in § ‘2.2 and § 2.3 is especially suited for low-enorgy particles. In the 
terrestrial field it is applicable to abnoet all problems where tlie momen¬ 
tum is below the oosmio-ray lunge. Thus the two methods seem to oom- 
plemont each other. 

Tlie paths may also be found by direct expcriinenb. BrOohe (1031) 
produced very thin electron beams and studied their paths in the dipole 
field frojn a homogeueously magnetized iron sphere. The method has 
been fiu*ther developed by Malmfors (1045), who has determined quanti¬ 
tatively a number of orbits which ore of interest in cxwmio-ray problems, 
Malmfors *B fHftgrn.TnH give a very vfduable survey of the motion of oosmio 
rays in the terrestrial field. 
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2.1 


After a siirvey of the motion in a homogeneonB field we ahaJl develop 
the pertoibatlon method of oaJenlating the path in a field of arbitrary 
form (§3 2,2 and 2.8). The motion in a dipole field ia treated by Stdrmer 'b 
method (§ 2.4), as well as by the perturbation method (§ 2.6), and the 
reBulta are oompai'ecl. 


H 





2J2, Homogeaeona ma^etlc field 
In this pue^raph wo ahaU fliet giro some aimjde fomiulae referring 
to the motilon of ohoi^ged portioloe In a bomogeneoiiB mognetlo field and 

then dlsones the perturbation method, whiob 
wiU be farther developed in 92 .S. This 
method makes use of the fact that when a 
partide whioh spirals In a mognetio field is 
Ctrrmt aoted upon by a foroe, it moves (‘drifts') 
pe^andioular to the force. This la expressed 
n by equation (24). To the applied force / an 

^1^^ /te/Hw fartkkt eventual inertia force /* should bo added. 

When the mognetlo field is inhomogeneous 
I N^oUm fartkks a flotitiouB force /" should ho introduoed 
leading to the more general equation (32) of 
§ 2.3, A simple physioal iuteipietabion of 
is poBsiblo. The equations give die motion 
of the oentre of the fiotibioiis 'gyroseopo', at 
the periphery of whioh the Orobnal portiolo is 
flow B Bapposed to be situated, so tliab it osoillatos 
UTC]mrtlala«ToiatoiaUia mw aix>mia tfio trajectory defined by the equa- 

dltOpWon AM If poatehm poyMnlnn 

in bho oppo^dlmiion. Confining onraelvofl to tho uon-rolativiBtio 
ooBG, WB OQTifridflr a partlolo with ttirm m and oluu^e e moving In a 
boinogonGOUB mognetio field U whioh iB directed along tlio z-axls of an 
orthogonal oooi'dluate ayatem. The valooity v of the particle hoa tlio 
oomponant In the ^-direction and tlie oomponont in tho ay-phuio. 
If wo put and Wj_ = the eneigy of tho partiolo Jb 



W = J9i+Wj_ = Iwr*. (1) 

Booanae of tho action of tho magnetio field the partiolo movee in a Bpirol, 
the motion being oompoaed of a motion with oonstant velocity in the 
iff-dirootion and a dronlfij; motion in the a^-plone. In the projection of 
the path upon the .iq/-plime the radinB of curvature p (a vector from the 
actual pofiltion of the particle) Ib given by 

= («/c)[vH], 


( 2 ) 



fuef/m FtEiD 
umm wRom 

WE PAPER 

POSITIVES 

M £6 A FIVES 

HOMOEEMEOUS FtELlk 
NO OmiRtm FOKL 

O 

o 

Ci) 

HOHOSENEOUSFIELB. 
EIE/JRJC FIELD. 

"Wet 

?n5 

HOmOENEOUS HELD. 
FORCE woEPgmir 
OFSKNOF cl 

CMRSEdE i 
oravitation). 

o 

QJl 

DRIFT 

DRIFT 

(d) 

' UHHOM06ENBOUS 
fIBLD. 

y^M\ 

F 1 BiO 

9Jl 

ST R0N6ER 

%Si 


DRIFT 

FIELD 

DRIFT 

WEAKER 


Fio. 2.2, Drifla of oiuirBod partialoB In a magnobio flold. If the magneblo 
field Is inliomogonoouB, tlio radius of ouzvature Is imallfir whara tbe flold Is 
strong than whora lb Is \nsak. Henoo tho drola In vliloh the partiolo mow 
in tho of a liomogonoous flokl Is ohangod into bho enrvo shown above, 
Whon tho hihomoflonolty Is small tlie curve Is a tieobold and tho motion 
oonslsiv of a olraular motion superlmpoaod by a traxulabloniil moblon 
('drill'] perpondioular bo Hie magnoilo gradient. [Cf. eqnatusn 2,88 (25),] 
An olootrlo flekl K, or anothor foroo F, abo ohanges tho onrvaburo wltii tho 
zeaults shown abovo. [Gf. oquatlmL 2,2 (24).] 
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or, aa |[▼H]| = 

with tile gyroficequanoy “ ^ ^ 

wlieie T is the period (time to complete one tnm); 

2’ = 2if~. (3') 

6 a. 

The time*aTarage of the magnebio field pioduoed by a particle which 



Fia, A ohango In mcrmeahim Ap prodnoos b (UspUfscnnont D of bho 
ooDbro of ooivaiure. 


makes a large numbei* of loops Is equivalent to a oiroular oiirrent 

Hence the partLale Is eqnlyalent to a magnet with mogiiotio moment 
(L = vp'I, or beoauee of (3')> (3), (3'). and (4) 

= WJH. (6) 

The magnet is antiparoUel to S. The magnetic flux = np*!!) through 
the droolar path ia easily found to he 

I iMi\ 

^ = (B) 

Introdadng (3) into (2) wo obtain 

( 0 ) 

with p = «iv. (O') 

Siq^poee that during a aDiall interral of time Af the foroo / with oomira- 
nente/i ood/j^ acta upon the particle. Then ite momentum oom^xinent 
Pj.otangeeto Pl = Pi+Ap^, (7) 


where 


Apj. = Jfj.*. 
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Beonuse of this change of momentum, the centra of cmaturt of the 
projeotdon on the £B;^-plane of the path is dieplaoed a dletanoe 


D = p'-p 

(8) 

or, beoause of (0)-(8), 

D = 

(10) 


(11) 


This formula holde for a alngle oollision, but of oourso also for a Beriee 
of ooIUfllonB. If f ifl a oontonuons foroe, D gives the displaoement of that 
point where the oentro of curvature would be if f vaolahed for a moment. 
This point shall be oalled the gwdf'nff centre. Iflifloontinuons, 
cefUre dr^ iffiih the vdooily 

Ux =• =» 

Whoa f has a oomxMnent /, in the dlreotion of the mognetlo field, an 
aooelorated motion lu this dlreotion la obtained at the eame time: 


dUt 

dt 



(18) 


Tho ooHo when f la oontinuouB can oJao bo treated in the following way. 
The foioo fj, may bo due in port to on elootrio Hold Ej,, and in port to 
other fbrooB Q., so that wo have 


h = ll+eEj.. (U) 

Wo moko a tmuafomation to a syatoin moving witli tlie yelooity Uj^ by 
moouB of tho fomiulao (1) and (2) of § 1.3. Sui)poHing tliat 


1*1 < 0, (16) 

the equore root, whioli is a idlativiatio ooneotion, eon be put equal to 
unity, Tlion wo havo 

El = Ej.+(l/o)[Uj,H]. (10) 

H' = H-(l/c)[UiEJ. (17) 


Wlion tho moving B3rBbem ia aoooloratod we must introdaoe the inertia 

^ dt 


(18) 


This foroo ia uanally email and may often be uegleoted. Coneoquently, 
in tho moving syetein tho partldo ia ootod upon by tlie magnetio field 

H' = H-[^^Ej.]. (10) 


o 
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IJ 


aod by the £aroe 

ot, beoauee of (14) and (10), 

<1 


- du, 
11— 


dt 


-eE', 


( 20 ) 


fx+jK «]-'»%■• 


Putting 


Ul 




( 21 ) 


and o'baervlng that for a vector which 1b perpendicular to H. wo have 
[H[AH]] =a fl*A, wo obtain 

4 = 0, (22) 

As in idle nuDvliig system no foroe, except the foroe firom the magnotio 
flaldi aots In the the partide movoB in a oirole relative to the 

moving Bystem. l^m^netioflekLxff^iflyery oloeetcHbeoauBeof (1C). 

Consequmitly when a partiola moves in a homogeneoua field H under 
the action of a force/ with the oomponenfs/| and/j^, its path is a oircle^ 
the centre of which drifts with a volooity given by the differential 

eonation a 

= -^[H{f+fO], (23) 


where f is the foroe applied to the paxtlole and 

(24) 

For nega4ilTB partldleB the siga in (23) is poaltivo booause e iB negative. 
In many important oaseaf* is small and can be nogleoted In (23). The 
motlou puaUel to the field is determined by 

(H{f+f0) = 0. (26) 


whldi la equivalent to 




<!• 


When, hi^-order dariyativee of f are smsll, the equation (23) is 
satiafled by the aoriee: 



It must be observed tiiat even when dfjdl = 0,/jiiay depend implloitly 
on tdme. 


When/ varies slowly, we need often only take aooount of the terms 
oo n t ai n i ng /,, eventnally also of dfjdl and dfjd^. 
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9.9 

Let UB treat the motion In the ^cj^-plane, negleoting all temu except 
Than 17j^(fipom (12)) and are equal. Iffdoriveefinimapotenta^, 

the drift, which is perpandlonlar to f, follows an egnipoierUial Kn«. The 
average mergy of the particle is constant. 

If in the moving system the oiroular velocity is i^j^, and consequently ‘ 
the kinetic energy Wj_ = the energy in the fixed system Is 

ITj. = imi/J =. lm(vx+Dx)* => Fx+lmttl+m(UxVx). (28) 

Ayeraging oyer one tom, the aoalar product oanaela, bo that ve obtain 
for the mean ynlnoa Wj_ and W'^ 

W'i, = (29) 

When the terms ^jjdi are also taken Into account, there is a difference 
between Uj_ and «j_. The 'guiding centre' (to which refers) movcfl 
always peipendlonlar to /, but the centre of the Gunle In the moving 
system (to which i*refers) has also a velocity component in tlie dlreotlon 
of Hence tlie average energy W* is changed at tlie rate 

^ = (fcii) = _ jljtfpKf+P® _ ^(t<[H(l+f)]) 

<“) 

Honoe the centre of the crirolo may be displaced to another oquipotentlal 
lino by a change in. f. Tlio difforeiico in energy between the two eqni- 
potontlal linos is equal to the diango in kinetic onoigy due to the change 
in driit velocity. ITio circling vdoolty, i.o. the voloolty In relation to the 
moving system, reiiuuns ooiistant. 


2.3. Inhomogeneous magnetic field 
The equations (23) and (25) of § 2.2 may bo gonerallKod to the ease 
when the magnetic field is a function of B|)aoo and time with the condition 
that the change during one turn is Binall, We assume timt 


and 


|(pgrad)H| < |//| 



< |/f|. 


( 1 ) 

( 2 ) 


We introduce the offootps of tlie inlioiiiogoncity, ojid of time variation, 
of the magnetic field as ]>orturbationH of the motion in tlio homogenoous 
field. We have to oonaider perturbations of three different kinds: 
2.31. The fnaffnelio field varien wilfi lime, nioii an oloctroinotlve 
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foroo ia Indnoed, which ohADges the energy of the particle. We have 

|(Bd.)=-l|, m 

idiGro ^ (a vp^S) ia tlie flux tiirongh the oiroular path of the particle 
and the integral is to he taken along the periphery of the same ditdo. 
gain in energy doriug one tnm is 

= (4) 

(The negattve sign dodveB from the fact that a poeltlTe partiolo goee In a 
diieoUoiioppoBite to tiiat in whioh tils Integral 1b to be taken.) ThuBthe 
rate of inoroaae in energy is given by 


dWj, AIFl w^m 

<ft “ T “ 5 <ft‘ ' ^ 

ustng eqnatilciiB (2'} and (S') of { 2.2. This showB that tbo magnetlo 
mommiir ^ (a WxJB.) remaiuB oonatant when the mognetio field ohangeB. 

Tlie general elsotaio field ptodnoed by the ohangiug magnetlo field has 
to bo introduood aa in { 2.2. 

2.32. The gradient qf the magtuiiojldd has a eomponenl in the direction 
of the field, bo tiiat if at a point we place an orthogonal roforonoa system 
with the s-axlB parallel to the magnetlo field we have dHjdz ^ 0. Intro- 
dnotng polar ooordinatee (p.d) in the x^-plane, the ooudltlon 

dlvH =. 0 (0) 

gives (if fli, = 0) i^(pfl;)+^=.0. (7) 


whore JB,, H^, and ore the oompouantB of H. Boeanflo of (1) wo oou 
pat dHJdt = dH/de = oonstont over the small oirole p bo tliat wo 


obtain 


, dH 


(S) 


Ab the portiblB moves with the velocity Vj, in the a^-plone it is Bubjoot 


to a foroe 


/<-) = {ele)v^n^ 


( 0 ) 


in the diiootion of the e-eoia. Introduoing (8), equations (2') and (fi) 
from § 2.2, and obtain 


/.« = 



It is Immaterial whether H represente or ^(^-)-^4'^)' 


(10) 
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When the parttoLe moyea in the diieotlon of the c-axie a diatanoe As, 
the energy oomponent is inoreaaed 

AWi = /i*>As. ( 11 ) 

Ab the total energy W (= remains oonstont we haye 

ATFj. = “/?^As. (12) 

Owing to the displacement of the partiolo there Is a ohange in the mag- 
netlo field In which the particle moyes: 

A A 

AH--^As. ( 13 ) 

lutrodndng equations (10) and 2.2 (0) into (12) and aliminating 
{dHJdi) As by the help of (IS), we find 

ahowhig that even m this case fi = WJH remahis constant. According 
to equation 2.2 (O') this means that tlie fluz through the oiroiilar path 
remains constant. The particle moves on tlie snr&oe of a fluz tube. 

2.33. The ipadienl of Uiemagnelie fiddhoji a component jurpendioular 
lo the magneliofieid. Suppose that in the .xy-plane (which is peipendioalar 
to H) dHjdx = 0 but dH/dy = b :^0. If Is the magnetic field at the 
ceutro of tlie circular imth of a positiyo imrtiole, whioh at time i = 0 
is nt the point (p, 0), then at the time t the ptvrtlolo is mtuated in a field of 
which the strength H = JI^-bpBmwt, (16) 

wliOTO p (iud (D aroglvoiiby o(|uatioiiij 2.2 (2') and 2.2 (3), The oomponents 
of momeiibum of blio partiolo arc 

Px = (10) 

2)y => —Pj cx)scu^. (17) 

WhmHiB liioroowMl by dH, tho nuliusofourvatiireohongeaaooordiiigto 
oquation 2.2 (6). Honoe the ooiiIto of oiirvnbiiro ifl (liei>lao6d a dietanoe da 
ill tho dirootion of p 

( 18 ) 

IiitEodaciug (10), (17), and, after differentiation, (16), and observing 
that bp < ffg, wo obtain for tliu coini)onoiitH of dfi 

^ = —^Pi (1®) 

= —^Pi iptosinai/oostij/. 


(20) 
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as 


Tho drift ttx (with oompoiioafu and u^) ia fcho avorago value of (10) 
and (20) aiid can bo oaloiilatod ftoiu 

T 

( 21 ) 


J *'• 


and a oorfeapondlog formula for tfy. After olomeiitary rodnofioiis wo 
obtain 


e dE 


«, = 0 , 

wboio n k the mognetio moment; 




( 22 ) 


(28) 


Wx, la the enoi^ of the clrolmg velocity, i.o. the kino tie oiiorgy referred 
to a ayetem vlicre tlio ooniire is at rost. 

Introduoliig = ^figrvAB, (34) 


wo obtain (25) 

I^r a pattiolo wbioli drlfta porpondioularly to tho inognotio Hold nndor 
tlie inRuenoo of a ibroo (e.g. an elootrio Held) and an inhomogenolty of 
tho magnotio Held, wo have to add to (26) tho drift found fruni oquatlou 
2.2 (23), Tho di^Iaoement of the particle oluingos tiio Hold in whloh It 
moves at tho rate 


= Uj. gi-ad.fir =* _-^[H{f+f-+f'}] grad S. (20) 

Horef* = —^grad J. Foranarbifcrary vector A, we have ([HA]A) = 0. 
Henoe 

At tile Banio tbno tlie avor^ enoigy changes. As the force from tlio 
mognetio Hold aota poipondioulorly to v, it produces no ohonge in energy. 
Thus wo have 

^ = (u^f). (2«) 

The average enorgy referred to the moving system, according to eipia* 
tlon 2.2 (29), Is given by 

Wj_ = IF^— 



S.S 
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Dlfforentiatiiig this we obtain from (28) 

^ = Mt+t^) - -^([H{f+f-+fO]{f+fO) 


or, Bfl 


Aflfi 


([H{Ai+A4UAi) = -([HAJA,), 


( 20 ) 


(80) 


(81) 


—HgndH = ~{WjJB)geadH, wo have from (27) and (80) 
dWj_ ^ 

H' 

ahowmg that (i lemaliiB oonstaat. 

As tho pBitiubation method is appUoable only when the Inhomo- 
gonolty 1b small, this magnetlo drift Ib innall in oomparison to the olieiUng 
velooity v of the particle. The drift dne to tho oleotrio field, however, 
is not auhjeot to tho same reatriotion. It oonld very well be larger than v, 
bnt it must idwayB remain BmaH oompored with the velooity of light. 

Hence on inertia force/* dne to a change in tlie eleotrio field may be 
Important, but a change In the magnetlo Inhomogeneity does not pro¬ 
duce a oonBidemble inertia force (within the Urn its of applioablllty of the 
perturbation method). 

Tho roflult is that a portlole in a inngnotio field, tho inhomogeneity of 
which 1b small (p|grHd//| < |7/|), moves in a oirolo, the centre of which 
drifts Avltli a velocity u, wliioh hoa a component xwrx)endioular to the 

field: c 

ui = -^[H(£+f--l-f*)], (82) 

whore f ia tho sum of non-magneblo foroea a 2 )plied to tho particle, and 

f" = — fi grail n, (38) 


M du 


(34) 


Tho volooity ooiii}X)noiit pamllol to Uio hold, is giyen by (34) oomblned 

(H{f+f»+f'}) = 0. (86) 

During tlio inobion /i roiimiiia ooiiBtnnb. 

Tho foroo/may bo duo to an olootrio Ilolfl or to giiivltation. It may oIbo 
bo oomix)aod of a HorioH of iinjuiotH ((Mmixiaro § 2.2)» (ui 1 b t1io oaso when tho 
partiolo ia i}m± of a giiB which iu Hiil)Jcot to a gradient. In this 

0066 tho foroo ib givon by 

f = -(l/tt)ffradj), (80) 

where n 1 b the number of partioloa -por unit voluino and p tho pressure. 



UOTION OF OHABaSD PABTIOLEB 


9.4 


94 


34. Motion In a dipole field. StSrmer’s method 
^6 general oaee of the motion of a dharged particle in a dipole field 
haa heon treated by Stfinner. Only a brief acootmt mil be given hero. 
VoT a detailed etudy the leader la referred to StArmer’e original worka 
or the snrveyB inclxided in moet text-booka. 

If the magnetic field from a dipole mth moment a la and e, m, and 
y ore theohaTge^ maaSf and velocity of the partiole, the equation of motion 

«^=5[vH]. (1) 


Introdnoliig oylludiloal ooordlQates (r, A, 0 ), the s-azle being parallel to 
the dipole, we luiyo for the oomponentB of (1) 



mo^ dl 


e 

me 



(a) 

( 8 ) 



We put ds ^vdt and introdnoe the length unit Cgi, 


(4) 

(B) 


\rhca» p = tnv is the momentnm. We shall disousa the oaso of a poeitiTO 
partlole. !For u^gathre poctldles the paths are the mirror images, with 
leapeot to a plane Enough the r-axis, of the paths of poaitiye portloloe. 

For tlie pozelj mathematioal disouadon it is oonvenient to express all 
lengUis in % oa unit, but for the pbyaioal application it Is preferable to 
liavB this quantity Included in the formulae. 

ITha yelooity « is oonstant beoause the force is always perpendioular 
to the yeloolfy. nalug oquatdona (12)-(14) of g 1.2, equation (4) gives for 
a poslUyo charge 

with j 5 =a After integration we obtain 


f*«iA r* 
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whore Sy is aa integration oonetont proportional to angnlar znomm- 
tum at infinity. Observing that 

we obtain from (2), (3), and (6) 


1 dV /2y rW 2y 8f* 1 \ 

4da« [ot^r'^ 2?/’ 


\Oat^ 

/2y ■ 

(ty+(^Y=u^+i.]\. 


1 d% 

55?' 


(7) 

( 8 ) 
(B) 


Putting the velocity oomponont rdXjdt (= rvd^lds) equal to vaintf. 


wo have 


Bind = r 


As |aln0| ^ 1, wo obtain 


^_/oS>»* . 


ds 


-( 


J2» 


2y5S‘+I^ <1. 


( 10 ) 


( 11 ) 


Stonner haa aliown tliat the valiio of y doterminea the ohamoter of the 
orbite. If y > 0 the orblta never roach the dipole. For — 1 < y < 0, 
particles con move up to tlie dipolo from infinity. One of the orblta for 
y = — 1 is ft circle in the equatorial plane with £ = Ogi. If y < — 1, 
tliuru am two diSoront allowed rogiotiH, one outer region (J2 > CoJ far 
away from tlio dixxdu and one inner r<^on (li < oloee to tlie dipob. 
TIio latter group contains those iwriodlo (or quaslperiodlo) orbits which 
may l>o treated by the pertiirlifttion method. 

The fullowlug table gives the value of in some oases of interest: 


Tablh 2.1 



XfcdroH-wilM 

1 Cu^ •J(«IOp)cm. 

Up 

giiHMt.rm. 

Klrclron 


8un 

«=! 4-3.10* 

a r- 8-2.10** 

10* 

(>•80. lU* 

0-4 R 


O-l.ltfi 

l(P 

0-82.10* 

48 

3-fl.l0“ 

2-0.10** 

10^ 


4-8.10* 

O-O.IV* 

0-1.10“ 

10* 

■ n 111 M 

4-H.lO* 

20.10** 

2-0.10“ 

10* 

3-fl.lO* 

•t-7.10’ 

0-8,10“ 

0-1.10* 

10’ 

3-0.10* 

2>£.10* 

3-0.10“ 

8'D.IO* 

10* 

311.111“ 

2-0.10>* 

0-0.10“ 

O'l.lO* 

10* 

3-0. KPi 

3-0.10I' 

2-0.10“ 

2-0.10* 


OiDiparo: ootIJi'h raiUiiu O'HT. 10* oin,, Hua's radJuB VK), 10^ am., dlstenoo osrib- 
iiMNni 5'H. 10^* oin., (Lbttiuinn miii-tiarili l-iO. 10** inn,; Holai’ niAgnDtlo floU cmiiuUb 
terrosirial fUtld at 4.10^* om. rhim bho oortli. 
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Ezo^t in proLlama oonoernlng oo&mio rays, ihero is no problem 
relating to the tenestrlal field where the eleotronio energy exceeds 10* 
Tolts. Tills oorrosponds to = 2-5.10^ om. In the solar field the 
same energy gives cs 1'7.10^ om. Conseqnently in all problems, 
exoept ooemie rays, wo have ISxolnding the exceptional 

case r ^ jS (which corresponds to motions very close to the magnetic 
fuds), WB find, from (11) that wo most have 

y<-l. (13) 

Li this oase, which oonaoqnenbly is of most interest in cosmic physios, 
the particle moves in orbits wliose radii of oiirvatnre ore small in oom- 
ptuison to the dlstanoo from the dipole. The perturbation method is 
well suited to the treatment of this problem (see § 2.fi). 

The ooudlMons In the equatorial plane (r = R) are simple, Partiolos 
reooh tho eqaator at aai angle 0 given by the equation (10) 

sin<lo=_^(2y+^. (13)* 

If the momoutnni Is given, Ogi is defined. Por Ogi > and for a oertain 
value of 6 we have an orbit coming from Infinity if y > — 1, and a 
periodic orbit (never leaving the neighbonrhoocl of the oaiiih) if y < — 1. 

The bonndory between orbits from infinity and potiodioal orbits Is 
^ven by y =* —1. Por slnfl = +1 w© have 

■®o 

Aooordlng to (6) this oorresponds to a momentum 

r. = 5|. (I*) 

Particles above this momentnm can reach a point at the equator from 
on dlreottons. Por sin 9 a —i we obtain 

So(l+V3) = 084. 

The ooneqMmding momentum is 

l>i»^(3-3V2). (IB) 

PortioleB below this momentum cannot reach the equator at all. For 
p-volnes in the range pt < p < Pg, particles are allowed within a oone 
defined by 0 aocordiiig to (13). 

For higher latitudes particles ore slso allowed within cortoin oonos, 
but these are usually vary complex. Much labom has bean devoted to 
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Ithiose problems whioh ore very important In the study of oosmlo radiation. 
Besides Stdrmer, Lemsltre and VaSarta and many others bare made 
extensire InreetigatloinB in this Add. A detailed aocount of their results 
Is beyond the scope of this book. Beoently a summary has been given 
by Meumer (1943). 


2.6. Motion In A magnetic dipole field; perturbation method 
In most oases of Interest—^in fact all problems except those oonoemlng 
cosmic rays—the radius of ourrature is small compared rdth the distance 
fiom the dipole, which means that we can use the perturbation method. 
The oolonlationa may bo carried out in the following way. 

We start from § 2.3, equations (82) and (30), where/equals eero. In 
order to onlonlato /" we employ polar coordinates; radius vector = B, 
magnetic latitude = 9 , magnetic longitude = A. For this system the 
equations of the magnetic field ore given in $ 1 . 2 . 

Tlie magnetic energy e of a magnet having the moment ft and situated 
antiparallel to the flold E is given by 


< = -/iff = 

Tlie force acting upon this dipole has the components 
. 8e 3/ia , 

“ SB ” ■ 5 *'^’ 


( 1 ) 


( 2 ) 


f _ Se _ .3/^sin<poos9 

A-o. 

With the help of equations 1.2 ( 8 ), 1.2 (0), and 2,2 ( 0 ) we con now cal-' 
culato the forces parallel to and perpendicular to the magnetic field. 


= /^WMOi—/^siiiiK = 


sin 9(3+0 Bin*9) 

~K P 


/l"’ = /H«UlQ!+/,0O8a = 


3H^ oo0 9(l+Bin*9) 


(4) 

( 6 ) 


The foiw/j (iw well os /|) is situated m the i? 9 -planB. 

In order to oaloiilatu h j. from otpiation 2.3 (32) we must also And 
The only oonsidpinblo ooni|K)nont cif this force ia the centrifugal force 
fg deriving from tlio motion with velocity i(| along the curved magnetic 
linos of force. If ii, is the nulius of curvature of tiio 1 Ine of force wo have 

/g^mi^JBg. (0) 
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Aa a simple geometiiioal oouaideration shows, we have 


^-L ^ 17 » 


H S,* 


vbioli gives 


frP 


S.B 

(1) 

( 8 ) 


We introduce on or thogonel coordinate system with the 2 ~axiB parallel 
to S and the j^-oxiB parallel to f^K Then the equations of motion an; 


JIoos9^ = «. = j^ (/!+/,). 

(0) 

«v“ 0* 

(10) 

dt m * 

(11) 


The int^giatlou of (11] gives the same result os oou be obtained unmedl- 
ately from eqaatlons 2.2 (1) and 2.2 (6). 

= V, = ^2(W-Wi.)lm) = (12) 

where Hg (« Wffi) is a oonatant denoting the strength of the Held at the 
turning-point. From equation 1.2 (0) we find 

— r,ooB<f^(l+3mi\)^. (13) 

Putting H = a»;/r*; Hg = oijo/f5 (14) 

in analogy with equation 1.2 (10), we obtain 


A 

~dt \i 


2fta 


Va~V 


-\* 


^mr* oos*^(l-1-3 ain* 9 )/ ’ 

Furthei', oombining eqaatLoue (0), (8), and (6) of this seotion witli (0) of 
§ 2.2, and (6) and (14) of § 1.2, we And 

^^Scfi l-f-eln*y n(j\ 

dl OQB^( 1 -f- 3 rin*(p)l rj 

We oan now compute tho jxUh of the particle. Litiodnclng Storinor’s 

(17) 


unit of length 




Mid equation 1.3 (10) we find 


with 


Ii = 3 


r ooBVl+am» 9 ) l~lfi{(f>)lyg , 
jj Cl-l-3aln*,)l 1-7K9 )/t,o 


(18) 

(18') 
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where is tho distance from the dipole to the pointfi whare the particle 
(or more exactly the ^equivalent magnet') aroasea the eqnatodal plane 
(f n 0); i]( 9 ) is defined by equation 1.2 (11) and Is a oonstant [see 
(14)]. 

The parameter is related to Btdrmer’s constant y. Tfor the eqna- 



Vra, 2,4. Coimazlan bohma dliplftoomenb in longitodo (praportlopAl 
to 7i) and lotitodii ^ for a porilolo ofloHlating through tho oquotof^ plm 
\Hth amplitodo 9^ 

/ 

tonal plane tho condition 2.4 (11) oaji be written. 

-1 < ^(2y+^) < +1. (10) 

Ab R oeoillatee between the limits have (r^ 4^ CgJ; 

rjc^=-h^'^ ( 20 ) 

and = (20') 

The integral 1^ In (18') is plotted in Ilg. 2.4. 
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eqimUan (18) givoe the path of tho 'equiyaloiit magnet', The 
path of the partiele itself is a spiral aronnd the ourvo defined by (18). 
The spiral has tlie radius of ourvature given by equation 2.2 ( 2 '). Li 
most of the oases to vhioh our perturbation method of oaloulatiou Is 
applloabloj theequation (18) gives as much information about the motion 
of the partlole as Is wanted. 

The motion defined by (IS), (16), and (18) takes place on the surfooe 
defined by equation 1.2 ( 6 ), and Is on oeoillation through the equatorial 
plane 9 ca o, combined with a rotation around the axis of the dipole. 
The amplitude of the oscillation is defined by the oondltion 7 }g—i; ^ 0 . 
The ip-vslue of tiie tuEolng-point is given by 

(31) 

oa 8 ® 9 g 

INg. 2.0 shows a oomparlson between one of the trajeotories integrated 
by Stfirmer (IfllS) and the oorrasponding path found by the perturba¬ 
tion method (Alfr^n 1040). 

3.61. MoUoncloatiofheequaioriaipianeofadipokJieJd. Of particular 
interest is the spooled ease when the amplitude of the osoillatlon is sinall 
(To "K i)‘ Then we have approximately 


oofl ®9 

and In thasame my i^q =*= Pntting those valoea into (Ifi) aucl 

integrabliig, we obtain a whift osolllation 


9 =p 9ofldn 



where S’« — ^ ^V2^, 

3 3 V 

^To the sajne approziinationi A InGreaflee at a constant rate: 

During idle peirlod T the inoreese in A amounts to 


(23) 

(24) 


(28) 


A = 3rV2f{/(4, (20) 

where is given by equation 2,4 ( 8 ). Vai wmall amplitudes the vnlue of 
^ ’rV 2 (= 4’44), oorresponding to 266°. The dotted line in 
Fig. 2.4 represents the diSeianoe in longitude between the turning- 
point and the intarsootlon of the orbit with the equatorial plane. Its 
value for <p -> 0 is lirV 2 (= 1*11), oorrwpondlng to OS-e". 
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Fia. S.O. Motl<Hi In dijnb fbld ooloulafeod by BtOrmar and by portorbatlini 
mothod. Frojootlcm upon a piano Uiroogh bhe axil of tho d^mle (abovo) 
and upon faho oqnaUTHal piano (bolow). 

— Palih of oqnlvalont mflgnD4.-- Path of pertlolo aooonling to BtORnor. 


3.62. We now have to oaloulate the partunetont Ag, and Sappoee 
that the portiole (masa = m) starts at the point (iZ', A'} with the 

vdooity have: 

f = (l+SsinV)*, 


(27) 
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. 2iJi(aIn<pi-~i4oo89' 
tr, =--, 

= j(t4ooB9-+VyainyT ^^^.|t^ 

= V'=(0089Vf. 

.. ^ mJi^(iii,oo89'+ar;Bln9')*+s4'M* 

-' 

r, = i2'(oo89')“*. 




The pa/Ttiole aplia]fl in a drola of radius p whioh moves aooordmg to vbat 
Is said alravo, We have ^ , 

(38) 


2.63. In order to show the connexion between Stdrmer's equations 
and the perturbatiou method, we shall derive (26) through snooessivo 
approximations, valid If ^ — 1. We put 

fo “ (38) 

OoDBequently fg < 1. 

As in the equatorial plane x = 0, we obtain &om equation 2.d (Q) 


(!)■— 


We develop r into a series 

r » ro<g;i+>^^(«)+^G(«)]. (38) 

no^eotlng higher terms. Then we have (denoting d(ds by dashes) 

dr/d5 = fSo«(J”+f?(?') (30) 

and 1—f/rgOgg = —fo(-y+»o®)- ("^8) 

The first approzhnatian solution of (37) is obtained &om 

= !-■»’. («) 

which gives F = slnd, (42) 

where 8 = — (43) 
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In. ordar to obtain the geoond appioziinatian we put (42) into (88), 
(39), and (40) and obtain from (87) 

f«<4(J"’+2fSi"ff') = l-(J'+2ffl JG)(l-4f? J). (44) 

Ualng (42) we got Q = 4—2Bln*5. (46) 

Conaeqnentity, eqnatian (88) gives 

r(,CH[l+*oB“iS+rS(4—2aln*5)], (40) 


where tanna of the order of in the ezpieemon in braoketa are negleo ted. 
If (80) ie introdnoed, equation 2.4 (0) givoe 

_-B \ I 

da f-oOW 

= r4-(^+i<50(l-8rSJ*) = ^[ainfi+r5(4-6ain«5)]. (47) 


Here teirmB of the order of r$ have been negjeotod. 


obtain 


da 


—^ [aln iS+r5(4—6 Hin‘;ff)]. 
foOsi 


Conaoqneiitly we 


(48) 


Thie equation defines the motion of the poritcZe. Tho motion of the oqui- 
valent dipole is the average of dA/ds. As the average of ain ^ is eoro and 
of ain*df la we obtain 


da 


if,(4-1) = hi. 

% ^ 


(40) 


The error is of tho order of fg. 

This equation is identioal with (26) 


beoauee 


dX 

(00) 

d d 

dt^'^’de* 

(61) 

= ^{aelemv), 

(62) 

fi = ina^a, 

(83) 

»■<, = rJo^> 

(04) 


In a similar way tho expression for T oan be derived. 

3.64. Ontiiaregionofvalidiij/ofthapertuHxUionmeUiod. Thoportuiba- 
tion method is applionble ns soon as tho radiua of oiirvature p is small 
oompared with the distonoo r from the diiiob. If we pub tlio limit to 


pjr < 0 - 01 , 


( 06 ) 
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It la of Intereet to aee how thia oonditton reatriota the uae of the method 
[n ooamlo phyaiaB. 

If the magnfitio flftIH S la doe to a dipole with moment a at diatanoo r, 
we hare S ^ ar~*. Further, we have, aoooiding to equation 2.2 (2'), 
p a oavCiJtH ^ oi^fea, Canaeqnantlj we oan be aure that the method 
la applioable when 

r < O'l(eo/q>)* = O-lc^. (M) 

The valuea of for aome Intereatdng oaaea are given in Table 2.1, 

A study of the table ahowa that for eleotrona with energy as high as 
obont 10“ e.v. (whioh probably ia the upper limit of the energy of the 
aiuoral partioleaj oui method la applioable in the earth's field almost 
to the moon’a orbit, and in the aun’a field to a dlstonoe of 10 times the 
radius of the earth ’a orbit. For protons with the same energy tlie region 
of validity la roatrloted to abont 7 times the earth’s radius, bnt suoh 
partloloa oannot be ezpeoted to be of any importonoe in the physics of 
the earth. For protons of'thermal energy’ 1 e.v.) the llmita axo very 
targe. The perturbation method is, of oonise, not applicable to ooamlo 
rays with enei'gies of 10^“ e.v. or more (alao for the reason tluib we have 
not applied reUtlviatio meohonioa). 

Consequently, In almost all problems of oosraio physios—except 
ocemlo rays—tile motion of oharged particles oan be treated ocoordiug 
to the perturbation method. 

3 . 6 . Cosmic-ray orbits 

For ooemio rays the perturbation method is not applioable. Tho 
orbits must be determined through numerical integration of Stdiiuor’s 
oquotions. Muoh woA has been spent on thla important problom, 
oapeoially by Stdmer, Lemoitre, and YsiUarta (review, aeo Moixnor, 
1043). 

It is also possible to determine the paths by a soale-modal experiment. 
This has been done by Malmfors (1046). His results are aoourato to 
within a few degrees, whioh is hilly enough for aU problems oonooming 
the tarrestdal magnetio field. His tUBgramB show from what point of tho 
sky partlolss originate which leaoh an observer on tlie earth from tiio 
cenith. For latitude A ^ 68° he gives data for all inoideut direotioDs. 

3.7. Radiation losses 

A oharged partldle moving In a circle emlis electromagnetic radiation, 
whioh rtfmiTiiahan its energy. Acooiding to Larmor’s formula the energy 
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radiated per seoond is -P = s (1) 

3 Cr\di} 

¥ar a partide mavtng in a oicole in a mognetio Add vo have 


dv j_ 
dt me 

The klnetio energy of the portlole ie fF = 
time T for the energy aa 



jfnv*. This gives the deoay 


T=K s ^ 1 

P leifilmYH*' 


( 2 ) 


For nTiA aln^e eleotron this glvee 


T = 2-6e.lO»H-*, 


( 8 ) 


where T is given in seconds and H in gauss. As this time is very long, 
the radiation losses of a single eleotron are usually negligible. (Only in 
extreme oases, snoh as treated by Fomeranohuh, 1040, imd Tsn, 1046, 
it may be considerable.) 

In oosroio physioe we liave usnnlly to do witli problems involving many 
portioles. If, for example, several electrons move together, thqy radiate 
much more, booanse (1) oontabis the square of the ohaige. From the 
theory of magnetroiu it is well known that electrons in a magnetic field 
have a certain tendency to 'bunch' so that a large liaotion of them oscil¬ 
late 'with the some phase. The result Is on moreaso in radiation, so that T 
is very oftoii many orders of magnitude smallor tlian tlie -value given by 
(9). Exx>eriinontal investigations by Astrfim (104H) on elootrons drifting 
in crossed magnetic and dootric fields have shown that they radiate 
a 'noise' containing fceqnenoiea distributod over a veiy huge range. 
The radiated onorgy hioreasos very rapidly with tho density. With 
a magnetic Add of 100 gaiiss and a dannity of about 10* oleotrons/om.*, 
T is leas tiian ono mioroscoond. Henoo wo must bo cautious in using 
(2), because in oosmio physics, -where wo sddom have to do -with ono 
single eleotron, it may be in error by many ordeiu of magnitude. 


liEFEnSNClSS 
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Beweguiig oiner dokbrinoli goladoiian Korpiiakol iin kraiulBoluin Boumo’, 
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torles of ElooUiool PortloloB In bite Fiold of a Mognotio Dlpoln wiUi A^ipHoatians 
to the Tlisoiy of Cosmlo Bodlatlon’, Ath. Vid. Akad. Mal.-ntU, Kl.O»b>, 1938, 



MOTION OF OHAUQBD FABTIOLBS 


l^HiAjtvpltytioaNonu., OMo» 1 . 1, 110 (1084^0)} 2, 1» 108 (1080-7). Bvm- 
TTiAylnw of Btflnnor^ theovy on iriftTnHiwl Jn moBt bAZKlbookB, Oig. Chapman^ 0i| 
and Bortali, J,, 1040, Geomagn^imt 2, 884. Coznparo also Hemoo, B. W.« 
1087, *A S ufvBj of Facto and UieorlaB of tlie Auram', ito®. Afod. Pky§»f 9| 
408, 1087. 

AutvAf, H., 10401 'On the MoUon of a Ohnrged Particle in a Mcgnetlo Field', 
AfA/. fmd, aatr. o.fyaikt 27 A, No. 22. 

laznOif, E., 1048 1 TExparlmental Invoatigatiou on on olfiotnm gaa In amagnoLlc 
flald', TroM. Bogal JnM. q/ Technology, Sioekhohn, No. 22, p. 70. 

BEOaHJ, B,, 1081 1 'Some New Theoretical and Expedmontal Beeulto cm. tlic 
Anrom Folarki', T4ir. Mag., 36, 41. 

MATOTOiHfl, £. G.f 10401 'I)ota!ixiiziatloa of Orblta In tlie Field of a l^ognotio 
Dipole Tflth Application to the Theory of the Dhimal Variation of Coamlo 
Radiation', Ark,/, moA., oilr. o.fyeik, 32 A, No. 6. 

IfiomB, J., 1048 1 'KoamlBohe Strehlnng imH Magnetfeld der Erdc', Vortrdgo 
Cbw icomUAe Slrahhung, beAuegegeben von W. HcdsenbcDg, Berlin. 

PouHaAirciHtrK, 10401/. Phya. Aoad, Soi. nB.B.B., 2, No. 1. 

BtOhub, 0., 1018 J 'Bur un probl6mo zdatif an moavamcnta doe oaipueouloa 
4lBOtriqaai dana reapace oosmlque', Vidan^eapaaMabela Skr. 

Elaaaa, No. 14^ Ertatlaiila (Oelo). 

Tbo, H. Y., 1048} 'On the BadiatiDii emitted by a Fhet Oliaiged Parbiolo In fciio 
Magnetic Field, iVoe. Hoy. Soo., A, 192, 281. 



m 

ELEOTRIO DISCHARGES IN GASES 
3.1. Introduction 

EiiBorBio fields are likely to be pioduood, espeolally by iiidnotloii> in 
stellar atmospheres and in Interstellar, spaoo. Snoh fields aooelerate 
oharged partioleSj whloh ore present wherever ionized matter exists^ 
thus fw-Turing ouzrents. Traditionally a ounent tiuongh a gas is a 
dlsoharge. 

The most important oosmio phenomena which may be Interpreted 
as electric discharges are solar prominenoos (| 5.0) and aurorae (J 0.4). 

In principle It is possible to oaloulate the motion of eleotrons and Ions 
in an eleotilo field Knd in Buoh a ^vay predict the jn^opertieB of the dis¬ 
charge. Erom laboratory studies of the discharges we know> however, 
that sach a prooedure is voiydifiJcnlt and dangerous. In foot, the theory 
must take account of all the complicated interaotions between electrons, 
Iona, molecules, and quanta. Hence It has been possible to build up the 
theory of electric diaoliarges only through a very intimeto contact with 
experiments, and many times It has been found that phenomena occur 
in a way which from the theoretical point of view was oonedderod to be 
impossible. A sbriking example of this is supplied by the investigationB 
of the ignition time of on oleotrio spark, where a Buocesston of theories 
has been disi)mved by exporimentfi (see Loeb and Mock, 1941), As 
anotlier example of the still iireoarioufl state of tlio theory we may 
mention tlio cathode meolmniain of an ordinary arc. Although a pheno¬ 
menon which because of its theorotioal as well os overwliebning technical 
interest has been vciy much studied, no adequate theory of it exists. 
(In many oases thermionic as wdl os field emission is nilod out; see 
Jjoeh, 1030, p. (]20.) 

Tliero in no reason to doubt that ooHinic discliorgo x>hojiomona offer 
problems as complicated as tJioee occnrriiig in laboratory dischargee. 
A purely tluwrotioal treatinoiit of thorn is oortainly very precarious, and 
still, In many oases, this is the only way of attack. 

One important approach to the study of olootrio currents in oosmio 
physioe is duo to Chapman and Cowling. From the mathematical theory 
of gases they have deduood the conductivity of ionJzod gases (see 
Chapman and CowUng, 1080). In view of what is said above an empirical 
check is highly desirable. 

Another, and quite different, line of apx)roaoli was tried by Birkeland 
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(1901), HIb ifunoTia tQLTella ezperimant Tras on attempt to Bolye ooemlo 
dladhaige probloma l)y model experlmoala. The mveBtlgatioii haa had a 
vecy tospliiag efleot on oosmio physios, bnt, as it was made before the 
theory of gSBOons diBoharges, no one really knows what happened in his 
veasoL Probably the interpretation of his exparlmeDt was inadeq[nato 
(Bee 5 6.1). 

Since the time of Birkeland’a experimentB the theory of eleotrio dlB> 
ohargoa has beoi developed very mnoh, but until quite recently no 
attempt had been made to transfer the results to the realm of oosmio 
physioB. Certainly many parts of the theory are Btill unsatisfactory, but, 
for example, otzr knowledge of the properttes of a plasma is so good that 
Tenable results may be expected if we apply it to oosmio problems. 
What is urgently needed at present is not a refined mathematical treat¬ 
ment bnt a rough analysis of the bosio phenomena. The pmpose of this 
obaptei is to draw attention to some aq>eotB of discharge theory which 
may bo important in oosmio phyalos. 

3.11. Survey of deetrio dischargea, Eleotrio discharges are usiwlly 
divided into two groups; fum-auatained diachargea, which are dependent 
upon an' external’ ionizer producing at least an essential part of the ions 
and elootrons which oajrry the current, and adf-audained diacluirgea, 
where the Ionization is mainly produced by the discharge itself. Oelcria 
paribua the second is oharaoterlzed by higher ourrent densities than the 
ibst. This is due to the fact that in the laboratory we have at our 
diqjosal only very weak ionizere. In oosmio physics, where the 'external 
ionizer’ may be a high temperature which ionizes the matter moro or 
leas completely, non-snstaioed discharges may oany very largo currents. 

The domsiu of the aelf-sustained disoharges Is very extensive, in- 
finding Townsend disoharges, glow discharges, and arcs. Moreover, 
there are several special forms such as the spark, which is OBBentially a 
short-lived aro. In most of the disoharges we oan discern three different 
regions: 

1. The cathode region, where the electrons (which carry the main 
part of the current) are produced by emission from the cathode and 
by ionization of the gas. 

2. The anode region (which is rather unimportant), associated with the 
psaaipg of the oorrent between the discharge and the anode. 

8. The'plasma* wbiohextends&omtheregionof the cathode medroii- 
iam to that of the anode meobanism. The properties of the plasma 
oen b« regarded as oharaoterlstlo for a gaseous oondnotor in tbo 
abaoQoe of disturbances &om ebotredes. 
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The difltlnotlon between the diSerent types of dlBohargee lies mainly 
In the cathode meohanlam. In the Townsend and the glow diseharge 
the emission takes plaoe from a oold oathode; In the aro the oathode Is 
hot enough to give thermionio omlslon (or it emlta abundantly for some 
other reason). 

The properties of the plasma are not Immediately oonneoted with 
the oathode meohanism, so in piinolple the plasma could have the same 
properties for oil types of self-auBtalned» and even for non-BUstalnod, 
disohargOB. The state of the plasma depends upon the current density, 
and this is usually increasing when we go from non^BUstalned to Towns¬ 
end and further to glow and to aro discharges. Although in prlndple 
the same phenomena occur in all plasmas, the propertiee of an arc 
plasma are, beoanso of the high current density, difierent from that 
of a glow discharge, and Btih more different from that of a non-sustalned 
disoliarge. 

In cosmic physics the cold oathode mechanisms are of little interest. 
If we can speak of eleotrodoe these usually consist of ionkod gaseous 
layers of higher donsiby than the discharge space. Such layers qbjx give 
off electrons abundantly, so that the oathode mechanism is most similar 
to that of an arc disoliarge. 

3.12. Irai^formalions, In the theory of gasoous dischargee 

certain 'fllmilaiity laws* have piOTed very valuable (see Cobine, 1041, 
p. 200, or Ehigol and Sboonbeck, 2,1034, p. OG). Wbon obonging the linear 
scale by a factor r) tlie most characteristic foatiues of the phenomena 
remain unchanged if at the same time wo change other quantities accord¬ 
ing to Table 3.1. 

Tablb 3.1 

Similarity iransformalim applicabU to yoMOUs discharges 


l^gth, Limo, IniUiobinDo. oapanity m 

roiilolo nnorfo^. v(»lc>olly, iiuUmblnt ourroiit, radHtonoo „ afl 

ICkxrtrtc and iirngnotb (lolil. ocindimtlTlbyp gaBooiu dnuLty „ u 
Oarrunb dmiHlby. npooo olinr^ dfMiidby ,, lu 


ProportioTiality between length and time is required by Maxwell's 
equations, Tlie most olinrootorifltio foatiirca of a disoliarge depend iiyxin 
the interactions between atoms, olooti’oiiB, and quanta. As these Inter- 
ootions depend in a very complloated way ui)on tlio energies involved, 
wo must leave all onorgios, luid lioncxi the olootrostatio potential (which 
doterminoe the kinetio energy of a oliaigcd jiartlolo) unohangod. If we 
change the linear diinonBions I by a faotor t}, tlie oleobrio field X must bo 
changed by in order to leave tho jxitontial V ^ IB uudioDgcd. 





BLUOTBIO SIBOHABQBS IK aABBB 


8.1 


Because of Hacwell’s equationB we must dhsiige D, H, and B in tho 
some way as B, The oniient density » which is equivolent to the dis' 
placement oTtcccnt BDjSt must be changed by the factor which 
means that the total anrrent I remains nnohsnged. The oon- 
duothrlty o- (^a ifS) cdianges as ij~\ the indnotanoe L, which equals 
VlidIJdt), and the capacity 0 {n^ 1) clumge as i;. Eurthor, os the mean 
firee path, which is of fundamental impcrtonoe in gaseous disohargos, 
varies as the UnwA-r dimension, the density p of the gas, which is inverBely 
proportional to the mean free path, must be changed as 
Tu the theo^ of gaaeous discharges the above transformation bas 
proved to be very useful In TnA.Vmg a general survey, but it must be used 
with same oaie, beoause it refers to the most fimdamental phenomena 
only, and many noondaiy phenomena, which in special oases beoome 
importent, do not obey the transformation. For example, the number 
of diaxged particlee per unit volume is proportional to i and hence vaidos 
as i;-*, whereas the number of moleoulea is proportional to p and henoo 
varies as Honoo the degree of ionisation is not Invariant, as we 
should like it to be, but yaries as Further, as the force /(= iHJe), 

which acts upon unit volume traversed by a onirent»in the presence of 
a magnetio field H, is proportional to ij-*, but the density is proportional 
to n-*, the acceleration becomes proportional to ij“*, and not, os it ought 
to be beoanse of its dlmeaslon l^~*, to One of the oonaoquonoes of 
this is that magnetO'hydrodynamio waves (see Chapter IV) do not obey 
the tiansfbimation. 

It must be observed that the transformatioii does not affect atomic 
quantitilas. For example, atomic dimonaionB, wave-length of emitted 
light, end lifetime of metastable states will remahi unohauged. 

If wo want to apply the leeults obtained in a laboratory apparatus 
with the linear extension of 10 cm. to cosmic phenomena, we liave to 
inarease the scale by a firatar of 10*-10* with regard to the oondltlona 
around the earth, a factor of 10^ for the sun, 10^10^ for the planetary 
system, and 10*^ 10** for the galaxy. Perhaps it is of more interest to 
go the other way, Le. to transform the cosmic phenomena down tu 
laboratory scale, beoause this gives us some hint oonoeming the general 
type of the phenomena. It riiowa what quantities ore the most important 
ones, and Indinatea to what extent it is possible to make scale-model 
axperimenis illnstratdng oosmio phenomeoa. 

Table 3.3 shows how the simllarily transformation may be applied to 
some important Hnnminn of oosmio phystos. 

The table ahowa some featuiea of interest. The first Is that most 
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Tablb 3.2 


PrMem 

XifUDf 

rfbMfWkft 


Ma^tUeJUjid 

gousa 

Tima 

Aurocm anil magnoik 




InltJal phasD of 

ntornu 

3.10” 

l(P f-10» 

0>B-0>01 

stem M BIl ^ 10* 

nnluooUi ^ V 3.10” 

10 

a.io“t-a.io» 

l-B.10*^.10' 

■00.^ aO/iMO. 

BoUf ooroD* . 

IQU-IOi” 

10”^10” 

so-aoa 

JJIb of OOTOUl 
mro 10* aoo.-^ 

Kocliioofli^ * 

10 


8.10«-I.10* 

Bolu gynlo ■■ 11 
ynaiiB 1.10” mo. 
—► OHKl mo. 

Chromofiphara 

10” 

10^10“ 

to 

Solnr Oan 1|000 

Rocluo^i V 10” 

10 

lff*-10“ 

a. 10” 

noo. 10 fiKM, 

I*niinliMiioe 10” 
«oo, I^OOO fooo. 

Ptanotary .yBlom . 
Halwndi q ~ 10X-10» 

10 

10* t 

lO**-!©** f 

10-*-10-» 

10*-10* 

1 ymr ^ 3-^/iMw. 

OaUKy .... 

S.I 0 « 

1 

10-**f 

Ag« of iinlvinD ^ 

Hodiioo(J:i} -> 3.10”i . 

10 

8.10“ 

8.10*! 

lOMjQKn* 3.10*1 
n. 100 ftn. 


Ab nonnol taii]]X)mtiuro a dnudby of S'O.IO^ X»irtloloe/oin.* oomM^pondfl to a gaa 
pru w u ro of 1 mm. Hg. 

Tito doiiHlby la tho plxuiotary uyitom la a goon EoudiIikI oil tho roEkaonablo ommiptlon 
bhai tbo (lorurity mint bo hitonnocUato bobwoon tho ooranal and tbo Intonbollar viiItim. 
Tho Bomo valuo la naod for *anrora oiul magnoblo rtomia^ niproraablng tlio ckiudky at 
soino dlabanao l>om Uio oartli. Tlio Isbfcor valno bi tho Honuj aquan) loCon to tiia nppor 
atuioepboio (B^layor). 

preefiurosaretobeooiiaulerodaaratlierlilgh. lu the oase of the planetary 
Bystom a rednoed value of BOine tentli of a iiiilliinetEO 1b obtained^ but 
thie iSi of oourae, ratlier unoertain. At a display of aurora and magnetlo 
Btomii the denaiby around the earth oorreepondB to about 10^^ mm. Hg. 
All other equivolenb preesurcfi ore well above Imm. Hg (3*0. 
partlolofl oin,“*). ConBoqneiitly witli the above oxcseptlon there is no 
analogy to high-vaouum phenomoua in eoamlo pliyHiea. When ooufiider- 
^ Ing olootrieal phenomena tho interstellar spooe of our galaxy should 
not be cx)mparod wltli a ^vacuum' but vlUi a highly ionized gas at a 
presaure of 100 atinosphoroe. 

Still more Btrildiig btum tho high donfiitlee nro tlie very high mognetio 
fields in tho oosmoe. In foot^ thoy nro bo strong that at preaont our 
laboratory resouroes do not auffloo to produce fields strong enough 
for model experimentfl. 

The powerful mugnotio fields havo two important oonsoquenoes. The 
first is that the motion of oliarged partioles Is usually of a dlSeimt type 
from what we are familiar with in the laboratory. Tho radius of ourvature 
is very Bmall and the partioles movo in tho direotion of the magnetlo 
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flaldor'drift^peipeiidioalflx to it. This type of motioji liaa been studied 
In diaptar n. 

The other oonseqneiioe 1b that strong eleotrio fields ore easily produced 
by any motion acrofia the magnetio field (see § 1.3). To give on example, 

In a magnetio field of 10° gausB, a velocity of 3.10“ cm./seo. oauBos on 
eleotrio field of J ^ 10 e.s.u. = 3,000 volt/om., and in a field of ICP® 
ganas the same velocity glvea 30.10“ volt/om. Thus the eleotrio fields In 
the oosmoB alflo, Tvhm reduced to laboratory Boale, are often very strong. 

Finally, the tlme-Boale transformation in Table 3.2 is of interest. 
Solar fiflxea, ooional aros, and also the foitnal phase of a magnetio storm 
should be regarded as v er y short-lived phenomena. In faot their equiva¬ 
lent duration (a few ^laeoB.) la of the order of the ignition time of an 
eleotrio discharge. 

3.13. Properties (jf a piaarnn. From what has been said in § S.II, It is 
evident that from the point of view of oosmio physios a survey of tho 
propteUos of a plnamit ifl of Bpooiol interest. Because of the importance 
of tihe ooamlo magnetio fields we must also pay attention to the influonco 
of magnetio fields upon a disehorge, a phenomeoion whioh has not boon 
studied very much in the laboratory, 

A plasma oonsiets of neutral molecules (monatomic or polyatomic), 
deotrons, positivB (and In many oases also negative) ions, and alao 
quanta, omitted from the exoited atoms. The presence of on electric 
field is eascntloL In most laboratory disohargas tho degree of ionization 
1 b v ery smalL In ooamlo phymos the ionization may bo more or lees 
oomplete in many oasea. 

The electrons, ions, and moleoules collide mutually. In a typical 
plsama only a very sraall fraotian of the electrons have velocities so 
large that they can ionize or excite the moleoulee. Hence most cx)llisiona 
between eleotronB and molecules are elastic. Due to the big diilorenoe 
in mass between eleotrons and other particles, the exchange of energy is 
amall at such a conision. In fact an electron transmits only a fraction of 
the order of mJM (m^ ^ oleotronlo, M = molecular mass) of its klnotio 
oiergy when ooUidlng with a heavy partide. Hence if tlie mean energy 
of the electrons is dififorent from that of the moleoules, several thousand 
oolUsions are required before the energies are equalized {mJM being 
< 1/1840). On the other hand, the ions and molecules have masses of 
the same order, so that at ooUiaionB the energy exchange is of the same 
order aa tlie total klnfitlo energy. A difference in mean energy is rapidly 
smoothed out. 

In a piBflina the vdoolty distribution of the molecules is, at least to a 
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first approximation, Maxwellian, aa in an ordinary gas. We call Ite 
temperature The lone and eleotrom are affected by the eleotrio 
field, whioh gives them a aystematio velooity parallGl or antlpamHel to 
the field. In a typical plaama this velocity 1 b small in oompariBon to the 
random velooity, which even for the Ions and eleotronB to a first approxi¬ 
mation Is Maxwellian. Thus we can speak of an eleotronio gas having a 
certain 'electronic temperature* whioh is defined throu{^ the con¬ 
dition that 3/2ikT^ (A; = Bolt£mann*8 constant) shall equal the average 
energy due to the random velocity of the electrons. In Ihe same way 
. there Is on ionic gas having the 'lonlo temperature* 

The B 3 rBtematio motion in the deotrlo field oauses a heating of the 
eleotronio gas as well as of the Ionic gas. Due to the small energy ex¬ 
change between the electrons and the other constituents, the eleotronio 
gas may reach a temperatnre whioh is one or two (or even three) powers 
of 10 above that of the molecular gas. On the other hand, the thermal 
contact between the ionic and the moleonlor gas is good enough to ensure 
that no big difference between the ionic and molecular temperature Is 
eetablishod 

The average energy of the electrons is usually much lower than the 
ionization or excitation energies of the moleoulos. Only that small part 
of the olootrons whioh, due to the Maxwellian distribution, have energies 
several times the average energy ore able to ionize or excite, 

The behaviour of a plasma is very complicated beoanse so many 
different reactions aje possible between oleotronSj more or lass excited 
or ionized atoms or molecules, and quanta. In principle it is possible to 
treat the phenomena by exact statistical methods. In praotioe, however, 
most theories must be approxbnate because of the complexity of the 
problems. For several piuposes we reach sufficient accuracy without 
using the more elaborate methods of statistical mechanloe. 

3.3. Mobility and conductivity 

When an eleotrio field is applied to on Ionized gas, all charged portioloB 
are accelerated. Because of the friction with the rest of the gas, their 
average velocities in tlie direction of the eleotrio foroe soon reach station¬ 
ary values. Suppose that the volume densiby of one kind of charged 
particles with charge and mass la An eleotrio field S gives to 
these particles an average 'drift* velocity u^i 

(i) 

For weak 6^ is a constant o^ed the TnobUtiy. When the mobilitioB 
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of dH tha oonstltueiitB of a gaa are kaowBi its cmductivUy a oon easily 
be oomputod. In foot, the ourraat denfiity, i, prodnoed by the field is 
glTenby i - = if (2) 

where iihe annunstlaii inoludee ell kinda of oharged partioles. Ab the 
oonduotlvlty ia deftned fay 

ff =. ifB, (3) 

TTO have ? »*e*6*. (4) 


For negatlTB partiolBB e aa wdl aa 5 ia nagatiTe. 

Uahig eoaot atatiatdool methoda Chapman and Cowling have oalonlated 
the oondnottvlty of loniaed gaaea (aee Chapman and Cowling, 1030], 
Thdr oaloalatlanB are mathematloally difflonlfe, ao for a anrvey it ia pro- 
famfale to nae the almpler 'fiiee path method’ whioii more eaaily demon- 
atratea the phyaloal piooeae. Aa the anthora jnat cited have ahown, thia 
givea, in. general, formnlae which are auffloiently aoonrate in view of the 
&ot that the final reeulta anyhow depend on nnoertain parameters, auoh 
as atomlo ooTliainnal oroaa-aeotdona. 

In the free path method it ia oaaumed that the molecules (iuoluding 
Iona and eleotrona) of a gaa make instantaneoua oolliaiona with each 
other, but move freely between the ooUiaiona. In a rigorous treatment 
aooordingto thia method the etatiatioal distribution of moleoulnr volooi- 
tlea, free petha, eto., la token Into oonaideiation, but in a leea aooiirate 
Teiunt of the method only the average valnea of the quantities aro uaed, 
The reanlta diSor in' general by leas than a factor of 2, an accuracy wliioli 
ia enough for moat apphoationa. 

Let be the mean tomperatore velocity, the moon &ee path, and 
the mean interval between two ooUialonB which a particle of kind k mokoe 


with other partlcloa: 


T|, I 




(rt) 


During the tline the partiole falls freely in the elootrio field a distaDoo 

A-^4 m 

Hence ita average motion in the direction of the electric field ia 


= ^ 


A 


e.JS 

TT- 

2fnk 




S. 


( 7 ) 


This gives the mobility 

bj, K vJB B (8) 

with y A more rigorona treatment taking aooount of the atatUtiooI 
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dlstirlbntlou of YGLooitlefi and free paths giyee the sama fommla bnt with, 
y =* 1. DiBereat authors give yaluos of y betwoem these (see Cobine, 
1041, p. 83)* Por electrons we may put y = 0*85. 

Por low yaluee of JJ, and hence 6^ are independent of JS, but when B 
Is greater than a oertain yalue, they yary os we flhp-Tl now see. 

Wlien the partide drifts in Ihe eleotrio field, its Idnetio energy 

( 0 ) 

InoreaBea at the rate dWJdt ^ (iO) 

Lot be the fraction of its Idnetio energy which it loses on an ayerage 
when colliding with a molecule. A atatlomuy state is reached when the 
InoreasG in energy due to the drift in the cloGtrio field equals tiie energy 
losses at the 1/r collisions per second: 


dl Tfc 


Combining (10) and (11), and introducing (8), (8), and (0), we obtain 


= ( 12 ) 

or Hi = V(y/2ff*)c*A*J?. (13) 

The yolne of the collision loss ratio d^ends upon the character of the 
collision. If it Is inelastioie^ may be as high 08 1| the total khietlo energy 
of the colliding particle beliig transformed into excitation or lonlsatloii 
energy. Usually most ooUlaions are elasido, and in this case iC|, con be 
computed from a formula giyen by Qrayath (1080): 



where M is the molecular maaB, the average kinetic eno(rgy of a mole¬ 
cule, and Vi is a OQnataut of order unity: 


yi=^ 



(15) 


Introducing (14) into (12) we find 

^ ^ ( 10 ) 

wliare Y, = ^Iyv (17) 

y. ia a nmneiioal oonataiit. If the ohorged partioloB ate lone (ib -»-«) eo 
that Jiffmi 1, the ayerege eoeorgy, of these ia abont the eamo as 
the ayetage moleonlar energy unlftwi S 1b yery largo. If the dharged 
partldles are eleotrona {k -y- e) the ratio Jf/m, > 1,840, so that even 
lelatlvoly weak fields make W, oontidarably larger t-lian This Is in 
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agreement frith what wu stated In | S.13: the ionlo temperature T^ Is 
usually appiozimatdy equal to the gas temperature, whereas the 
eleotironla temperattcre 2^ easily becomes much higher. Aa we have 

( 18 ) 

and, If the ohatged paftides ore eleotrons, 

F. = (10) 

we oun write for (16): 

3i “ 421f+V{i21f+y.if(«A, J)V»»J. (20) 

where c Is the ooiiTeraion factor between electron rolts and temperature 
c 2e/Si) » 2*32.10« eA.u. =1 7,700 degrees/e.T. (21) 

The eleotronio temperature becomes oonalderably difEerent foom the 
gas temperature wlieil ineroasee beyond the value given by 

If itf = 2,000m4, this ooonxs for T^i =3 300® when the product of tho 
mean fooe path and the oleotrio field, A, E, equals 0*001 volt, and for 
=» 0,000® when ^ 0*02 volt. In laboratory disohorgea, olootron 
temperatures of 20,000-30,000® are frequently measured* 

As long as 2^ Rj 2^, the drift is proportional to the electric field S. 
Aooording to (8) it is given by: 

^*, = Y^^E, (23) 

where y 1, and ntg means the eleotronio mass; v, is given by 

= (24) 

If instead 2’g> 2]|f, we have approximately (according to (20)) 

2; = (26) 

!E^rom (0), (10) and (21) we find the heat motion velocity 

r, = (e/t»)t(4y,Jlf/mJi(A,JS)*. (20) 

Intioduoing (20) into (6) we AtkT that the drift velocity 

« (e/m.)t,(iy«yi)*(m,yjf)*(A, ^)‘ « (27) 

la proportional to the square root of the eleotho field. 

When the drift velooitleB of all charged partiolfis ore known, the 
ouirent density i is found from (2). 

As we have seen above, for values of the electric field S so small 
that the ohaiged partlale temperatures approziiiiatoly equal the gas 
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in 


tamperatme, and are proportlonBl to 27. In this oasa the oonduo- 


tivity Is given by 


m,vj 


(28) 


Ab A, > A|, cmd umaJly n, (see } 1.4), eleotroolo 

oonduotlvity 1b uBnally much higher thim the ionio oondiiotiTity, bo that 
the fliBt term oaa be neglected; 


a 


»A 


«• 

y—»».T, 


(29) 


(t. ™ *=■ time between two oolUsionB). If the eleotron tompeiatoie 

1b higher than the gaa temperatnie, * aooording to (27) Ib proportional to 
If we still want to use (8) we must put a proportional to Thus 
the oondnotlvlty la Independent of for itmaJl Tolnes of B, hut bb soon 
as B Inoreasee h^ond the valne given by (22), the oonduotivity beginB 
to dearease, 

3 Jl. IVffhunu of a rnagnelic field. A magnotio field parallel to the 
eleotrio field doee not dlreotly affeot the mobility and oonduotivity. (As 
it impedes the mdeways diffuBion of ohaiged partiolee, it often oliangeB 
the degree of Ionization and thus Indireotly alTeotB the oonduotivity In 
an eleotrio dlBobarge (see Engel and Steenbeok, 2,1034, p. 112). On the 
other hand, when tho mognetio fidd H is poipendioular to tlie eleotrio 
field E, new eSoote ore produced whioh shall be disouBsed hero. We 
suppose B and to be homogeneous. 

Consider at first a completely ionized gas whioh oonsists of eleotnms 
and jxnilivo ions and is on an averago oleotrostatioolly neutral. The drift 
of a olmrged portiole ui oombinod eleotrio and magnetic lioldB may be 
found from equation 2.2 (23). When a alaiionary abUe is reached f* 
beooines zero beoause of 2,2 (24). Aaf = eB, we havo 


Uj. = ~[HE] 


(30) 


indepondaut of tbe oharge and moss of the partiolo. Tills moans that all 
tho oliargod partiolea drift with tho same volooifcy whioh is perpendioular 
to S and H, The ourront is zero beoaiiae tiio gas is olootrostatioally 
neutral. Consoqueutly, os soon a sWe is reached, on eleotrio 

field produoes no ourrent in tlie proseuoe of a traiiByoise mognetio fiold. 

This holds also when tho gas is iuoompletely ionized so that it oontams 
neutral moleonles. In footi even in this oose^ the charged partiolea will 
tend to drift aooording to (30) and they will bring the rest of the gas Into 
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the Bamo state of motion. The only djflerenoo is that the time leqtiired 
to reoah the statiottaiy state is longei. 

As In the pieaenoe of a tranaveise mognetio field on eleotrio fidd pio- 
duoes no ourront In the stationoty state, it vould be reasonable to say 
that the oonduotlvlty Is aero. OonTentionally, however, the 'oross- 
oondnotivlly’ is defined by 


1, - cj.{E+(l/o)[vBr[}, (31) 

where ig la the orirTent in the elsotrio flftlrl dlieotion and v reproeenl» the 
.y average state ofmotion of the gas. In the 

5 JS fhri>Tf[| JMa rm ji BO 

^ -k'Ant ^® ooneols and we obtoin 

" sient onnont that starts at the moment 

t )Q Q Q 0 when the deotiio field is Bwitohed on and 

__ later deoays exponentially until tlio sto- 

tionaiy state is reached. Thisonnouthss 
A~X~X—X~X—' ®*^® oomponent paroUal to B and this is 
U U 0 U 0 defined by (31), but it has also another 

• # oomponent ijj which Is poipendionlar to 

E Ue Hi ^ ^ ^ ^ ^®^^ as to This component is 

I I I I called the HaU current. The 'Hall eon- 

I duotiviby* is defined by 


• # (iifimfrA) 

E lit Hi 

I I t 


^[H{E+i[vH]J], (33) 


Fro. 8,1. In on dlootrlo nwl^i jf poil. i ^ <r * 

tiro kxifl iDovo with volooity and ^ 

The tronsiont current is duo to the 

aonrrootf, InwapicmDoofamag- 

DotloBeld? (apwi^thioaghp^)or) diSorontial motion of oharged partiolcs 

tbo pnrtiota 1^ drlf^QfpondioolM beforethewholegofibaBboonoocoloratod. 
to S and S, thoi oeurfng n Hmll oar- x i i • • l 

j)Qnt It may bo oomputed by introduoing into 

equation 2.2 (23) the fidotion prodaood 

by tile relative motion^ Still adopting an approximate method wo oun- 

flne ouraelyea to the eleotronio part of the ouirent whiob is the moot 

important part. Soppoee that at a oartadn inatant the average drift 

of the eleotrona ia relative to the average motion of the reet of tJio 

goa. At tho oolllfflons whloh an eleotron makea with the reat of tlie gas 

Ita average momentum before the oollMon ia and after tho oollielon 

Eero. The friotdonal force eqaala tiie change in momentiun miiltipliod 
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by the number of oolUfllonB par second. Hence an electron is subjeot 

to the force - . m 

f eE'—mnx/r, (S4) 

where E' = E+cn^vH] anH la the field meaenred in a system sharing 
the average gas motion. Introdnolng (34) into equation 2.2 (23) and stfU 
neglectingbecause the chang e In the average drift Is b1ow« we obtadn 

and 1» neox- (36) 

Suppose that E la psTullal to the x-ozIb and B to the s-axiB of aa ortho¬ 
gonal referenoe ayatem. Let and tj be Uie drift and omrent paraJlel 
to B, and Ug and ig the oorreBponding y-oomponenta. Then we have 
from (86) 


0 mug 

eH~‘ 

We Introduoe the gyroftequanoj 

|a|S 




01. 


(37) 

(38) 

( 89 ) 

(40) 


(42) 


We obtain from (37), (38), (31), and (32) 

a -- 

and Og = ai,T^erj_. (41) 

Por an exact derivation of these reanlfn see Chapman and Cowling (1080). 
Taking olao the ionio component into oonsideiation Cowling (1046) 
wtea: 

where j = ^ gyrofiequenoy, and and rf' the 

ooUisional timoe for electrons and lone with moleonleB. 

From, oquabions (30), 3.2 (0), and 2,2 (2), and beoanse atatistioally 
**1 = V§®> we have 

eSX Oj. A 12 X , - q. 

tUT =-^_±_sa (43) 

mcv V p Nop 

Henoe <i>t is a measure of the ratio between the mean free path and the 
radius of aurvatnre. 

When the drift poipendioiilar to the eleotrio Held ia brahed, the 
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oondnotlTlfy Inareoaes. When no drift ja poaaible the arose-oondnotlTlIy 
eqnalsthepexaJleloondiiatiTity. This oan be ehown in the following iraj. 

Suppose that in an eleotrio field no Hall ourcent is allowed to flow. 
Qliis maj bo ofFeoted, for example, by inserting insulating planes poitdlol 
to fhe eleotrio and nu^netio fields. Then is oompensatod by a oon- 
dnoidon onitent whioh. is due to a aeoandory field prodnoed by the 
impeded HoS onrrant, This secondary field also produoes a Hall onrront 
•s. We write or in vector notation; 


and hare 


Is “»w*T<(l/H)[Hi], 


la “ a)*T,(l/H)[Hl']. 

lesnlt Ja & anrrent In the direotioii of the priinfii ]7 field S: 

*=* = (I+cuJtS)^^! 

areimply »'=ecr|i5. 

If the Hall onrrent ia prohibited the oonduotivity is independent of the 
magnotio field. 

The arosB-oonduotivity never enters at a stationary state. If tho 
medium oannot move ireelyi it is replaced by the paraJlel'Oondnotlvity 
o||. If the medium pan move freely, the Goross-conduotlvity ooi'taliily 
gives a ouirait but only for a time, after which the matter Is accelerated 
to such a veloolty that its polarization oompensatee the electric field and 
no onrrent flows perpmdioular to the magnetio field. In probloms of 
this klndmagneto-hydrodynamio waves may be produced (of. Chap. IV). 

3.23. SqtUval&rU circuit. The general analogy between a meolianiofll 
system and an electric oirouit makes it possible to survey the beliavlour 
of a gas by drawing its equivalent eleotrio oirouit. We start witli the 
simple case of a homogoneons oondnoting medium with density p and 
oondnotiylty < 7 , which is freely movable and acted upon by orossod oloo- 
trio and magnetio fields S and H. The equivalent circuit of a unit oubo 
of the medium consists of a resistance B in series with a oondensor 0 
(ITig, 8.2 a). The applied voltage Is V, the condenser voltage V^, and bho 
ourrenfc I. It is easily seon that we have the following oorrespondenoo 


I^i 


V^E 
TJ ->■ vBfo 
B^\(a 


(44) 
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SJ 

The charging of the oondoziBer oorreeponds to the aooeleration of the 
medium by the currant denaity i. The magnitude of the oondaiiBer la 
ohoaen so as to mi^ Its eleotroetatlo energy \Oy\ equ^ to the kinetio 
energy of the medium. 

When the medium la a gaa oonalstliig of charged partlolea the influenoe 




iria. 9.S. KqnlvakmtoltmilUiofoonduntorHIlia ningiiDtlisHold. a. Goiiduot- 
Ing Uqnlil. 7^ ni|iniHnLtfl bho MiMKiIfki roHlMtanoo i tho nnor^y of oorulonBor C7 
TOjiiDHonU tlm khuitEo onorfgr. h. Oliargml gan. L ntiiraRontfi Uui 

Imirbla of bho nliaiffoci partlolrai. (U Tfi|)iTMinilii 11 to oBiMolly In vanunm. 
c. Onin])U)lo iiJnmJt of icmixotl giui. rn|>mMHit Llui ulnobruiilo gHfl» 

7/|, Of blin lonln gan, hjuI tlm nioUKiuloj gaa. Tim rufdnbancDn X", 
Xf lojiiwmb iliD frirbJoiL Imiwimn blio cinnHiElmnLlM. f/, Blm)>nikMl 
oimulb of loiiiKoit goH Jti omtMKl ('iruult i>r gaa in [tarnllol flnklii. 


of fcho inertia of tlio ])arfcioIn8 (infua = m, clenKity ?») in roproaonted by 
a Bcnaa iiuluotanoo L, 

(40) 


T 

Zr->—. 


Tlio roauiianoo frequency of thia indiiotivnoc^ and the oajmoity 0, 

^ po^ nwic* 

ijj the gyrofroquenoy cn = e= eHjmc. In owloi* to oooount even 


(40) 
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for the dlBpilaoeiDeiit oaxren't t =a IfiwdSIdt we muat introdnoo a oon* 
danser (7« => l/in. The olrotdt ia eeea In 3.2 b. 

Consldeor aii ionized goa, oonaistang of moleonloe, eleotrons, and ions. 
The equivalent dronlt is oompoaed of the olioiutB for ettoh of tho oon- 
atltnante (aee !Eflg. 3.2 o). The eleotronio gee ia lepreaented by Lg, Og, and 
the ionlo goa by Lf, Sf, and C^. As the oondnotivity of the molsonlar 
goe ia Kero, this oonatltuent ia represented by the oondenaer On only, 
the energy of whloh oorreapouds to the klnetlo energy of the moleonloa, 
when drifting pcrpendioiilar to the field. If the gas la eleotroatatloally 
neutral ■= t^) we have, aooording to (46): 


Ot^'^Og, (47) 

BO that Qj ia mnoh bi gg er thaa Ifthe degree of ionizft tion relative 
ninnbGT of lonlaed atomB) la IoW| ^ blggeo* tbiyn Bxo^t when tho 
lonlEatl<Hi is idmost oomplete, we have 

On>Og. (46) 


The &lotloii between the gam is repreeented by the reflifitanooi 
ZJ, In order to find the v^ne of Xjf, let ua oonflidar the 

druuit alone. Hie time ooMtant r of this cdrouit ia given by 

T a* 0^0^Xf/{0^+0^) or (beoauee < 0^) spproxiinatoly t 
If the voltage of Og diSersfi^m that of thie ooueepondB to a dlffermioo 

In veloolty between the eleotronlo gaa and the moleonlar gaa. Tlie drift 
velooltleB beoome equalized when every eleotron has collided onoo with 
a moleonle. Denoting the average time between two ooUiflions whloh an 
eleotron makes wltib. a molecule by we have an equivalence between 
the timo oonstant r and Oonsequently we may put 

T« = C7. J" (40) 


whidh gives [oompore equatloDS (46) and 8.21 (36)] 


(60) 


Analogous expreasioDs ore obtained for ZJ and Zf'. (Note tliab 
fiyT^ ea Olid thot a moleoale when ooUidlng with on eleotron 

imiHinlts on an average only mjinn of ita momentum.) Except in 
extreme oasea is mudh wmallRP than Z} or Z^. 

Xn the oaea of aa eleotroatatioally neutral ali^tly ionized gas 

whloh is one of the moat Important ossea, ihe dominating elementa of 
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tile oiroult bjs Q^, and X^. To a flrat appiozlination we may neglect 
all other elemente, bo that the equivalent (droult beooineB aa shown In. 
Pig. 3.1 d. The field givee energy to the eleofcronfi (through R^ whidi In 
their tnm trangmit it to the atoms (thiongh .7^). If for the of 
simpUoity we put y = 1 in (20) we obtain: 


As the eleotrioal oouduotivity ahould bo the inverse value of the reaistanoe 
in aeries with the oondenser, the oirealt of ITig. 3.1 d gives for the oros- 
oondnotivlty tr^ ^ magnetio field 

(where X“ is abbreviated to or beoauso of (60) and (61), 


I *»««>**» 




where r, is substituted for -rj' beoauao we have assumed the degree of 
ionisation to be small. This is the same result aa obtained in equation 
3.21 (40). 

Por densities so liigh that the moan free path A is much smaller <ibn.Ti 
the radius of ourvatnre p, we have R^ > Z. Honoo the oontaot between 
the eleotronio and moloonlar gas ia good so that tliolr states of motion 
ore approximately the some. Tlio reEdstonoo is due to the difiioulty of 
transmitting energy from the field to the elootrons. Por smsll densitiee 
(A ^ p), wo have X ^ Rg. The enorgy is easily tronamittod from the 
field to the eleotronio gas, whioh poaseeaeB olmost the fbU drift velocity 
(1^ F), whereas the transmission of energy from the dootronto gas to 

the molecular gna Is a alow prooess. 

3.23. Mean free path, Nvmerieai values of conduetiviiy. The qnau- 
tibioB entering Into the oondnotivity formnlao 3.2 (20), 3.21 (40), and 
3.21 (41) are atomio oonstonta (e,mj, the douaity ihe gyrofrequenoy 
(Df, and the oolliaional tune r,. Only the last ono Is difflonlt to oaleulate. 
Aooording to 3.2 (6) we have 

T* “ A>,p (84) 

where the velocity «, ia given by 


V, = (66) 

Here k ia Boltzmann’s oonatant, tlio eleotronio moss, and T, the eloo- 
tronlo temperature, [In an aoourato onaly^ the dlfierenoe betwoeoi the 
root mean square velooMy {ikTJmg)*, and average velocity {BlcTJvvig)^ 
ought to be token into oonaideratiou.] The problem is to determine A,. 
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XhB mean, free path ia a aimply definable quantity when the moleouloi 
aro Buppoeed to collide aa elastio baUs, For oolUslone between equal balla 
with ^ aame ayerage yeloolty and the same oroaB-seotlon^jf, we have 



m 


whete n la the number of balle per unit volume. If eleotrona are auppoaod 
to be bdla much nTnB.TlftT hjian f.hft moleoulee and to move muoli qiilo1cor» 


their mean free path, is given by A, » 4V2Ajf. 

In reality the phenomena are mueh more oomplez, beoanao tho inter¬ 
action between the partlolea is not confined to certain inatants of ooUlBlon. 
If we Btin want to use the same terms, and put 




1 

nS’ 


( 87 ) 


S must be Introduced as a oomplioated function of the eleotrunio voluoity 
and hence the tomperaturo. Biagrams and tables of 8 aie found in most 
text-booka (e.g. Engel-Steenbeok 1, p. 168; Cobine, p. 20). Uaually the 
&notlon S’0,10^5 la gtven, which is the Bum of the oroas-aeotions of nil 
moleanlea oontaJned in a ooblo centimetre of a gas at 1 mm. Hg and U^i 
Tlie inveiae value gives the mean fr»e path at this pressure and tenipora- 
tore. Por eloobixma below some hundred e.v. tho oross-Beotion, S, of 
moat gases Is of the order of magnitude of 10~u cm.' Introducing (87) 
Into 8.2 (20) we find (y pd 1) 




fif n' 


(08) 


For a completely ionized gaa the aroBs-seotion 8 refeia to tlie oolliulonH 
between eleotrona and ions anH may be roughly estimated in tho follow¬ 
ing way. When an electron approaches an ion, tho main force ootiug uiion 
it derives from the Coulomb field. At the distance x from a .Z-fohl 
hmisod atom, the eleotrostatio energy of an electron is 


io = 



( 80 ) 


If this energy is a oonsidersble fraotion—Bay the fraction y' —of tho 
kinetic energy (= fhTg) of the electron, the path of tho electron 
becomes bo mnoh deviated that we can apeak of a collision, ^us the 
ooUisloiial CTOBB-Beotlon is 


8 



ZV _ 4Tr Z«e* 


m 
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beoanse of the neutrality of the gaa njn c= wb obtain from (08) 

(My /nil 

^he iaotoT y' is of order unity. 

Tho oondnotivity of a oompletely Ionized gae has been oaloulated by 
Qzoot methodB, diet by Chapman (1028) and later by Cowling (1940). 
Aooordlng to their reeulte •/ varies dowly with tempeiatnre, density, 
Qjid Ionization. As an average, whioh in any ease gives the order of 
langnitade, we may put ^ „ 0-4, (62) 






2*4.10-*^ om," 


T vhfnh gireB 

and ai= 1-4.10»TJ/Z. 

■As, according to (64), (67), and 3.21 (80), we have 
a.,T, = aj-iF(afenJ-12V*(«(S)-i = 

'the oroes-oonduotivlty is 

<^x = = [0<7.10-’^i3V'+0-7. (06) 


( 08 ) 

(04) 

(06) 


It is of interest to oompoie the orosB-seotion of ions and of mdeonles. 
nror Tg = 0,000® and .Z = 1 we obtain from (08) 8 = 0*7.10-1* 
whioh is about a thonsond times more than in the owse of neutral atoms 
(molooules). This means that olreody when the degree of ionization has 
ronoherl 10“*, the interaction between electrons and ions in the photo- 
nphoro begins to exceed the interaction between cloctrons and molecules. 
In 1*^. 3.2 c tlie resistance Zj bocomes smaller than X^, and as is 
ninoli smallur tlian both of those, the energy is tmusfened from the 
oleotrons to the gas through Z^. Thus as soon os the degree of ionization 
oxooods about 10“*, X stands for Zj in Fig. 3.2 d, and 8 refers to the 
orosH-soebiou of the ioim. Tlio molecules do nob appreciably affect the 
oondnotivity. 

The oondnotivity formula for a slightly ionized gos witliout magnetic 
field has boon ohookod oxi>orimonta]1y (see Loeb, 1030, p. 188), For a 
ooinplotoly ionizod gas no oxpoi-imenbal ohook has been made. Nor is 
thoro any oonflimablon of the formula for the oondnotivity in a mog- 
iiotlo Hold. 

iriiially it must bo ohsorved tiiat a is nob constant when the density 
of oliorgod parblclos is affected by the disoluuge. In a solf-BUBtained 
disohargo n„ is usually proportional to the current density t. This 
inonns that a is Invorsoly projmrtional to i and tho oleotrlo hold E indo- 
iwndont of t. 
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3.24. Oondnetivity m cotmio phynea. Fatting Z = lia. (04) we ob¬ 
tain 0)1 ea 1*4.10“ Afl.n. for S’ = 10,000“, and ff| >=a 1'4.10^* 6 ,b,u. for 
S’ n 10* degreoB. 

Afl a oompariaon the oondnotiTify of oopper is 6.10^’ e.s.a. Henoo 
the oondaotivlly of a oompletaly ionized gas is not &r below that of 
meteJlio oanduotois. Aooording to § S.12 the oonduoti'vlty is transformed 
as This that if we wish to oonstmot a soale model with Unoar 

dimensions leduoed by a factor of, say, 10~“, we ought to make it of a 
Bubetanoe with a oonduotMfy whioh is many orders of magnitude 
Tiiglipir thAii that of oopper in order to represent a oomplebely ionized 
gas of oosmlo dimATurinTm . This shows that tlie parcel oonduotlTity hi 
ooamlo physlas must often be considered as extremely good. In fhot, 
in most problems oonoeming highly ionized gases we oouM oonslder It os 
infinite. This TnnaTin that Ohm’s law is of little importanoe In oosmlo 
physios: wa cannot find a current by oaloulating the Toltage and resls- 
tanoe of a olroult, heoause we have seldom to deal with stationoiy 
ourrants. Instead the induotanoe enters as a dominating factor. In this 
respeot oosmlo eleotrodynamios is more related to high-foequonc^ 
teohnios than to direct ounent problems. It must be observed, how¬ 
ever, that ooamlo problems derive a quite special ohamoter from two 
(droumstanoes: most oonduotors are fluids, and strong magnotio fields 
are usually present. Someoonseqaenoeeof this will bo disoussed in §3.41 
and in §4.1. 

What has been said above does not altogether hold for problems oon* 
orantng the environment of the earth. Here the dimensions are too 
small and the temperature, the d^ree of ionization, and henoe tlio 
oondnothrity too bw. 

3.26. Hiffanon, The diSurion of charged pariddles oausee a onrront 
as soon as tiie density has a gradient (see e.g. Cobine, 1041, p. 63). 
Ihls onirentt can be oaloubted if, in the fonnnlae of the preceding para¬ 
graphs, the elfictrio field S is replaced by 1?—(k2yfl^nt)gradnt. For 
exampb, the electronio current is given by 

». (07) 

where 6^ (< 0) is the eleotronlo ohajge and the eleotranlo oondnotivity 
which is glvuu by 8.2 (29) or in the oese of a msgnetio field by 3.21 (^0)* 
For the ionic diffnaum we obtain a aiTriilAr expression: 


( 08 ) 
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yhere la the louio fcoinporatuiei and ia aunllAr to Note 
Jiet ^ > 0. 

Suppose th&t, In the abeenoe of an eleotrio field, a gaa ia Ionised within 
\ oertain volmne within whloh there are eleotrona' and iona per unit 
;rolnme. Initially we have n^, ^ At the border of the ionized region 
deotrona and iona dlffuae ontwords. Beoauae of the higher mobility of 
iho eleotrona, these diifuBO more rapidly, so after aome time there is 
mmediately outside the border a oontaining a aurplua of eleo- 

Tona, whereas immediately Inside the border there are more ions than 
dootirons. Hence on eleotrio field is produced whioh impedea the outward 
motion of tlie elootrons and OiOeeleratea the ionio diSnalon. As, in the 
3 as 6 a of interoat in ooamio phyaios, the relative diiferenoo between 
xnd iii can never be large (aee § 1.4), the eleotrio field soon attains suoh a 
value that the diffusion of the eleotrons equals that of the ions, This 
bypo of diffusion is oaUcd ambipciar diffusion. It is a very imporbant 
phenomenon in ordiniiry gaseous dlsoliargea (see Hngel and Steenbeok, 1 1 
1082, p. 107, or Cobine, 1041, p. 48), 

The ambipolar diffusion is easily treated by (67) and (08), Puttdng 
ttj = n; ^ 0 and introdnoing |e| for the absolute value of 
the eleotronio charge, wo find the eleotrio field E prodiioed by the 
difforenoe in diffusion of eleotrons mid ions: 


E = 




grocln. 


i«i» 

ITie rate of diffusion oorreaponds to the ourront oomixjnents 

• • ^ A ^ 

»a — —*i - -T -iTu 

|e|n 

If ff, < a, WO liavo approximatoly 


( 00 ) 

(70) 

(71) 


3.3. Dlamagnetlsin of an Ionized gas 
Aoooiding to formula 2.2 ( 6 ) a diorged portiole whioh movas In a 
jnagnetlo field S and hm the energy Wi perpendioulBr to the magnetio 
field has a magnetio moment |i: 

'W' 




( 1 ) 


Th.e oondltion for this Is that the mean fiee path A Is much larger than the 
radius of ourvature p. Tlie moment Is directed antlparallel to the 
magnetio field, so that the spiialliug partlole is diamagnetic. 
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It is not legitimate,howeyer, to oonolude&om this that a goa oo nmfltln g 
of charged partlolea is diamugnetio. From the nlaftfrioal theory of mag^ 
netlo pTopertlfiB of metal oonduotors it is well known that no resultant 
dlamagnetiam la oaused by the oonduotion eleotroBB in a metal. As shown 
by Bohr, this is due to the &ot that eleotrons ore reflected against the 
walls of the oonducstor. These eleotrons give rise to oiinonis neutraJimng 
the ourrenta of the elaotrons in the interior bo that the diamagnetism 

oanoela. The effect is shown in Mg. 3,8. 
Meotrons ore imiformly distorlbuted over the 
whole aroas-section of the conductor, and at 
every point the resultant currant Is mto, 
because of the Isotropic distribution of the 
Bpiralling electrons. Fven near the wall tlie 
eleotrans are Isotropically distributed bo- 
oouse of the perfect reflection of the walla. 

As the isotropy is a consequence of thoi'« 
modynamlo equilibrium, it is evident that 
Pio, a.s. An atootranifl ^ ionised gas in such a state oonnot be 

diam^netlo. Thia has been demonflfcrafcod 
magnutiHiii of tho eieotam In by Cowling (1020) in connexion with a dia- 

oiwBion on the radial limitation of the solar 
magnetio field. 

On the other hand, as a single spiralliiig particle produces a dia¬ 
magnetic moment, it Beams reasonable that a gas consisting of an 
aggregate of such paztiolas could be diamognetio when It Is not in tliernio- 
dynSimiG equilibrium. The importance of this is evident in view of the 
fact that disoharges are in a state very far from equilibrium. Let us 
disousa a aiinple cose which shows how a gas may become diamagnetic. 

Suppose that a oylindrioal wall in a homogeneous magnetio field 
parallel to the cylinder axis encloses a gas which cx)naists of n electrons 
per unit volume (see Mg. 3.4), and that the wall is perfectly reflecting 
and tlie gas in thermodynamic equilibrium and hence non-magnetio. 
Suppose farther that the density is so small that orr ^ 1 , which according 
to 3.21 (43) meozis that the electrons spiral many turns before they 
collide. 

The pressure in the gas is {T « temperature). This is also tlio 
force which a nnit surface of the wall exerts on the gas. liCt v be tlio 
number of eleotrons which hit this Bur&oe per unit time. The average 
force per electron is given by / = i^Tjv, and this force mokes tho v 
eleotrons drift with the velocity Uj^ which equals cfjtH [compare 2.2 
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(23)]. Henoe tho preaflure of the wall gtyeo a ourrent 

=e veuj_ c= cv//H ^ cnkT/H. (2) 

This ifl the ourrent per unit length of the oyllnder due to deotionB 
rofleoted at the wall. Denoting the oroea-Beotion of the oyllnder by S 
and suppoaing the radiua of curvature of the eleotronlo paths to bo amall 
oompared with 5^, the m^netlo moment of t.hft ■\yiiTI ourrent i ia 

= Sl^fo = SnkTlH. (3) 



/>ens/fy"0 

Kiu, 3.4. Kiootronlo gBM wlUi dooflLby n wlbhln a oylindar. Tho daxiBhy grediaol 
ai bho \rall iirodiiooB a drlfl (*wall oamnfe')irhlQh owstly oompsuatM bhe EaB 
ournmfc, bo t^iot no iiiagnoblo eftoot oooun. If tha wall [■ talon away the wall 
oumnnt diaappoara and ibo muxmxpanaafcad Hall oomni mabna the gaa diamag- 
notlo. In tho abaonnn of walla bbo expaiarion. of bhe gai indnoaa a oomnt. 

As the munber of eLeotrons per unit length of the oylinder is 8n, and each 
of these on an ayerago has a moment —WJE tvhioh equals —JeTjH, their 
resulting moment is jjf = —SnkTfH. (4) 

Henoe the moment of the wall ourrent exactly oompansatee the moment 
of the interior eleotrons, as expected. 

Lot us now suddenly take away the wall and the reflected eleotrons. 
This means that the wall current disappears, but it does not immediately 
disturb the motion of the other eleotrons. Certainly in the absence of a 
wall the eleotrons will diffuse outwards, but at sufflciently low preasures 
this is a very slow process due to the magnetlo field. In &ot the deotrons 
continue to spiral In the same orblia as before until they accidentally 
collide. Henoe at least the immediate result is that the gas becomes 
dicunagnetio 'with a moment Mi per unit yolume. 

Ml = -tm = -vJtTlH. 


10) 
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As In the Interior of the gae the eleotromo motion is still isotroplo, the 
dlamagnetiBm may be oonaidered to be produced by the electronB at tho 
bocrdar. Ab Miq refleobed eleotrona have been taken away« the inotlan 
near border ia aniBotroplo. 

Looktog at the problem from a macroBoopio point of view the border 
emrent may be oonaidered as a product of the denaity gradient and, as 
will now be shown. It can be interpreted aa a Hall ourrent. Aoooidmgto 
J 8.26 an eleotaxmlo density gradient grsdn gives the same oleotrio 
oorrent as a field S « —{kTfm)gredn. Henoe the Hall onrrent Is 


is = — C72y(tr/«n)gradn. (8) 

Onr focrmulae for the oondnotivity do not refer to a pure elootronio gas 
bat to a gaa which may consist of neutral molecules, eleotrona, and ions. 
We oonalder in a preliminary way snoh a gas and ahall later return to the 
eleotron gas by makmg an very large, which means that tlie infliienoo of 
the other oonatitnenta vanishes. Inserting S«2l (41) and 3.21 (40) into 
(0) we find the ourrent densify 


or, because of 8.21 (30), 



(7) 

hT o»M , 

(8) 


If in a plane perpendiaular to the magnetio field the density is oonstant 
within a certain region and s&ero outside it, there is a ourront Is tho 
border. This current o g n be found by integrating (8): 




nkT oiM 


A snifaoa S enoirQted by a oonent Is has a magnetio momeut 


( 0 ) 


M{^ -SIsIc). 


That the sign ia negative is easily seen from Fig. 3.4. The moment, 
Ml per unit volume is gtven by 


Ml 


niT 

S l+ciV* 


( 10 ) 


For cor ^ 1 this leeult agrees with (5). 

When an is small the magnetic moment of a single eleotron is no 
longer given by (1), because when deriving this in { 2.2 we have supposed 
that the portiole made a large number of turns between two oollisloiis. 
In tills case the derivation of the magnetio moment firom tlie Hall 
oinrrant is preferable, because it Is more general. 
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8,8 

The Qzifltenoe of a 'HbH difihifilon oucreiit* ia an indloation of laok of 
oquillbrinni, Honoe the oooiirrezioe of <^^ft.Tr>AgnAt<Rfn as a prodnot of 
BTioh a current la not in oonfllot witii Bohr^a theorem. 

Elxoeptlntheoaaean- ^ 1 the gaa will spread more and more. Snppoee 
that we try to prevent this by applying at the border an eleotrio field 
which makes b31 those eleotrons turn baok which attempt to escape. 
ThlB eleotrio field produces a ciirrent which oompenaatfiB the HaTI 
diSufiion onrrent and hence makee the gas non-magnetlo as if enclosed 
by a reflecting walL 

That an ionized gas in the absence of walls is diamagnetic aati also be 
shown In the following way. Consider the oase of an electron gas In a * 
homogeneous Tnugnutin fleld dlscnissed above. When the w^ is taVATi 
awayf the gas would expand immediately if the magnetic fleld were not 
present. The magnetio fleld impedes the expansion and hence a fbroe 
from the field acta upon the gas. This force can be considered as due 
(see Fig. 3.4) either to a motional induced onrcent at the border of the 
gas or, which is only another way of expressing the same thing, to a 
differanoe in magnetostatic pressure Inside and outside the gas. As 
the magnetostatic pressure in a body with the susoeptibility k is 

(l+4tr«)5*/4!ir 

and the difierenoe between this pressure and the magnetostatic pressure 
outside the body must equal the gas pressure nkT, we obtain 

= nkT, 

which, as kH =3 gives the aame result as above. Whan neutral 
moleoulea are pr^ent also, the diamagnetism becomes smaller, beoauae 
the magnetic preasure need only take up the difierence in diffusion with 
and without magnetic field. 

Our disonsalon of an electron gas is of Interest because it shows that 
under certain conditions a charged particle gas may he diamagnetic. 
In oosmlo phyaloe a gas always contains about the same number of 
positive and negative partiolea. We shall now try to analyse the magnetio 
properties of such a gas. 

In § 3.26 we have seen that when in an ionized gas the density of 
charged particles is great, the Hiffiimnn becomes ambipolar, i.e. an electric 
fleld is produced which makes the electronic diffusion decrease and the 
ionic diffuaion increase bo that both reach the same value. The drift 
of ions and eleotrons produced by this electric fleld changes the Hall 
onrrent. If we odd the Hall currents from the electrons and from the 
ioTiB, we have =. (H) 
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Inaarting 3.26 (70) ve find 
*jr =“ 


o'.+o'i |e|» 


gradn. 


( 11 ') 


where ir, and Crimean the eleotioDio oad ionlo ootidtioHvibiofl peipondlou 
lax to the megnetlo field [see 3.21 (40)] 


e*BTa 

(12) 

* »i<(1+ci>}tJ)’ 

(120 

and [flee 8.31 (89)] lejHKo. 

(13) 

(Of = \6\Hffnfe. 

(14) 

If afl aboye we Intagnte and put fi = —Igjen, we find 


i(3],+2y C0,T.+CD<T< 

^ o},T,{i+z;i+<oM^+Ziy 

(16) 

with Zg = (<i»,tJ"*, Zf s= (a><T<)“*. 

At low preaenrea we eon neg^t and Z^ and find 

(10) 

i:(2;+21) 

^ E ' 

(17) 


whlah,beoauBeTT^ = i 2 ',iflinagreementwith(l)ftndreproBontBthoBnin 

of the magnetio momentB of one eleotron and one Ion. For high proBSurea 


Experimental data conoeming the diamagnetifim of ioniZied gajsoe aro 
BOBToe. Certainly sliioe thetimeofParadayithQflbeenknowi tliabflaniofl 
are dlamagnetio. The repnlfiion of a flame by a magnet wae Bfciidiod a 
great deal daring the nineteenth oentnry, but quantitative resnlte oro 
lacking. No recentmei^iementa fieem to exiat: the field is os ooiniflotely 
ont of &6hion as the unipolar inductor and is not even mentioiiocl an 
modem text-books. BevlewB of the investigations are found in okl 
bandbookSf e.g. Qraetz (1Q16}. The observed eflfeote are probably too 
large to be explained as due to moleoniar diamagnetism^ bo it is not 
nnlikely that they are of the kind oonaidered in this paragraph. 

Although tile discharge plasmas have been studied much more than 
fisineSf there aeems to exist only one measurement of the dlamognetiani 
of a plasma. This is made by Steenbeok (1930), who alao attempts to 
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givo a theory of it. His formula, wliioh Jb fidmilar to (10) bub not idantioal 
with it, hflB been oritlGized by Tonke (1080), who glvea a formula which 
in certain respeotfl ia Blmilor to (16), Aa hoa been ehown above, there is 
no donbt that formula (10), which refere to a pure electron gas, oomiot 
be applied to a plasma, where, aooordlng to what is stated above, tiie 
diamagnotism is oonneoted with the ambipolar diffusion* Steenbeck’a 
exj^-l Tu e n tal results oonflrm qualitafctvely his foniiiila> but guontl- 
tatfvely his theoretical valuee of the diamagnetiflm seem to be about 
16 times too large. The disorepanoy is nob definite booaufle of the diffi¬ 
culty in measuring accurately some quantltiea, but his exporlmental 
roBulte seem to be at least as wdl reconcilable with our fbrmula (16). 
Compare olso Bompe and Steenbeck (1030), 

When studying the often enormous effect of a magnetlo field on one 
^iKrvlng particle we are tempted to conclude that even the effect on an 
ionized gaa must be enormous* Whenthegasisatrestandlnequillbrhim 
this oonoluflion Is illegitlniate. Only a motion of the gaa (eventually of 
the charged particle component of the gas) can produoo currents and 
hence diamagnetic effect. The diamagnetism which we have oonsideied 
IB a product of the expansion of a gas, evenlf atlowpreasnroB andstrong 
nuignetic fields the expansion may be very slow. A diainognetolHm of this 
hind is not very important in the laboratory but may be worth consider¬ 
ing in ooBmlo phyaioB. It is of special importance in an inhomogenecruB 
field. Such a field tends to push a dlamagnetio body into the 
weakest parts of the field. As an expanding gas is diamagnetic, this 
mooua that it piefm to expand in the direction where the magnetic 
field, wliioh ooimteraote the expansion, is weakest. 

3.4. Constriction of a dlacharge 

A discharge in a gas may fiH the whole space between the electrodes 
or be oonflned to a narrow channel. The former is the case for a giew 
disoharge at low pressure. As an example ofthe latter type of discharge, 
which is colled ‘oonstrioted^ we may take a wpBxk In air at atmospheric 
pressure. Oonstriction ooemrB in general at high preesiEreB and strong 
ourrente. 

There axe some phenomena in the Add of ooemlo physlca which may 
be interpreted as oonstrioted disohargea. A weak aurora is in general 
diffuse. Infaotthemost common amural form is the diffuse arc. If its 
intensity tncreaBeB it often 'dissolves* itself into auroral rays. It seems 
probable that this could be interpreted as a constriction of a discharge 
when the current exceeds a certain limit (seej 0.4). Another phenomenon 
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where we may have to do with a constrioted discharge is the solar 
proTnipenoea (see g 6.6). 

The oonatrletlon of a discharge is a very oompUoated plienomenon, 
beoause ‘Uiero ore bo many diSerent faotorB which determine the oon- 
Btriotlon (aee Engol-flteenbeck, 3,p. 188, and Cobine, p. 317), Although 
it hoB been Btudled in detail for many speoial oases, a general survey of it 
Beema to be lacking. If this is the state for the laboratory diBcliargeSi a 
dlsonssloii of the impoitonoe of the phenomenon In oosmio phyeicB is 
certainly very diffloult. 

The oonatrictdon la often connected with a 'felling charaoteriatic*, 
by which we mean that the eleotrio A dd necessary to maintain the dis- 
ohsuige is a deaieaamg fdnotion of the current density. If the total 
disabarge ourrent la given, the field beoomea smaller when the onirent 
oonoentrates in a am all nTiariTifll than when it Alla the whole epaoe. A 
discharge In general adjnsfe itself bo that the field becomes a minimum. 
Per example^ in the cathode fall of a glow disoharge the current danflity 
attflins, If poBaible, that vdue for which tlie field has its smallest value, 
We ore not aotnally oonoemed with this phenomenon here, but the oon- 
ditionB are somewhat similar in a plasma. 

At atmospheric pressure discharges ore diffuse at very low ouirentB 
(e-g. In ionization ohamberB). At ourrenta of the order of a few amiieres 
or more, discliaigea become oonsMoted. Examples are on arc, a qpork, or 
a flimh of lightning. The dlBohorge channel is heated to Baveral bhoiiBand 
degrees. The electronio temperature is ufluslly almost the same ae the 
gu temperature, and hence relatively low, and most of the lonizatioD is 
due to temperatore ionization (atomic ooUisions). The deoToaso in 
temperatuco towards the cool surrounding gas is very rapid. 

The arc plasma does not obey the similarity laws off 3,12. Instead it 
obeya rather oompUoated laws, the essence of which is that tlio lieat pro* 
duoed by the eleotrio current shall oover the thermal losses, mainly 
through oanveotdon and oondnotion, to the cold surromidingB (see 
Cobine, p. 317). If we change a discharge according to the siinilarity 
laws of 5 S-12, the conditions for thermal oonstriotioii become leas 
fevourable the lower the pressure (and hence the larger the dlmensioiis). 
This la mainly due to the feet that the energy Si developed per unit 
volume varies os and hence becomes when we go to larger 
dimensions and lower preesares. It is a general experience that at ntino- 
Bpherlo pressure dlsoharges are usually oonstrioted, whereas at prOBsuro 
below, say, 1 mm. Hg oonstriotion becomes a more rare phenomanon. 

It should be observed that even at low pressure constriction may ooour 
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if oortala gaaee (o.g, CO|) are preeent. Thla oonatriotion has nothing to 
do with the thermal effect disouased above. More detailed knowledge of 
itfl oausee Beema to be lacking. 

Confltriotion may aleo be due to the eleotromagnetlo attraction be¬ 
tween parallel ourrents. Suppose that the discharge flows in a cylinder 
end that the current density t(r) is a ftmotion of the distance r from the 
axis. The magnetic field S(r) produced by the dischaige is 


r 

B(r) = ^ j i{r)r dr. 


( 1 ) 


A unit volume at diatanoe r from the ftTia jg acted upon by the ibroe 

f=(l/c)[lH], (2) 


or 


c*r 


i (S* , „8S\ 


m 


wliich is directed towards the axis. This force causes a constriction of 
the diaoharge, because all charged partidee drift towards the axis. 
The effect is kno^ra os *pinoh effect' (Tonks, 1037; Dow, 1044, p. 434). 
The presBUTo at the axis beoomee hi gher than in the Burrounding gas. 
In. fact we liave 


or from (3) after integration 


dr 


= -/. 

( 4 ) 

«> 


( 0 ) 


3.41. Application to comic pJ^yaics. We have seen that the constric¬ 
tion of a laboratory diBoharge is due in some OBsee to the heating of the 
gas through the discharge, in other oaseB to eleotromagnetlo attraction. 
Tlie heat produced per unit volume Is proportional to i£, and hence 
should be transformed as (compare 3.14). The force 

J (=z iHjc) na.ntdng eleotromagnetio oanstriotion is also transformed as 
The former effect gives rise to an inGrease in temperature, which 
must have a certain absolute value in order to be of importance. The 
latter effect, however, should be compared with other forces, the most 
important one being the force/(= qS) of the electric field E upon a 
space-charge j. This force is also transformed as t;”*. Thiia the relative 
importance of eleotromagnetio constriction does not dimmish as docs 
the heat oonstriotion. Consequently it seems likely that electro¬ 
magnetic constriction oonstitutes the most important effect in oosmio 

mB.74 Y 
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phyalos. Thlfi doea not at all mean that heat effect oonld be neglected— 
owing to tho enormonB ourrente in ooamlo phyaioe th^ ore probably 
olao ImpoTtant, Nor does it mean that other oauaea for oonatilotion are 
roled out. 

Henoe for the application, to ooemio phyaioa we ought to atndy the 
oonalirlutiau. doe to mognetlo effeota. This la certainly a complicated 
phenomenon, and only acme hinta about fantora of importance can bo 
given hero. 

Let UB diaouaa ihe simple case of an ionized gas in a homogeneous 
eleotalo field S in the absence of on impoaed mogneido field, A ounent 
with oonatant density i la produced: 

i = uS. (6) 

Here a means the oondnotivity, which la given by 3.2 (20) aa long aa the 
mognetio field la zero, When the deotric field is atrong enou^ to produce 
a ourrent which gives rise to an appreciable magnetic fidd J3, the oon* 
duothdty is given by S.21 (40) inatead. Putting 


we obtain for the oondnotivity 




f»!c' 


I' 


a = 


®I1 


( 7 ) 


( 8 ) 


The mognetio Add depends upon the boundary conditions. If the oon- 
ditions are eymmetiiool with respect to tliez-oxia, supposed to be parallel 
to S, we hove ^ 

H = ~ i ir dr, 


or j 


( 0 ) 


where t is the distance from the z-oxis. Differentiating (0) and iTnwrfcing 
(6) and (8) we obtain 

dH _ p H 
dr “ 


with 


l+a*H» 


( 10 ) 


( 11 ) 


We have found that the magnetic fidd of the current oausee a oon- 
oantratlon. of the discharge to the symmetry line. The problem Is, 
however, more oomplloated than this, heoause the deotrio fidd and tho 
current mngnetio Add produce together a drift of charged portidcs. 
This drift is directed towards the avia and causes a continuous increase 
in ohsj.'ged particle density near the a-Tia until oompensatlng efiEects 
ooont. The most important of these la the ontword diffusion duo to the 
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donfllty grwliont dn^dr, which according to 3.26 (07) oausee a onireiiit 
—axirggrocln^eun. In the radial dirootlon and a Hftll onnent in the 
*-dlreotIon, which aocowllng to 3.21 (41) is — fJmaa the radial 
onrrent. Adding tlioao curronba to thoac oauaed directly by the dectric 


If oquillbrluin ia rooohecl wo havo 


i,. 0. 


Thia givofl from (18) ^ ^ 

Inflortirig this valno into (12) wo find 




(18) 


(U) 


(15) 


a reault whloh lum already boon obtained in } 3.216 p. 50. 

If 3.21 (30) and (0) aro Introdnood into (14) we may oalonlate n*, 
and honoo aa a ftinoblon of r in a Btatloneuy state. The result is that 
the oorronb donalty is almost constant near the ads but deoreasee as 
r~^ for largo ynluofl of r. Hence a oonstrlotlon ooenrs. 

In a completely ionised gas tlie oondltionB are somewhat different 
boeanso according to 3.23 (01) the conductivity is independent of the 
density. Hence wo should expect a uniform current density. The 
preeaure of the gas increases towards the s-axls. 

This stationary state is probably never B4iained in cosmic physios. 
The reason for tills can be understood from the following discusBion. 

Consider a cylinder (axis ooinoidlng with the s-axiS| surface given by 
r = Tq) oonadstlng of a solid oonduotor. If an dtemating eleotno Add 
JB Is applied In the z-dirootlon, the current is oonflned to a thin layer at 
the surface booauso of the skin effect (see e.g. HamweA, 1038, p. 315). 
In fjBwt, the current penetrates to a depth A of the order of 

c(cj(j)-^ 

where oj is the frequency of the eleotrio Aeld, a the oonduotivltyp and o 
the veloolty of Ught. If instead a constant Aeld is suddenly applied, the 
current starts at the Borfaoe but at the Arst moment no current flows in 
the interior of the oonduotor. The current-carrying layer gradually 
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InoreaaoB, bo that after the tiino r it has a thiokiieBs of the order 

Ill ooflinio phyaiofl a oomiilotely ionised gas—aiioh bb wo have in the Bolar 
corona and in porta of interatollaT apace — haa a oondiiotivlty of the 
order of, say, a = lO^-lO^* e.a.ii. If a aoUd conductor hotl a oondtio- 
tivity of 10^ e.B.u., the oiirrent alioath would after one year (3.10^ aoc.) 
have a tliioknoaa of 0.10^ cm., which for the problema mentioned above 
Ifi next to nothing. Oonaeqnently in a aolid conductor of ooamio dimen- 
dona an applied oleotrlo Held cannot oauBo a oiurent within a reasonable 
tdme except in a very thin anrfaoe layer. As in hlgh-fiequenoy teohuios, 
it is easier to produce a current in a dieleotiio than in tlie interior of a 
conductor. 

If we pass from a solid conductor to the ionized gaa, the akin effect 
ohongea oharaoter. Suppose that a gas is ionized only within a cylinder, 
limited by the aurBwo f == ro and two circular eleotrodea z = ±8*. 
When an eleotrio field la suddenly appliwl between the oloctroiles, 
onrrent atarta at tlio eurfaoe of the cylinder. Due to the nbtraction 
between pamllel oiuTonta, a force is produced directed townnla tlio axis. 
The gas begins to atroain inward with the velocity r. An liuluocd field 
E'=[vH] is produced wliicli reducea the applied flolcl. The itwiilt 
ia probably that ourront flows only near the ^^axia. 

ITiiB ‘inverse skin effect' has never been atudiod but may bo very 
im^iortant bi oosmio pliyaioa. In order to diaouRH it iimtlioniatioiilly we 
abart with Maxwell'a ccjiiationa: 


ourlH = —I, 
e 

(10) 

1 0H 

(17) 

whore the clisplocoinenk onirent lioe boon negleotod nnd the pornioablllby 
put equal to unity. Fuither we have 

1 = a{E+e-i[vH]}. 

(IH) 

If the gas haa the douaity p and tlie preasiiro in p, the 

force oc|iiatiuii gives 

= i[lH]-graclp. 

(10) 

Further we have the oontintiity equation 


pdivv+^ = 0. 

(20) 
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A sixth equation for the determination of the six Tnriabloa S, E, t, v, 
p, and p Is Bupiiliod by the gns equation 


p = 



( 21 ) 


where m is the avei-age moleotilar inass, k Boltzmann’s oonatant, and 
T the temiwratnre. Tlie latter may bo oonslderod as a pammoter, or, 
ratlior, to be given by the oonditloti tliat the enetrgy developed by the 
disoliorge should equalize tito energy Inssos. Tlio system of equations 
is shnilor to that wliioh will bo treated in § 4.2, where mngneto-hydio- 
dynamio waves are deduced from it. A cUifoienoo is that In the pieaent 
ease the inedimn is supposed to be ooinprossiblo. The boundary oou- 
dltlons ore also diifereiit. 

An exact solutioii of tlie system of equations cnoounters mathe- 
inatioal difhoultlee. An approximate solution wluoh seoins to give the 
essential featui'es of tlie phenomenon nuiy bo obtained from the throe 
first equations clone in the followmg way. 

In order to slmpUly tlto oaloulations, let us confine ourselves to the 
plane case, tlie variables being fiinotioiis of x only, the jf~z plane being a 
plane of symmetry. The only oomimneiits whoso values are not zero are 
*ri V* (o'ld p and p). Honoe oquatiuns (10), (17), and (18) beoomo 


dll _iw. 

dx c *’ 


( 22 ) 



(23) 

(24) 


where the subsoripts are omitted. Eliminating % from (22) and (24), 
differentiating, and introduoing (23) we obtain 


dx* ~ c* dx 



As, beoauso of the symmetry, ti = 0 for x = 0, we put simply 


• ( 20 ) 


V = —X/Tg, 

where to is a constant. Then the equations are satisfied by 


(26) 


i = 


(27) 
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0 

J <T 




where tg la a oonatant and 

Xg = ^{T|e*/2ira). (30) 

The velooit^ v is Independent of time, but i, H, and E Inareaae by a 

footer e during the time Tg. The breadth 
ai^ of the omrent la glyen by (30). 

Introdnolng (20)-(28) Into (ID), (20), 
and (21) we may oompnte p and p. 
From (20) we And that p depends upon / 
) oee^. In problems of interest In eoamlo 
physios pdvfdt in (10) is usually negli- 
2 glble. Hence we obtain 

p => i J ihdx, 

showing that p yariee os This Is 
■I oompatiblewith(21)if Tlsproportloniil 
'2 to In this cose our solutlou would 

ITta. t.a. •Bovonod Ain oltort.' “^Isfy all the equotions. If T varies in 

a more oompUoated way, os it non 
usually bo oxpeoted to do, our solution is only approximate, but prob¬ 
ably glyea the oasentlal features of the phenomenon. 

The funotions t, H, B, ondp are plotted in Fig. 3.0. Tlie eleotrio hold 
oonalsts of the applied field which is constant and the field induced by 
the variation of H. The latter may be considered os due to the solf- 
Induotance of the oiroult, which only allows the current to increase 
slowly. The whole phenomenon is related to the skin effect, which only 
permits a ouirent to penetrate into a conductor gradually. The akin 
efleot is oompUoated by the fact that our conductor is movable. In 
fact, the inward motion prohibits tire ourrent from spreading In the 
oonductor. 


In an ordinary (non-ionlzed) gas an eleotrio field may produce a break¬ 
down, oharaoterixed by the fact that the whole current flows in a small, 
hlg^y ionized channel, where the density is small. We have foimd that 
in an ionized gas a somewhat similar phenomenon may occur. The whole 
ourrent flows in a boibII channel: the rest of the gas oan, because of a sort 
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of BUn eifeot, oairy no ouirent. Thia ia important in 'Uie theory of solar 
promlnenoes (§ 6.03). 

A oareM analyslB of the problem would be yery deeirablfi. 

3.S. Maximum current density In an Ionized ftaa 
Theiro Boema bo bo on upper limit to the current denaitry whloh a plaama 
la able to carry. Thia limit is muoh bi ghar than the current daniritiHa of 
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ITio. 8.0. Moiiiinim curnnl donslfcy in m on n iry gpB it di fl e tqi xt pravoroi. 

(From TcHilci, 1087.) 

nonnal gbw disohorgea. Ab the UiidtdacroaaGB with dearee^diigpreflsiire, 
lb ifl reached only In heavy oro diaohargea at very low preaBnies. 

In a meronry reotifler dlsoharge takes plaoe between a meronry 
oathode and an Iron or graphite anode. The gaa is mercmry vapour at a 
pressure which depends upon the wall temperature hut usnally is In the 
range of 10“*-10-^ mm. Hg, In large reoHflera the are onrrent may be 
many thousand ampere. The voltage between the eleotrodee is of the 
order 20 volts. If the aro ouirent is inoreaeed oontinuoualy the reotifler 
behaves normally up to a oertain limit, at whloh the voltage rises ex¬ 
tremely rapidly to a thousand volts or more. Usually the rise is dis- 
oontinuous so that the aro is extingulBhed. 

Although the disrupture of an 'overloaded' reotifler is well known 
to all manufaoturers of such devioes, the literature on the field is soaroe. 
An interesting survey has been given by Tonks (1037). A d i a gr a m in his 
paper shows for different devioes the limiting current density as a 
funotion of the meronry preomre 8.6). Although the values dificr 
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oanaidembly owing to the difiorent experimental arrangements, the 
diagram ludioatee that the limiting onrrent iaoreoses with preemre, and 
posaibly is diiootly proportional to it. 

Tonks diaousaoe the imaaible oanoee of tlie omrent limitation. Tho 
pressure in the disohoige la the sum of the eleotronio pressure, tho ioulo 
pressnie, and the preasiue of the neutral meroury gas, Aa the total 
pressure is gironi the inoroose in eleotronio pressure, whioh aooompnniee 
an Increase In ourrent, leads to a rarefhotion of the gas in the arc, whioh 
may atop the dlsohatgo. Another possible oauae is the ‘pinoh eSeot' 
(see $ 3.4). Tho eleotromagnetlo attraction between parallel onrronts 
oausoB the aro to oontraot, and oooording to Tonks the oontraotiug force 
Buipasaea all oounteraoting efioots when the ouri'ent exoeeds a oortoin 
limit. 

It seems likely that disrupturo at high onrrents aboulcl ooour also hi 
other gasos than meroury vapour. As oompletely ionized hydrogen is 
tlie main constituent of e.g. the solar oorona, diBohargoe in siioh a gas 
aro oeiieoially im^xirtant in oosniio iihysioe. 

When tho ionization is dne to a high temperature and not prodiioed by 
the disoliargo, ns In tlie onse studied by Tonks, a dismpturo may bo 
caused by the following moohaniam. 

According to equation 3.^ (20), the omrent * is given by 

i^aE = ( 1 ) 

TO, 


An electron gains energy at the rate {dWldl)+ (oompoie 3.2 (10) and 3.2 

(2»)). W ,2, 


. d< /+ »», 

It loses energy at the rate (dlF/dl)_ (compare .').2 (11) and 3.2 (14)), 




(3) 


If the elfictronio temperature is 3), and tlie gas temiieraturo T^, tho 

P = «,i(2;+3i,/^). (4) 


where Z is the charge of the ions. 

In a stationary state (dWldl)^. must equal {dWjdi)^. With the help of 
(4), and observing that Wg = IfeT,; wo obtain from (2) and 
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vlth fijg) = 

^ x+lJZ 

. x = TJTu. 

Tho eleotrio field aoooiding to (1) is giveii by 

m. 


E = —^ 


- " - 1 



(fl) 

(7) 

( 8 ) 


or as n^Tg =i Zti^/v^ = ZJSv^ = 0y'*wiJ(ifcI’)*/4irV3Zc^ (oompore 3.2S 
(67) and 3,23 (00)), 


with 


J, irrVS ZlNm^j 

^ V’ W' 

(0) 


(10) 


(11) 

e(a;) = 

xl x+ljZ' 

(12) 


Conflning ourselvoB to the oaso of completely ionized hydrogen (Z = 1; 
M ^ l-07.1O"®*g.)weiiiay calculate 5 iUidiaBfunotionfl of X. Fig. 3.7 
shows a diagram with B and i as axes. The field reaches its maximum for 
X = 1-32 which gives 9 = 0-10. Theonrrenthasitamaxiinuinfora; = 3; 
f =, V2/4 =: 0'3fi, The maximum current is given by 

i = 0-36(jyiyjbJfrji«p = 2-34.10i*|p/\?r,e.B.n. 
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The mA^Tniim field 


30.0-10 


<*Vm, P 


080-^ e.B.Ti. 


If either of these values is oxoooded, no stationary state is possible and 
It seems likely that some sort of 'eleotron gas explosion* oooutb. The 
temperature goes up and the density down unlimited. Our formulae^ 
whloh refer to a statlonaiy atate^ do not hold. 
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MAGNETO-HYDRODYNAMIC WAVES 


4.1. Introduction 

If an elfiotrioallj oonduoting medium is present in a nuignetlo Hold, any 
hydrodynamio motion vill give rise to induced eleotrio Holds which 
produce electric currents. Reoauso of tlie magnetic Hold these currents 
will produce forces wliioh oliongo the state of motion. Tills coupling 
between meohaiiioal and eleotrouiagnetio forces produces a type of 
wave motion, called magneto-hydrodynamic waota (AJfrdn, 1042). As in 
cosmic physics magnetic Helds are veiy important and matter fre¬ 
quently ionised, and hence conducting, magneto-hydrodynamic waves 
may be expected to be of considerable signiHoonoe. 

Let us, for the sake of simplicity, moke the assumption that tlic 
magnetic Held is homogeneous and has the strength Hg. We then lay a 
right-angled coordinate system with the z-oxis parallel to the lines of 
mognetio force. We further assume that at a oortnin instant ig tho whole 
fluid is at rest, with the exception of a pillar bounded in tho xz-plane by 
ABCD (Fig. 4.1) and extending iiideflnitoly in tho j^-direotion. Tliis 
pfllor moves with the velocity v in the direotion of tho |/-axiB, 

A body moving in a mngnetio Held becomes elootidoally polnrked in 
a direction at right angles to the magnotlo Held and to the direotion of 
motion. Tlie eleotrio fleld thus produced is proportional to tho vector 
product of the magnetic fleld and the velocity (oom]^)are 1,3): 

E « Wc)[vHg]. 

In our case there oonsequently arinee^ in the moving part of tlio fluid, 
an oleotirlo field In the poaitive direction of the x-oxia. The eleotromo tive 
force induced in tliifl manner prodiioee ourreiitfl, for wo have aasumod 
that the fluid ia elootrioally conducting. Tlio ourrento move in tho 
direction of the induced electric field within ABGD, and are closed in 
the flurroimding stationary fluid, so that the eleotrio ourront system 
shown in Tig. 4.2 arises. 

An eleotrio current / in a magnetic fleld is acted upon by a force F 
which is at right angles to tlie current and to the magnetic fleld: 

F =. /zc'TO]. 

As the current in the moving part of the fluid flows in the positive 
direction of the x-axia, the force is negatively dirooted along tho y-axis, 
l.e. it Impedes the movement. In the adjacent parte of the etationary 
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fluid, towevor, the onrreait flowB in the negative direction of the 
which causes the foroe to take the poeitiv© direction of the y-axls, m 
that it gives an aooeleratlan in the direction of the mitial movement. 
The layer of the fluid that was moving in the beginniTig ifl thus retOpTded 



olaotrlo field S, 



Fia. 4.8i Magneta-hydndyiiBinin wavtis trsnainii tho atato of inotlmi of 
ABOD to SFBA and DOOH, and Wtor to IJKL and MXOP. 

and the layers above and below are aooelerated. T?tu8 the induced 
currmi aj/siefn tends to transfer the initial movement to the surroundijig 
layers. The result will be that after some time ABOD is at rest, while 
EFBA and DCOH (see Fig. 4.3) are moving in the direction of the 
^-axis. As the same mechanism is still acting, the state of motion w'ill 
bo tranBinitted In the jxiaitive and n^ative direotiona of tho s-axis, ao 
that after some time a part IJKL and another JlfA^OP are moving, 
wliile the remaining parts of the fluid are at reet. In this way a magneto- 
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hydrodjnaiDio 'wbto ia produced, vhioh tranamlta the state of motion 
In the dlieotlou of the magnotio field. 

The ezietenoe of magneto-hydrodynamio \ra 7 e 8 has not yet been 
demonstrated experimentally. In spite of the &ot that they seem to 
oonstitate a simple ooiollary to well-known parts of olasaloal physioB, 
Buoh a demonstration is highly desirable. A laboratory experiment 
with waree in menraiy is feasible, but the low oondnotirity of mercury 
dumps the waves vary mnoh. Because of the simllariiy principle (see 
{ 8.12 and g 8.24) the equivalent oonduotiviiy in the oosmos is very much 
higher so i^e domplog is less important than ia a laboratory experiment. 


4.3. Fondamental equations 

In order to formulate the problem mathematdoally, we must start with 
Maxwell's oquationB 

' oH+ir)' 


curlH 


( 1 ) 


comblued with 


0 81 ' 

B =3 pH, 

1 = .{b+[Ib]). 


( 2 ) 

(3) 

(4) 


where a la the oleotrloal oonduotivlty. We must odd to these equations 
the hydrodynamic equation 


where p means the mas density, p the pressure, and G the non-electro- 
magnotio forces acting uxwn the fluid. The right aide of the equation 
gires the forces acting upon a imit mass of the fluid. 


4.3. Plane waves In Incompressible fluid. Homogeneous Held 
We shall start by treating the simple case of plane waves in an in- 
oompresaible fluid with infinite oonduotivlty a and constant density p. 
Then we have 


divv = 0. 


( 1 ) 


Farther we assume that the primary magnetlo field Hg is homogeneous 
and parallel to the e-azlB of an orthogonal leferenoe system, and that 
G ea 0. The dlsplaoement current 6D}8i is negligible In comparison 
with the oondnotlon ouzient 1. 


The mognetio field H == Hg-f-h, 


(2) 
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where the field h 1 b caused by the current 1, In order to study a plane 
wuTe propagated in the direoldon of Hg, we aasuipe that ^ veotoiB are 
independent of x and y but depend upon b ftnd the timp f. 

This impUee, according to 4.2 (1) and 4.2 (2), that we have t, = 0 and 
Jig = const. = fij,. Jurther, according to (1) we may put Vg & 0. 

If we turn the coordinate eystem In such a way that iy = 0, we 
obtain from 4.2 (1) 


e Shg 
4jr & * 


iy = i, c 0, (4) 

hg = const B 0, 

Hg = Hfj. 

We introduce thefie values into 4.2 (5). As according to our assumptianB 
gradp can have no components perpendionlar to the B>axiB, we obtain 

dvjBt = 0; Vgm= const => 0, 


dv^ dh^ 

^ imp &t ' 

(8) 

V. ="0, 


and further ^ ^ 

Be 8v Bz 

(fl) 

Equation 4.2 (4) gives £ =a 

or, with (4) and (0), . 

<r 0 

(7) 

Bgf^Sg = 0. 


Equation 4.2 (2) gives ^ 

(8) 


U^m (7) and (8) we obtain 


8 *Ay _ rj _ 0_ SHg 

81 * (ur dtdg’ 

Introducing (3) and (0) we obtain 

g«Ay e« e»fty 

dl* i/np 8g* iirfUT 8HBt 

4.31. Infinite conductivity. In the case a = oo we have 

a*ft, _ ftHg 8*&, 

4inp 
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This la the Tvsve equation and represents a wave with velocity V , whom 

V 

The velocity of the elaotromagnetio-hydrodynamio wave ia indoi>ondont 
of the ft^uenoy as well os of the amplitude. 

To And the order of magnitude of V, let us ooloiilate the velocity for 



Fia. 4.4. Indiiood magncUo Aeki voloalby ourraiit ami promun) /' 
aa Ihqotkma of t in a alno wevo. 

theoaael^ =a lOOgaiisa,/! =c l,p = 1 g. cm.-* Wofljid 7 = 28 om./BOo, 


If we pub 


(11) 

wa find 


(12) 



(i:i) 



(14) 



(16) 


The mognotio lines of force, wbioh with no waves wore atiiught linca 

= » = yoi (1^1) 

change their form as a consequence of the field fluperiini>osod on //q. 
As the angular ooefficient of the lines of force must evoryAvhoro 1x3 given 

by ^ 


(17) 
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we find, by Inttoduoliig (11) into (17) and integr&tiiig, that the Jin®® ^ 
force ore sine onrree with 


X 

V 


8^0 + 


<oV(4jr/j) 


ooacu 



(IS) 

(19) 


If wo difforeutiftte y with rupeot to 1, we h1ia.11 find that the mogiwtio 



Kin. 4.n, TmlaoMl maenotlo field A,i velocUy «_ onnent ^ aa nmationa of * 
lib H wirUuii rniuiionb. A mBgnirtJo I 1110 of toros of tho oorobinod flolo 

ii fll«o ihoTO, 


linoH offeree move with the same yelooity, r, [in accordance with (12)], 
ut the fluid. The magnetic lines of force are 'fcoaen' into the liquid. 

4.32. Finite conductivity. Suppose that o is finite and h and v nro 
])orallol to tlio y-oxis as oarlior. Suppose further that A and v ore fiuaotioiis 

of n and I only: ^ h^expiai+jeat), (20) 

V = v,eip(aJ(+jw<), (21) 

whoro j = V(- “® constants, all of which except 

CO inuy be ooiiii)lox numbera. 

Ab S*/a<* = -aj», d^ldz^ = a*, and we obtain from 

(0) with tho help of (10): 



(22) 

- ±y(l+4„^pi) • 

(23) 


Q 
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or for small damping approximately 

“ = =*^('^7'^8i7’/«7Fs)' 

The distenoe in which the amplitude of the wave le reduced to 1/e 
la the Inverse volne of the reel oomponent of a. Thus we have 


_ Str/wF* 2/w7», 

“ 1T«* “•ffipie* 


(26) 


where A = %nVfoi Is the wave-longtli. Tlio exproesioii (26) is A])proxi- 
mately oorreot If A ■< Sg. 

Thus wo can write 


A = Ag oxp(—*/*o)exp{jci)(l—e/ V)) (20) 

and « = eoexp(—*/*B)expya)(l—e/7)}, (27) 

The latter exprossioa is derived from equations (5), (20), and (21). 

The imaginary part indicates the plutso sliift of the velocity v in relation 
to the magnetia disturbance Held h. We can also write 


whom 

and 


V =< i/ooxp(-s/*o)exi){ja>(<—«/K)— 

= y\iB, 

_ OKJ* COC*p 

8w^7* %y^aH\' 


( 20 ) 

(30) 

(Sfl) 


4.4. Magneto-hydrodynainlc waves as oscUlatloiis of the 

magnetic lines of force 

A simplo picture of the magneto-hydiodynomio wave motion is 
obtained in the following way. The magnetic linos of foroe are often 
regarded as elastic strings. force exerted by a magnetic field may 
be visualised by imagining that such strings attempt to oontraot and, 
at the same time, to imiXTse a lateral pi’essnro upon one onotlior. If a 
magnetic field exists within a body of infinite oonduotivity, no oluuige 
in position of the Ihies of force con occur, since such a change would give 
rise to opposing ouiTeuts, which would be infinitely large as a oonsequonoe 
of the infinite oondnotlTity. The lines of foroe ore thns 'frozen’ in the 
body. As we have assumed that the fluid in question hes on infinite 
oonduotivity, no relative motion between the fluid and the magnetio 
field is possible. At the end of S 4.81 it was shown that the motion of the 
fluid Is the some as the motion of the linee of force. The fluid may be 
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ooDflidorod as *glnod* to the m^netlo linos of force, which nmy accord¬ 
ingly be regarded oe inatariol stringB with nuusea equal to the mafia of 
the fluid per line of force. Like ordinary stringa^ these too may begin to 
oaolllate, and the velocity of the magneto-hydrod 3 mamio wavee may 
actually be derived from the equation for the osoillation of a string, 
which reads 

(1) 

(m = moss of string x>or unit length, S = tension in the atring), pro¬ 
vided tliat the Hiring ia xKirallel to the ^e-axia and oBdllates in the direction 
of the ]7-axia (aee, for example, Jooa 1042, p, 102). A tranaverRO oscillor 
tlon in Biioli a string has tho wave velocity 

F - VWm). (2) 

If we wish to apply those equations to tlie oscillations of the mognetio 
linos of force, it is neoesaary to substitute for S tho force with which a 
inagnobio line of force endoavoura to contract, Tho force per nuit area 
at right angles to the field in a magnetio field is given by 

P = (3) 


Ah tho niunbor of linofl of foroo ixjr unit aroa ia H, tho tonaion jior Hue of 
force will bo 

(4) 




The niQAS of the string m will be the luofis per lino of force, i.o, 

VI = pin. ( 6 ) 

If (4) and (fi) arc Hiilwtitiitod in (2), howovor, a wave velocity is obtained 
wliicli difforH from 4.31 (10) by a factor V2. This is duo to tho fact that tho 
mognotiu linca of force iUho act upon one another by tho al>ovo-inentione(l 
lateral prosuiirc. Thin in most aiinply allowed for by calculating the 
expi'CHslunH for the otiorgioa of uwnlliiting HtidngH and lines of force. If 
the string is dofomiod fmni a stiaiglit lino {]/ = y^), so that its equation 
booomoa 


V=/(2). 

itfl length Iratwooii z and z-i-dz in iiion»flo<1 fi-oiii dz to 
Henoo Ita total moroauo in length iu 


( 0 ) 






(7) 
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The in the fitriug being S, this moanfl thftt the ix)teiitlttl energy 

of the string has inoreased by W, where 

or, if d^/d* 1b assomed to be << 1, 

(I)) 


(R) 




If a magnetio Iitia of force is deformed fioiu a straiglit lino y ^ Vq 
with the field strength to a form oorreepondirig to equation (H), tho 
oonseqaenoe will be that tlie field strength also acquires a j/-ooiTiponent, 

and B, 1b abUl eqoal to WB obtain 




( 11 ) 


The inoreeae in energy dne to the enperimposed fiekl A^, wblob 1 b per- 
pendionlnr to amounla to fjJt^lSn per unit volume mid lionoo por 
unit length of a line of force 




8rrA 




A oomparison between (12) and (0) shows tliat wo should pub 




(13) 


instead of (4). The difference is due to the fact that in the former ease 
we have not taken the lateral pressure of the linos of foroo into cou- 
aideration. By inserting (13) and (6) in (2) we obtain 

V = HQyf{fl/47rp), 
in agreement with 4.31 (10), 

4.41. Metfftieio-hydrodynamie waves as a special case of elccirafmi{piclio 
waves. According to what has been said above, it is possiblo to rognrtl 
magneto-hydrodynaDiio waves as osolUatioiis of niiignetio ]|iic3H of foroo, 
‘matenaliaed’ into strings, on to which a oondnoting fluid lias boon 
'glued'. This conception gives in many oases a siu'priaingly gtMul BiiiYey 
of the phenomena. It is, however, also possible to regard tho Jiiagnoto- 
hydrodynamio waves as an extreme case of elootrom ague tie waves, in 
spite of the fact that their velocity, as shown in the example oaloulatocl 
in § 4.31, is often nine powers of ten lower than the velooity of light. 
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' Consider a homogauooiiB mognetlo field and an eleotromagnetdo 
which travels in the direction of the field. The velocity V of the 
WQ-ve Ifl given by p = c(«//i)-*, (U) 

AV-liore 0 is the velocity of light, c the permittivity, end fi the i^enneabillly. 
'X'ho olootrio held S of the wnvo onuses a displacement current t, 


4^ dl 


(15) 


In a vnouum we have e = 1. Wlieu matter is present this ourrent is 
oupplemonted by a ourrent in the matter. In the oose of on loniEed gas 
tilxe current is easily found from the oirouit of Fig. S.2. 

Xiot UB hist oonaldor the ease of a gas of density so high and oondnc- 
tii-\rity so good that the rosistanoee Bg and Xg In Fig. 3.2 d are small. The 
cvjDplied voltage V whioli corresponds to tho eleotrio field B is oonneoted 
<Iix'ootly to tlie oondenser, C^i = po*jH*. Henoo to tho displaoemont 
oixrrenb (= \;n-*-d3ldl) is added the ounont ig (s= CmdSfdi) whicli 
olxcugoB tile condenser, llie resulting onrrent i is given by 



OixriliHLriiig this with (15) wo find tliat tlie ourroiit is tho same os If the 
IJonnibtiviby wore e = \+4npe^in*. (17) 

Tti tmduoing this value into (14) and ubsorving that /i still equals unity 
wo obtain y = [4^/,///9+ 

wliioli agrouH with 4.31 (10) whon 4w/)C* ^ fl*. 

'Ilio trauHition liotwoun olootmningnobio and niagnoto-hydrudynaiuio 
xvtxvoH unn Im« Hiii'voyod by tho holp <>f the oqnivalent oiruiiitH of Fig. 3.2. 
VVJion only tho tKmdoiiBor Om iH of im|K)rbaii(X) wo iiavo an iin(laiii|)cd 
111 t\.^iot<)-hy(lnHlyiiaiiiic wave. Wlioti tho n^Httiiicos and A'j/ aro 
ooiiHuloitxl alno Mio wave Ih iIiuiijmuI. An <moillat[on with fitupionoy ci> 
Ill. i\ cniKlonw^r which in cojiiiooIcmI in with a lYwiHtivnoo Ji (and an 
irtcliiobanoo L ^ in dampcMl aocunling to woll-known formulae 

(hoo 0.^' Harnwolh lOMK, ]k 421), ko that iIh aiii|)litiiclo cIcorooHOH to l/« 
io II tiino 2', whew T =- 2L/Ji or 


Introduomg It = Ji^+X — I/^jj [hoo 11.22 (/j 2)J mid V = pr^jU^j wo 
Xiiid tho damping dintantso VT ---- llT(*iTTp)-^, or 

iri ogrooiUQUt with 4.32 (26). 



M 


HAaNBTO-ETSBODTNAMIO WAVES 


A4 


If we deoFeaae the density, X inoreafies and at low densities Is so large 
that the ezQhange of energy between the eleotronlo and molooular (and 
lonlo) oompanents Is negligible, whereas the eleotronlo Hold and the 
deotronio gas ore BtUl in oontaot. Then we liave passed from tnognoto- 
hydrodynomlo wares to 'lonoepherio wares’. The equirolont oironlt 
Is that of Fig. 9.2 6, where the atronit elements refer to tlie elootrouio 
gas. When ^e density goes down still more, wo get olootromognotio 
wares tn ineuo, The (drouit Is reduoed to the oondensor CJ, whidi ropre- 
sents the dlsplaoement onrrent. 

The transition between magneto-hydrodynamio wares and eloctro- 
1 magnetio wares has been treated mathomatioally by Rydbook (1048). 

4.6, Wares of arbitrary form 

Up to now we have diseased some speoinl oases in order to boouino 
fl onillar with the wars, We shall now enter into a moro general dls- 
onsaion whioh has been giren by WaI4n (1044). 

As earlier, we neglect the displacement current. From 4.2 (2) and 
4.2 (4) we eliminate S and introdnoe 4.2 (1), If wo assume that the 
permeability Is oonstanb, the identity 

otirl(onrl^) = —Aff+grad(div/?) 
reduces to oitd(ourlR) = —AH, and we obtain 

=»■ <■) 

Litiodnolng 4.2 (1) into 4.2 (6) we find 

^+(vgiad)v+^[HourlH] = G--gnul5>. (2) 

The magnetio field H = Ho+h, (H) 

and oonaista of the primary field H^, whioh is given and uiipiMiHod to 
derive from ODirents outside the fluid, so that 

ourlHo = 0, (4) 

and the induoed field h, whioh is produced by the oiirronta oausod l)y 
the disturbonoe. Our problem is to find r and h ft-om (J) and (2). 

The general solution encounters mathematical diffloulties. For the 
case of an incompnasiblt fluid toUh amstanl denaUy pin a homogeneoua 

nagnaiofldd Hj a solution boa been given by Wolin (1044). In this oaso 
WO have 

divv = 0, (B) 

gmd.^ = 0. (0) 
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ThoiiL the idantitiflfl 

ourl[TH] = (Hgrad)v—{vgrad)H—Hdivv+vdivH, 


(▼grad)y = grad »*—[v carl v], 

[HoiirlH] = lgradff*-(HgrBd)H 
oa.Ti lae written 

o«rl[vH] = [(Ho+h)grBd]v—(vgiad)H, (7) 

(vgrad)v = gradje*—[vourlv], (8) 

[HourlH] = [HoOiirlh]+[hourlh] 

= grad(Hgh)—(Hggrad)h+[hoiiilh]. (0) 

I*i.xttlng G =3 —grad V, (10) 

wo oljtain from (1) 


Ati 

(Hograd)v—— = —;-Ah+(vgnul)h—(hgmd)v, (11) 

ol iiTfUJ 

ail cl from (2) 

^ (vgrnd)v+^[lI„om>lh] + ^[h(n.rIh]+gmd(c^+^| = 0, (12) 

or* 

-= £-[boiirlh]-[yoiiply]+gml[p+l(j.+^+^(H.li)j. (IS) 

4. SI. Infinile. cojulucliviti/. If a = oo on exact Bolubluii ooii bo found 
fux' 'biro oquatiuiiH (11) and (1<‘)). Wo put 

V = ^{iAlivp)h. (14) 

Ah ipf^+lw-V(H„h) = i»r-i,4(H,+h)«-//5], (16) 

tlio f$rnd torni at tlio right Hide in (l.‘)) vanifilioH. if 

BW-V(HoH-h)* = OOllHt., (10) 

wli i oil niontiH tliat the mini of tho hydiiMtatio protnii rop and the magiioto- 
Hbtiybio proHHiiro /i//®/S»r oqiiala —pi/, 

’'.1711011 tho ot|iiationy (II) niid (12) aro both loduood to 

(H„gnul)h = (:?^j*^. (17) 

TfliiH oquatiun hIiowh that ant/ Mttle, oj motion in dinplaced vnih (Ac vdooUy 

V i-n Otf- dirfclion of d/w. nvtf/nrlic field Hq, whoro 

V -- 


(18) 
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Tlie equatlonB (11) and (12) are alao aolvnd by 

V = — V(#*/47rp)h, (10) 

the I'esnlt bahig tlml; the velooity beoomee 

Vc=_H,V(M/4irp). (20) 

HeDoe, if the miUB velooity v is aatiparallel to the magnetio cliaturbanoo 
field A, the wave velocity V ia also ontiparaillel to the given tnagnotio 
field 

Iji the ooloulatioiiifl no Beoond'Order terma have been negleoted. Con- 
aequently the result holds even if & > 

4.6. Magneto-hydrodynamic whirl rings 
If a ring in the fluid is set in motion with the velocity 2v, It gives 

rise to m^peto-hydiodynamio waves. As 
WalAn has shown, the result is that the ring 
is split Into two equal rings, eaoh having the 
hydrodynamio velocity v. One of them 
^ migrates with the velocity +7 (in the direo- 
rion of the given magnetic field Sg), the 
other is displaoed with the velooity —V 
(antipajiallel to 

According to 4.fil (14) we have 

(1) 

2 Bit’ ' ^ 

which means that the kinetio energy of tho 
^ ring equaJa itfi inagnetostatio energy, Ab n 
oonsequenoe of this tho oautrifugal forfX) 
dne to the onr^atnro of the ring is always 
oompensated by the nmgnetostatio pull of 
iria.4.6, An In I Uol hydrodynamio the lines of foroe, 

hydrody^lo ringo, one mEgrat. Another oonsoquonoo Jfl tliat the hydro¬ 
big In tho dlrootkm the dynomio reduction in pressure, whioh equals 
”***■ “ always compensated by the mag- 

netostatlo pressure 

The hydrodynamic motion with the oomponeut Vj_ perpendicular to 
.Sj), produces on eleotrio polarisation B' within the ring. 

E' = (mM[vHo]. (2) 

Consider a plane paiwUel to Bg and B (Elg. 4.7). If we integrate along 
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a oloeed fixed onrvo ABGA^ an electromotive foroe 


7 = (f = 

j 0 Bt 


(8) 


ia produood due to tho ohiuige in magnetio fluz ^ when the ring piooeeds. 
During tlie time the ring is diaplaoed VAt, bo that Aift, the Inoresae 
in flux through the surface ABCA, is equal to where la 

the oomponent of h perpendionlar to and b is tiie breadth of the ring 
(dietanoo AO). As -flo/F, we have 




1 


Eda = —/iAj^fcF = — 


(4) 


which mooDB that tho transfbnner indueed voltage exactly oompenaateB 
the voltage due to polariEablon. As this 
holds for any ourve ABO, no eleottio 
ourrcnt la produced In the eurrounding 
medium. Henoo the induced e.m.f. oould 
be BupiM)8ed to be duo to an indueed 
olootiio flold E lueido tlio ring, 

E = (6) 

which exactly noutralisoa tho xmlariza- 
tion E'. 

Wliat has boon nold above is oxiwt if 
tho uonduotiviby is infinite. If so, the 
shape of tho rings roinainB unoliangod 
during their displaoomcnt. If the con¬ 
ductivity is finite, but BO large that tho ^ or 

damping is nob very important, tho n hnuuh of b iDBgnDto-hydRxlyiiHmb 
idwvo ooiiHidomtiniiH am uppnjxiinato. Tiio iiydiwlynamliillowiw^- 

n -I n ‘t ^ dJoular to thopoporottiBOiaraotwaicJ 

HlO mam offoot of tho flmto CXHHIIIO- huliwodojnT.botwocjiA BnriG,whksh 
fcivifcy Ih that tho oroaa-BOOtion of the InlhoklaalnaJoinonEDUyoompoMted 
1 mi • 11 xi byiitmimfomiDr IruiiiiJodo.m.r. d\K) to 

vlngH inorawcH. TIuh folIowH tho wuno in tho Bml droult 

law OH tho |X)iiotmtioii of a mi^etio A bo. 

Hold into a ooncluotor, a phonoinonon 

well knowi from tho^ttkiii-oiToot*. Tliovolooity of tho ring* diffoBeB* into 
tile BinrniincIlTigH. The limitabinii of tho ring becomee more and more 
cUifuBe. Afl an a])i)r()ximate meafluro of tho diffuaion we oould Bay that 
the oniBfl-HOotlon S of tlie magnoto-hydrodynamio ring inoreaBes at the 



rate 


dS 
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The Initial oniffl-Beotion S ifl oonfleqnently doubled when tho ring has 
travelled a dlfltanoe (7) 

This difltanoe muet be related to tho damping difltaiioo of 4.32 (28). 

If the ring is regarded as a Fourier Beries of aino waves tJio most imiM)r- 
tant wave-lengths are given by (A/w)* ^ C!onii)arlng (7) and 4.3 J (28) 
we And that fi » as expected. 

4.7, Waves In Inhomogeneous magnetic field, compressible 
fluid with variable density 

An exact treatment of tho general oase when the magnetic Hold is 
fnli nmngw nflfinn And the density a fonotion of the ooortlinates onoountors 
dlfBniiltiwi. If the relative variations of tho Hold and of 
the density over the spaoe oooupled by a niagnoto-hydrodynainio ring 
ate small, we can expect our equations to be apinoximately valid. Thus 
each element of the ring travels with velocity V equal to //oVW^P)i 
which is variable. Consider a cylindrical clement having tlie huso 
surface Af perpendionlar to and tho height Az parallel to 17f^, Wlioii 
the m^netio field changes, the flux AF through tho biwo surface will 
renuun oanstant, which means that AF varies inversely as IIq, Ifurthor, 
the height Az varies as V when Hq and p oluuige. Thus tlio volume 
At = AffAit is independent of and proportional to Fiirthor, tho 
kinetio energy ^/»p*At and the msgnotio energy ^tt'^^^At slioiild bo 
conserved. Thus we find the following variations when p and //g ohango: 

Eydrodynamlo velocity v = const, p"*, (1) 

Induced magnetic field h = const, p^ (2) 

Grosa-seotion of a ring projected on a plane 

perpendicular to tho field F = const. II"'-. (3) 

The shape of a ring may ohange because AF and Az vary in cliiforont 
ways. It must be observed that even the surface AF nwy ohange its 
shape If Ej, is inhomogeneous (whtoh means that If, for oxain])lo, tho 
projection of a ring perpandloular to the mogiietio Hold is ciroular at 
one instant, it does not necessarily remain so). 

The efleot of a variation of density in the preseuoo of a gravitational 
fidd wiU be discussed In the following section. 

When the fluid is oompreasible the ohange in bydrostatlo promuro 
may be of importance. In a magneto-hydrodynainio riug tho proasuro 
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is fih*l8fiT leas than in the euviioninent. When this presuie is nmRlI in 
oomparlson to tlie total preeanre no important nev offeot vUl oooot. 

A oompreaaiblo Uqnid ia able to propagate Bound vaves. These are 
longitudinal (material velooity and wave yelooity parallel), in oontrost 
to magneto-hydrod 5 mamio waves, which like eleotromognetio waves 
ore tranaveise (material velocity perpendioulor to wave veloalty).t 
a oonduoting medium the presence of a magnetic field may ohajige the 
velocity of sound and also introduce a damping. 


4.8. Gravitational effect 


If tlie density Is variable a gravitational field affects a magnsto- 
hydrodynomio ring. Let us suppose that the gravitation g aots in the 
direction of the negative (-axis of on orthogonal coordinate Bjrstem 
(i, T), {). Consider an inoompiessihlo liquid, the deuslty p(() of whloh ia 
a fiinotion of { aluno (at a oertaln time), Supimse that a volume element 
dQ Initially sitnatod at (g, and thus having the density p(Co), is displaoed 
to ly When it is situated at C> where the density of the liquid around It 
is p(0> the foroo noting iqran it is ff(KI[p({)~/>(tift)]> Thus the energy 
gained through the displacement is 




tiW«ffdQ^l>(0-p(W]‘«. 


( 1 ) 


Tx)t UH Bup[K)8o that in the loglon under oonsideration the density can 
be ex^ircsaod os a linear fuuoUon of {[; 


p(0 = Po+(20Mt-£o). (2) 

Pg and 0 being constants. Then wo have 

dW = 0(ii-W*d£J. (3) 

Wo nIuiI I now disouiB how this affoots n whirl ring prooeoding with tlio 
wnvo-volooity V in the dirootion of a homogenoons magnetic field 
whloh is parallel to the z-axla of an orthogonal ooonllnnte system (x‘, p, z). 
Tho angle between tho C- and the z-oxos is denoted by a. An exact treat¬ 
ment of tho motion of a whirl ring when tho density Is variable enoonntois 
great annlytioal dillloultloH, but if tho rolativo change in density over the 
diameter of tho ring is small—os wo shall aasnme—an approximate 
trontinent seems i)ermisBible. 

The mognoto-hydrodynamlo ting is oliamotorlKod by a material 


t Tlio nifitoriul voliHiily of ft inagnoto-hyilnMlynmnlfl wnvo mny hnvn ft M)iiT|)on£nib 
pfimllul bu tlio magiK3bU) llokl (umI Iioihk> panllol to tho wnvo voloolly, bub blilB produoas 
no foroo. 
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yelodty v which is a function of the ooordJnatee rr, ff, and 2 —* Vt (where 
V ifl the wave velocity). Thus the 3k2ie of motion is diaplaoed with tlie 
YGlocity V in the direoblon of the magnetlo field Eq, but the matter 
within the ling movea with the velocity v, which in general la different 
from the wave-velocity V. 

Consider a small volume element d£l which during the interval / to 
forms a part of the whirl ring. Before Mt is at rest at a point 
whose radius vector is Tq. During the interval r it movee with the 
velocity V, which may vary during the time r, and Is henoe displaced the 
distance 

I vdl. (4) 

After <+T it is again at rest but now at a point given by 

Ti = To+B. (0) 

Denoting the f-oompononts of Vq and Ti by Cq and (i, we find the work 
gained by the whirl in displacing the volume dQ from formula (3). 

Let us denote the projootion upon the ay-plone of a surface dement of 
the forward side of the whirl ring by dS. During the time Interval 
between t and i+d£ the ring prooeeds a distanoe V di and consequently 

takes in a vohune UJ dOj where 

dQ^VdSdl. («) 

Introducing (0) into (8) and denoting the J-ooinponent of 8 by Af, bo that 

Ai: = Ci-Co. (V 

we find after integration the rate of energy gain d1V/dlo( tho whole whirl: 

= (H) 

We Bhtdl diBcitBs aomo speoiiiJ oases. 

4.81. Suppose that the material velocity v of every given oleniont 
dQ is oonstaut doling tho interval r, and denote by the projection of 
T npon tho C-oxis. The velocity v may be (and is in general) a function 
of the oooidlnates of the surface element dS through which it is token in. 
A line parallel to the z-oxis (parallel to will be intersected by the 
boundary sarfaoe of the ring at two pointe whose distanoe apart we coll 
Az. Suppose further that |s| < Az. Then we have 

A* = Ft, 

A{ = cjT =3 0{F“*^Az, 


( 0 ) 

( 10 ) 
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which given by ( 8 ) ^ ^ J J (H) 

whore and As dig fnnotions of x and i/. 

4.82. Suppoflo that the whh'l la droniar and limited by two planea 
parallol to the a^-plane at an intermediate dlatonoe o ■>= 7 r and two 
ooAxinl oylindriool aiirfooee and r, parallel to the z-azia (aee 4.8). 

We offiuino that h = ft—Ti < and denote the mean radlua by r. 



ITifl, 4.a. Wlilrl purpofuUoular to tho magnotlo flold. 


Orienting tlio x-axia ho that tho C-oxia falla in the a»-plane and denoting 
tlio aiiglo botwuoii r and * by 9, avo have; 


dS = brd<f, (12) 

AC = —Aaiaiiia = r Hm(x(ooH 9 '— 0089 *) = SrainaHm^am-IAip, (13) 

whopo 9 * and 9 * aro tlio angloa at which a volume dement enters and 
loavcH tho ring, and 9 = l(9'+9*); ^9 = Thua we have, 

according to (8), 

lir 

Ilf. = f Hin> 9 d 9 = 47ieF6r*Bln»otBin*(iA9). (14) 


Ah 

uihI 

wo liftvo, for A9 I, 


. vr CsV 

^f = 7^rV 

W = = *iiTrbep{v^, 

V 'ipV 


(16) 

( 10 ) 

(17) 
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indioating that v InoieaaeB exponentially for umall vaJnes of A 9 . For 
larger volnea the inorease ie leas rapid, and when 

Af 2nfr (n ^ 1, 3, 3,.,.) 

the inoreaee In Mnetlo energy of the ring becomes zero according to (14). 
For tiieae valuea the matter in the ring rotates exactly one turn and is 
left after the passage of the whirl at exactly the same point where it was 
before the whirl arrived, Canseqnently, ^ a tahirl perpmdicular to Hu, 
viagneliefieldataH8wtihaemaUvelooifi/v,itittereaseau7Uil Aq> = 217 {tufueJi 

means v = 2trFr/c) bui not inort. 

4.83. We shall now treat the cose 
when the piano of the whirl is jiarallal 
to the magnetlo field. In order to avoid 
somewhat complicated geometrioal fac¬ 
tors, let lie assume that in a plane (zs- 
plane) parallel to the field the whirl has 
the rectangular shape shown in Fig. 4 . 0 . 
The breadth b is supposed to bo small in 
comparlBon withaonde. Perpendicular 
to this plane it has the thlokness e. 

All the matter taken in by the whirl 
through the front surface ee immediately 
aoquires the velocity whose components 
are given by 

Wg. 4 . 9 , Wlilrlpofallal to U 10 Mg) 

mognetla Hold. V, = 0. 

At the same time the whirl proceeds in the s-direction with the velocity 
V. The result of this is that matter taken in'at a distance smaller than 
b{l+vfV) from the left edge (see Fig. 4.0) of the front passes through the 
whole left branch of the whirl and is left at the rear at a point symmetrical 
to that at whioh it entered the whirl. Thus the displacement in the 
z-direotion is zero, but the s-displaoament is 

. A^a =1 —tfr = —v{aJ{V+v)}. (10) 

If F > u there is similarly a port 6 ( 1 — vjV) near the right edge of tlie 
front Burfaoe from which matter passes through the right branch to the 
rear, the displooemsit in the a-dlreotlon being given by 

Ajs = »T = w{o/(F—«)} ( 20 ) 

and in the z-direotion by Az => 0 . Matter entering on the line a—26 
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between these two snrEaoofl is di^loood in the aHliieoticm only 

Aj® = —Vt = —e(6/F). (21) 

In the some way matter entoring at the inner side of the book bianoh is 
dh#wed A*® (22) 

Let UB at first snpposo that the x-oomponont of graTltatlon is aero, 

0, = 0Hin»o, (23) 

we have from ( 8 ) 

dWIdl = e, F[(^ir)^+(A,»)^. (24) 

where fii = o6(l+»/F); 8^ = c6(l—w/7), (26) 

which gives dW/dl = 20,Fo«Ao i)»/(F*-«*). (20) 

If tho ®-oomponont of gravitation diSeis from seio, there eihonld 
formally be an additive Inoroose iu energy 

{dWIdt). = 0,F{(A,®)»+(A4®)«}fl;. (27) 

where 8^ =< o(a—26). (28) 


The matter displaced A^® by the forward bronoh, however^ Is dls* 
placed book again A 4 ® (= —A,®) by the roar brooeh, bo that the 
resulting diuplaoemont is zero. Tho exprosalon (27) la oorreot if the 
matter In question is inbcod with adjacent matter when at rest between 
tho two displocoiuonts in such a way that, wbon tho rear bronob reaches 
it, it has blio density which is normal at its new level. On the other hand, 
if no mixing takes place, the resultant work to displaoe and displooe book 
again must bo zero. As in our treatment we have not token account of 
any diffusion and mixing between tho matter in tho whirl and that in 
the eiivironinont, it is oonsietont to neglect the above mixing also and 
Xmt (dlF/di), equal to zero. 

If tho whirl is square—^whioh ropresonts our ax)proximatlon to the 
normal oiroular wliirl—^wo have o = e and 



IF = ^ 010 * = 2 a 6 e^. 

( 20 ) 

Tliis gives with (20) 

d 0 ^ 0 

dl ■^l- 0 */F‘’ 

(30) 

where 

K = ©,a/ 2 pF. 

(31) 


As long as 0 F tho inoroose (or dsorooso) in v is almost exponential: 


0 = v, 6 « (32) 

When V appronohos F tho bioreaso becomes more rapid and is infinite 
for 0 = F. This depends upon the foot that tho motion V —0 in relation 
to the whirl in the right bronoh (see Fig. 4.0) beoomos zero, so that 
matter is ‘captured' in this branch and displacod on infinite distance 
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(Az » ooj. If v > the motion in relation to the whirl goes upward 
In the right bronoh and its matter la left at the Inside of the forward 
branoh, being again token in at the inside of the rear bronoh and brought 
book to the right branoh. In this case also matter is ' oaptiired* by tlio 
whirl, 00 that As beoomee inilnlte. In reality the diffusion and mixing 
of the matter In the whirl and in ite enyironment, of which we have talcon 
no aooount, makes tlie inoreaae finite although very large. 

A tentative estimation of the rate of increase In this oaae will be mode 
hers. Suppose that the matter captured by the whirl becomes mixed 
with the matter in the environment after a oeortain time r. Tlien the whirl 
tronaporfB the 'oaptoied’ matter a distance As, 

As Ft. m 

At a oertain instant the density of the left branch (auppoaing the same 
direction of the whirl as above) of a whirl dtuatod at s => s is appioxl- 
mataly p{t), whereas the density of the right branoh is p(s—As). The 
force accelerating the whirl is p(s—As)}, and the mass which 

la acoeleratod equals 4pabo. In consequence of (2) and (33) wo obtain 

dvidt «= (&Jip)Vr. (34) 

As As (» Ft) is supposed to be much larger than a, this ioaroase is much 
swifter than that given by (30) except when v is very close to F, Tluis 
when V > V the acceleration is linear but in general much larger than 
when V <V. 

When the plane of the whirl makes an angle p with the magnetic linos 
of foroe^ the matter in the whirl has a velocity component F siii^ per¬ 
pendicular to the plane of whirl. Whan the thickness of tlie whirl is Ct 
the maximum value of the time r diudng whicli matter con reinoiii 
captured by the whirl is given by 

T < c/(FBin^). 

If for p = Q the value of Az Is, for example, 6a and c = a/6, the above 
inequality bIiowb that r diminishes if j9 is increased above 

P = Bm-i(l/26) = 2®. 

Oonseqnently, a whirl which makes a larger angle with tho magnetic 
lines of force is oooelerated at a lower rate. 

This shows that the acceleration process which we liave studied is 
espeaiBlly favourable for whirls making only sm^ angles with tlie 
magnetic field. 
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SOLAR PHYSICS 


6.1. To give a short review of well-known faots, the stm is a sphere 
oonslBldng of hot Ionised non-degenerate gas, mainly hydrogen. Its 
energy is prodnoed through nuolear prooeases In a rather small region 
near the oentre where the temperature is about 20.10* degrees and 
the density about 100 times that of water. The energy is transferred 
outwaixls throngh radiation, in some regions also, in part, through 
oonveotlon. 

The Bolor density decoresses outwards oontlnnously. In the outer parts 
of the sun three different layers oan be disoemed; the photosphere, the 
ohromoephere, and the oorona. The photosphere is the layer firam which 
the visoal solar radiation is dlreotly (without further re-emisalon) 
transmitted. It is a thin layer (only some 10 * om. thlok) situated at a 
oentral distanoe of O'06.10^* am., wfaioh ffgute is called the 'solar radius*. 
It should be remarked that if the sun Is observed in other wave-lengths 
than those of ordinary light its apparent radius may be dtfferent. Por 
example, for radio waves it is much bigger, because these axe absorbed 
high up in the oorona. 

In the photosphere the density falls very rapidly so tliat the solar 
limb is yeiy sharp. The radiation from inside the limb is a oontlnuous 
spectrum with the Fraunhofer absorption lines. 

Above thephotosphere comes the chromosphere. When seenat thelimb 
(immediately outside the border) it gives a speotrum of emission lines 
('ffsah speotrum*} the intensity of which is much lower than that of the 
photosphere. The chromosphere has an irregular, rapidly cbanging, struo- 
tureandls by Bomoauthors considered as oanslsting of amultitude of small 
jets or promlneuoee. The height of the chromosphere is about 10 * om. 

The oorona is situated outside the ohromosphere. It has a continuous 
spootmm due to scattered photospherio light and, Bupcrlmposed npon 
it, some emission lines. These derive from very highly ionized atoms. 
Tho high ionization iudiaates that the coronal temperature is about 10 * 
degrees. The oorona oan be traced out to about 10 tlmee the solar radius. 

The layers below the photosphere are not aooesstble for direct observa¬ 
tion. What we know of them is derived theoretically. Up to the dis¬ 
covery of the magneto-hydrodynamic waves the total mass, radios, and 
energy flow were the only observational data which a theory of the sun *a 
Interior must satisfy. 
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TheorioB of boIbj Btruotiue start from the aBatunption that most 
energy la produced vory oloee to the solar oontre (podnt-souroe model). 
The cx)noentratlon of the energy produotion la due to the faot that 
the miolear roaotlons delivering the energy are extremely sensitive to the 
temperature T (energy produotion proportional to or imder the 
conditions in question), so that energy la released only In a very narrow 
region where the aun ia hottest. 

From the oontral energy aouroe the energy ia tranamitted outwarda 
to the photosphere which emits It into space. The energy tranamiasion 
within the aun ia mainly carried ont by radiation, the energy being 
omitted, absorbed, and re-emitted by auhsequont aolar layers. In the 
oentral jiart, however, ladlation cannot alone transmit all the energy 
(the radiation depending on temperature be the fourth power only, 
whereas the energy produotion goes with a much higher power) so that 
convection must set in. Convection takes place also In the photosphere 
aa shown by observation (granulation), 'rhia ia due to an Instability 
caused by tlie ionization of hydrogen. 

The simplest theory of the aun‘a interior leads to the 'polytropio 
moder. Refined theories taking aoooiint of the variation of opacity with 
temperature have lately been developed. The aaaumptions oonoeming 
the ohomioal oompositlou differ. Blanch, Lowon, Marshak, and Bethe 
(1041) assume the sun to contain 35 jior oent. hydrogen and no helium, 
the rest being 'Russell mixture' of heavier elements. Tlieir model is 
given in Table 6.1 and Fig. 6.1. Aooonling to Sohwarzaohild (1040) the 
aun contains 47 per cent, hydrogen, 41 per cent, lieliiiin, and J 2 per cent. 
Russell mixture. In Sch worzHoliild'H iiukIoI the cleiiHity in the inner ports 
is alightly higher, in the outer x>ertH ooiiaiderably lower than in Blanoh- 
Ifowaii-Moraliak-Bobho's ino<lel. 

Wildt'a discovery (1030) of the iini)ortanGe of the negative hydrogen 
ion has recently lerl to a reviHioii of idoaH of the olieinioal coiiatibiibioii 
of the outer layers. According to B. Btrfimgron (li)4()) the photosphere 
and layer outside it oonsist almost entirely of hydrogen. The ratio of 
metals to hydrogon ia only 1:8,(HM). The content of helium, oarboii, 
oxygen, and nitrogen is mthor Hinall. When o*iloulating the])rewiire, con- 
duotlvity, etc., of the outer layers it should be i)eriniBH[ble to assuino that 
they coiiflist of iniro hydrogon. Wliothor tliei'e roivlly is a difforonoo in 
chemical constitution between the inner tuicl outer layers dei)eiidB upon 
the degree of oonvection in the sun. If this should tiini out to be great 
even in the intennodiate layeiii, no eonsiderablo dilToronoe is possible 
(oomparo § 6.26). 



Tablb 6.1 
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Tho flim rotatee around Ite but the rotation is non-uniform, 
being more rapid near the equator than at high latitudes. 

6.2. Electromagnetic properties of the sun 
From an eleotromagnetlo point of view the sun oan be oonsidered as a 
good elootrical oonduotor at least up to the photosphere. Even in the 


r 



ohronioAplioro and oorona tlio ooiidiiotivity |>arallol to tho jnagnotlo 
field is high, but tho oronH-ooncliiotLvjty doorooHOH with dooTeaaing 
doiiHiby. Tho ooiidiiotivity will bo diHoionod in § 5.21. 

In all olootromagiiotio jihonomona tlio genoral mognotio hold of the 
aim is of ossontlal iiiijiortaTioo. Tho aLgiinioiiU fur the exlstenoe of a 
general field and Ita probable prox^ortlos are roviowod in § 5.22. 
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Ab the Bun oonmebB of a oondnotiiig medium with a magnetlo field, the 
oouditloiia foi magneto-hydrodynBinlo waves are favourable (0.23). 
Except In the highest layer (especially the corona) most electromegnetic 
phenomena must be of magneto-hydrodynamic cbaraoter, Eleotro- 
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mngnobio ofTootH occur ah a product of rolativo luotiuns and in genorol 
tond bo brake tho inotionH, tfoiico the non-iinifomi rotation of the snn 
can poraiab ns a Mbationary stato only if oortoiii ooiuUtionB ore Babiaflod 
(0.24). 

After a general siirvoy of those solar plionoinnna which arc likely to 
bo of oleobroinagnetlo origin (§ 5.25), Homo arc dlHoimHod in more detail 
In the following seotlonB (0.3-5.O). 
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5^1. Tht oonductivUy, The oondnotivitry in the sun la given by 
Cbwling (1940 b) (bompare equation 3.23 (60)) as 

l-3fi.l0-wjil/^. (1) 

He puts 2*3 for the value of the mean ionization Z and naos the tern* 
peratnre iband by Blanohi Lowan, Marshak, and Bethe. The values ho 
obtains are given in Table 0.1 and 6.1. 7or the outer layer the same 

formula may be used at least for an estimate of the order of mognitado. 
As these layers are supposed to oonslst almost entirely of hydrogen, 
we put Z ^ h It must be observed that In the photospliere the gas Is 
not Gompletely Ionized (as Is the ease in deeper layers as well as In the 
ooiona). Beoause ions have larger oolliaional oross-seotlonB than neutral 
atoms, the latter do not affect the oonduotivlty unless tliore are more 
thw about 10* neutral atoms par ion (see § 3.23). In the photosphere 
the metals ore lonlzedi but not hydrogen. The abundance of metails Is 
estimated as 1:8,000 of that of hj^drogen (see B. Strfizngren), and this 
figure also represents the ratio of ions to atoms, Henoe the atoms may 
diminish the oonduotivity but the deoreose is less than one power of 10. 
As this effect Is somewhat uncertain, Table 5.1 contains values oomputod 
directly from OowHng'a formula (1). 

In the photosphere and below it the value of co^r^ is very small so that 
the m'oas-conduotlvity equals the parallel oonduotivity.f In the ohromo- 
aphare and corona It becomes considerable or large, so that we must 
distinguish between parallel conductivity and oross-oonductivity. 
According to equation 3.23 (06) we have 

( 2 ) 

Patting as an avenge for the photosphere and ohromosphei'e H = 20 
gann, T » 10* degrees, and Z =: l,we obtaiu 

a»,T,= 2.10“/n. (3) 

Hfoioe when », the ntunber of positive ions por am.*, deoreases below 
10^4 the oonduotivity becomes anisotropio. In the ohromoaphoro 
the density is 10^ ain.~* at the boundary to the photosphere and 
10 ^Qm.~* in the upper ohromoepheie. Consequently the anisotropy 
begins in the lower part of the ohromosphere. In the ooronn (T = 10° 
de8i»>)»cli>Yi> (4) 

I Owfi^ to Uie low degroo of ionhabkaiIn tbo pbotoifibaio, in formnlA 8.S3 (663 is 
■o mnall that In tiio upper pbotoephore tlio esoond term In Iho ■ome £Qnniil» boMZHog 
Ini^or than bho flnt, bnl only a Brw timee. 
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For n ^ 10* WO have = 2,10*, bo that the pu'allel oonduotlvlty 
1b more than 10^ tlmea the oross-oonduotiyity. It is doubtM whether 
this very high figure really hoB any phynioal aigniiloanoe. 

Ab haB boon pointed out in § 3.24, an eleotrio ourreut dne to a certain 
oleotromotiye foroo la nob naually determined by the oonduotivlty but 
by the induetanoe of the oirouit, 

6^3. Solar magTielic flelda. The Bolar magnetio fieldfl are of fanda-, 
mental Importanoe to eleotromognotio phenomena in the Bun. TTale 
(1008) disooyered that Zeeman effect ooours in the ITraunhofer liriea from 
BunB]^>ota, from which he oonoluded the exlatenoe of atrong magnetio flelda. 
Tlieee are of tlie order 10*-10* ganae; values up to 3,000-^,000 ganaa are 
often observed. All Bunapois are aasooiated with magnetio fields. 

Later Hale, Searea, van Maanen, and BUerman (1013) reported the 
oxiBtenoo of a geneiral magnetio field/ also diaoovered by Zeeman effect 
meaBurementa. The field was found to be of a dipole oharaoter. Speotr^ 
lines deriving from different belghtB in the photoephere seemed to give 
different valuea of the field. Henoe they oonoluded that the field 
deoreased very rapidly with the height in the photosphere, although 
this la Inoompatible with the dipole oharaoter. The strength at the poles 
varied from 00 gauss In deep photoapherio layers to 10 ganas higher up. 
Such woak flelda give a Zeeman effect of the same order os the erroiB in 
tlie ineofliiromentfl, so the values must neoeeflorlly be very unoertaln. 

The iiivostlgatlon has given rise to imioh clifloiifiBiou, Theories of the 
ra])id (looreoHO of the fiold in the i)hotoHphoro have been pro]^>osed, but 
Cowling (1020) lias shown that they are not valid. The rapid dooroase 
BooiiiH to bo very imlikoly from a theoretioal i)oiiit of view. The meaaure- 
monts ai*o ho uncertain tliat the dooroaHo with height oannot bo oon- 
sidorod oh ourtalii. Within the orvora of moasurement the resulta would 
be comjmtible witli a diixilo Held with a ^lolar strength of about 2fi gauaa. 
Some anthorH swun inolinod to deny tho oxintoiioe of a field of this order 
of magnitude, lloceiitly the Zooman offoot monsureinents have been 
repeated by Thiomon (1040). Ijiko tho earlier aiithom ho rei)ortod at 
first a field witli a iMilar Hbroiigth of about 50 gauHs (his value was 
12 gauKH). IteiMMitiod nieaHuiTimentH have not eonfirmod this result, 
and lie now elainiH lliat tlio field, ifaiiy, nuiHt Iw below H gaiiHS. 

Hale and IiIh eollabcimtoi'K alwo i-eixirliwl that the axis of tho magnetio 
Hold waH iiioiincHl at an angle of 0“ to the iDtatioiial axis. Ah will be 
sliown in § 6.24, it Ik from a theoretical p«)iiit of view very likely that the 
magnetic and rotational axm noiiiuide. The obHorvabional evidence in 
favour of an inclination in not dollnlto. 
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The unoertainby of the raralte of Zeeman afleot meaflurementa maliM 
it very important to oonirider other aiguraentB oonoenung the ^norol 
field. More or leea direct and definite argoraents are BUppUed by tho 
fltndy of the following phenomena; 

1 . The programion of the minapot Eono from high latitiidcM bowanm 
the eqnator la aooording to the magneto-hydroclyiuunio theory w 
BonapotB (Boe § fi.3) oompatible with a dipole Hold with a iwlar 

Btrength of between 10 and 40 ganafl. 
a. The feet that the low-energy part of coamio radiation Boonifl to 1)0 
leas intenae than waa expeoted has been interpreted oa an offoot 
of the solar magnetio field, which outaide the earth^B orbit la hUU 
strong enough to afiFeot ooemio rays (see { 7.22). No definite oon- 
olnaion about the solar magnetio field hae as yet been reached In 
thlfl way. 

3 . In the theory of mognetdo fltorma and aurora ce developed In 
Chapter VI, the existenoe of a general field is efleentlal. The order 
of magnitude oould be the above, but one order of moguitudo 
lower or higher would not be ruled out, 

4 , Recently Babcock (1047) haw reported the exlstonoe of very Btrong 
general magnetde ftoldB in stars. For 78 Virginia he finds 1,300 ancE 
forBD-18”S780 (HD 1232 48) 5,300 gauas. If stars Iiave Biioh strong 
magnetio fields, it is quite reasonable tliat tlie auii Bhould Iiavo a 
field of about the strength reported by Hale. 

Taking all the observational and theoretiool evidenoo togotlior, tho 
most Ukdy propertieB of the field ore the following. Tho field at tho 
aurfooe and above it is a dipole field with the polar slrengPi of aboui 25 
gausa^ the axis ooindding with the rotational axis. There are no doflnito 
ajguments for the view that the field deoreases more rapidly tlion a 
dipole field, nor that it makes an angle with the axle, 

The sign of the field is the same as that of the terrestrial field. 

We know very little of the magnetio field in the Bun in terior. Like all 
magnetio fieldfl, it most be due to electric ourron to of some kind. HIbasbot 
( 1930) has analysed the different poaaible oaiisoB of such ourroiito and 
has oonoloded that the only posaihility is that they aro produood by 
thermo-electric or eleotroohemioal forces. He has clevolopeci a theory 
on the thermo-eleotrioal basis. Although the theory Is oxtremoly 
intereetlng it leads to diffioultdas which seem to be rather serious, 
Cowling (1043a) haa pointed out that the time constant of tho solar 
field 1 b probably very large (Iff^ years) and that consequently tho solar 
field may be a decaying relic of a primeval state. From this assumptioii 
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lie Ib able to derlvo the shape of the field In the son’s Interior (Fig, 0.8). 
As he points out, his resolts are valid only if no hydrodynamio motion 
changes the shape of tho field. 

Attempts to aoooimt for the solar msguetio field by tntrodnoing a 
new law of nature have been dlsoussed in § 1.1. 

If the solar field Is a dipole fisld at the surfaoe^ it is likely to he approxi¬ 
mately a dipole field even to some depth below the surfaoe. It oannot 
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have a dipole ohamoter up to the centre, l>ooaiwo a dipole field becomes 
in finite at tho dipole Itself (which \h nssuiued to bo sitimtod at tho centre). 
In the 0011 tml region tho field is likely to bo moro or lens homogeneous. 
Hence the niatheniaticiilly Hiiuplc«t a]ipn>.Timation to tho real field would 
Ik 3 a liotnogeiieoUH Hold fnnw the centre up to a certain central distance 
ll^ and a di|M)lo field outHido «i. This implioH that the oupront prixluoing 
the Held Ih unlfoniily dlHtributod over the thin Hpliorical shell Ri^ flowing 
along ih 4 latitude circloH, whioh of eourHo could bo only a very rough 
apj)n)xiniablon. ff a is the Hiin’H di[K)lo moiuont, the strongth, //*, of 
tho JioinogeiioouH field of this model is given by 

I/* == 2a/Ji?. 
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This field is parallel to the axis. Outside the sphere the dipole field 
Is defined by 2 a 

where R ia the oentral dlstonoe aJid 9 the latitude (oompare § 1 . 2 ). 

The magneto-hydrodynamio theory of sun^ofca (§ 5.3) Is oompatlblB 
with the above model, although it would be too much to aay that It 
aotnally supports it. The value of oan be estimated in tliree different 
ways: the progresBion of the sunspot sone gives < 2-4.10^*^ om.; 
fiix>m the shape of the sunspot whirls the value R^ ^ 1-3-1-0,10^^ om. Is 
dertved; the length of the sunspot oyole gives Ri = 1 - 8 - 2 - 0 . 10 ^® onu 
A survey of the different models is given in Table 6.3 and Vig. 5.3. 

Tadls 5.3 


Modd 1 


Rumarka 

polar JiM 

HomD^nBOOB-flold- 
dipolo-Aold model 

OowUns'e dooaylng (Wd 

^ > I 8-l-a.10i.oin. 

1 J2i - l-8-a-0.10>*o>n. 

BO-lfiO 

40-60 

40 

From lihapo of 
minupot wiilrli 
Fiom kiogili of 
BOiupot oyolo 


In the following we adopt the value => 2,000 gauss, whioli oorre- 
sponda to BJHj^ =si 80 and R^ 1 - 0 . 10 ^ om. 

6.23, Ma^pi^hydrodifnamic vxives in the aun. As tlie sun posseesos a 
general msgnetlo field and os solar matter has good oondiiotivity, It Is 
obvlouB that the oonditions for magneto-hydrodynainio waves are 
fovonrable. The sun Is highly onisotropio to the waves. Tliey travel 
along the magnetto lines of foroe, every line of force osolllating ahnost 
entirely independently of the others (only the continuity of the hydro- 
dynamio motion must be satisfied). The wave volooity 

V - H/V(47rp), ( 6 ) 

The field being approximately homogeneous, for iJ < and a 
dipole field for -fi > iii (oompare § 6 . 22 ), we have for the Jiomogmeowi 
pari V « ^J^(4frTp). For the dipole pari the field at the magnetic axis is 

^ 2aJB> = Bj,{JiJIiy‘. ( 0 ) 

Then we have for the velooity along the n-Tia 

F,(a)-a/[JiVM]. 


(7) 
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where p ie a fimotion of R. Tlio vaJiioa of aro givon in Table 6.1 eukI 
Pig, 6 . 1 . Li tlie major jiart of the eiin’s interior tiro Tolooity in of the 
Older 1 m./eco. At a imint {R, 9), whore 9 1 h the latitndo, tho inagnotio 
field R = l//^(l+3aln*9) and honoo tho yeluoity 

V ^ («) 

Tlio velooity oomponont in tho radial diroutlon Ih, liooaiiKtt of oqnatiooH 
1.2 (U) and 1.2 (6), given by 

F„ = F 00 a a =. Bin 9 = p;(li) I— lijr,), (H) 

where = RJoo 8 *if ia tho oential diRtaiioo of tlio point wiioro tlio lino of 
force in question Intorsoota the oquaturlal piano ((NimiHUti oqiiatioii 
1.2 (6)). ^e tangential vdooity 


whioh gives 


= Ji dfjdl =5 Fain a = 00H9, 

£ 2 r„ooa 9 ‘ 


( 10 ) 

( 11 ) 


When passing through tho sun tho wavoH are damiHxl in three ways: 
(1) ‘Joule damping’ duo to the finite oloetrioal (Minduotivity, whluli 
oonverts wave onorgy into Jonlo Iioat; (2) vImooilb (1(un})ing, diiu to tho 
viscosity of tho mocllum; and (3) ‘gravitational diiiniilng', duo to tho 
work done in miidng adjacent layers of dllforont ontitjpy. 

Tho Joido damping oan bo ostimatod from M)ualion 4.32 (26); 

1.1 alii I 


_ p,* _ 


( 12 ) 


where Zg is tlio dlstanoo in which tho anqditiido <looroiuioH to l/r, p (-' I) 
is tho pormeability, o(e* tho oondiiofclvity, //J, tho huh’h gunomi inagnotio 
field, p tho density, and w tho angular frcMjiiouoy of tlio wiwom. 'nio valiiiw 
of for tho suii’h interior are givoii in 'rablo 6.1 and h'ig. 6.1, wlioi-o 
Cowling's values of tho olootiiual condiiotivity have Iuhmi iiwhI (hoi« 
9 6.21). For the outer layers of tho sun wo ivhhuiuo lusHinling to jj 6.1 that 
these oonslst of almost pure liydrogoii. Honoo wo [lut tho donsity 


p = »W,i 

(w = number of atoms oin.~*, n»i[ = inasH of hydrogim atom). If (ho 
current asnoolatod with tho wave down poriHmdiuidarly U) tho niiigiudio 
field we should use tho oross-oondiiotlvity. Inli’odiioing 3.23 ((HI) luid 
putting n.= ^; Z^\, 

wo obtain Zg = (13) 

with = 2-4.10-“ om.-® g,*Hoo.grn<l-l; ft, - 2-4.10 ” oni.‘wvi. 'g.* 
grad*. 
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The function co\ is given in Table 5.2 and Fig. 6.2. 

The viscous damping has not been calculated but is probably not very 
important in the sun. 

The ‘gravitational damping* is according to § 4.8 positive when the 
waves pass through a stable part of the sun, i.e. where the entropy 
increases outwards so that work is done by the waves in mixing adjacent 
layers. If the entropy decreases outwards so that the solar atmosphere 
is unstable, the damping is negative, resulting in an increase in amplitude. 
It must be observed that the gravitational damping occurs only when the 
material velocity (v) of the waves has a vertical component. Waves 
with horizontal v are unaffected. 

Besides the damping the wave vectors v and h may change because 
the solar magnetic field Hq and the density p change. When the relative 
change of Hq and p over one wave-length is small, the energy of the wave 
remains unchanged. According to § 4.7, equations (1) and (2), v is pro¬ 
portional to and h is proportional to On the other hand, if Hq 
or p varies rapidly, this is equivalent to a rapid change in refractive 
index and may cause a partial reflection of the waves. 

When a wave travels in a medium with variable refractive index, 
reflection occurs if the variation is large over the distance of one wave¬ 
length. The refractive index is inversely proportional to the wave 
velocity. Consequently if V varies rapidly, reflection of the magneto¬ 
hydrodynamic waves takes place. Rydbeck (1948) has treated the 
reflection of waves (magneto-hydrodynamic and electromagnetic) which 
travel in the ^-direction in a medium whose refractive index is a function 
of z. His formulae make it possible to calculate the reflection for cases 
when the refractive index can be approximated to certain functions. 
As we are mainly interested in the order of magnitude, it may be sufficient 
to use his result for a medium where the density falls exponentially in 
the z-direction with the scale-height In this case no considerable 
reflection occurs for wave-lengths shorter than 




(14) 


Hence the critical angular frequency (lowest frequency transmitted) is 




(15) 


Suppose that in a certain layer of the sun the density p decreases as 


/5 = Poexp(-i?/Si) 


(16) 


(J? = central distance). Then the scale-height is When the magnetic 



5.2 


SOLAK PHYSICS 


111 


lines of force are vertical we have When they make an angle a 

with the vertical, the distance which a wave must travd in order to 
reach a layer whore the density has decreased to 1/e is given by 


COS a 


(17) 


As according to § 1.2, equation (9), we have cos a = 2 sin 9 ( 1+3 sin® 9 )-i, 
where 9 is the latitude, and, aa H = |fl’o(l+ 3 sin 9 )*, where is the 
field at the axis, we obtain for the critical frequency at latitude 9 


with 


= a>^“'sin9. 


ii(“) = 


Hg _ Vg 


(18) 

(19) 


The function 00 ^“' is given in Tables 5.1 and 6.2 and Figs. 5.1 and 5.2. 

Frequencies a few times smaller than are reflected; frequencies a 
few times higher than oi^ are transmitted without considerable reflection. 

5 . 24 . The non-uniform rotation. Observations of the motion of sun¬ 
spots and other markings of the photosphere indicate that different 
latitudes rotate with different angular velocities. These results might 
be due to systematic motion of the markings in relation to the main mass 
of matter at bhe latitude in question, but Doppler effect measurements 
confirm that the angular velocity really varies with the latitude 9 
Several formulae have been proposed for the angular velocity D. 0n< 
of the best is probably 

Cl = a„+0' COS 29 = Q,-Cl' sin29. (20 

Newton (1934) has given values for and Q', derived from sunspo 
observations for the epoch 1878-1933. As mean values we can put 

= 14-4°/day; Q„=ll-67day; D'= 2-87day. (21 

Measurements of the Doppler effect in the chromosphere indicat 
that the angular velocity increases with the height over the photosphers 
No observations of the rotation of layers below the photosphere ca 
be made, but a theorem of Ferraro (1937) makes it possible to calculat 
the average state of rotation, provided that we know the shape of th 
magnetic field. According to Ferraro every point of a magnetic line ( 
force must rotate with the same average angular velocity, because othe: 
wise very strong electric currents would be induced. The applicabilit 
of the theorem is a consequence of the good conductivity of solar matte 
It could also be interpreted in the following way. Owing to the good coi 
ductivity th.e magnetic lines of force are ‘frozen’ into solar matter, 
the angular velocity of a certain part of a magnetic line of force diffe 
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from that of other parts, the line becomes twisted. A twisted line of 
force tries to straighten itself by sending out a magneto-hydrodynanuc 
wave. Although during a short time different parts of a line of force 
may move with different velocities in connexion with the passage of a 
magneto-hydrodynamic wave, the average over a sufficiently long time 
must give the same angular velocity for all parts of the line of force. I'lie 
time which is necessary to establish the same average angular velocity 
of all parts of a line of force is given by the time of travel of the magneto- 
hydrod 5 mamic waves. 

As, according to observations, different latitudes of the photospliero 
rotate with different angular velocities, the same must hold for* tlu^ in¬ 
terior of the sun. The surface traced out by a magnetic line of force 
rotating around the solar axis may be called an isorotational surface ^ 
because all points of this surface must rotate with the same angular 
velocity. 

Assuming a magnetic dipole field, a line of force may be defined by the 
parameter given as the central distance of its intersection witli the 
equatorial plane (see § 1.2). The equation of a line of force being 

R = reC 0 s 29 , 

we find from (20) that the angular velocity is given by 




( 22 ) 


^0 being the solar radius. Only the values for ^ jBq are o bservation- 
ally derived. If the field in the centre is homogeneous out to the 8])liere 
where it goes over into the dipole field, a line of force defined by tho 
parameter intersects the sphere R^ at the point (J?i, witli 

cos29i = RJr ^. 

Hence in the homogeneous core the distance from the axis of the liru^ of 
force 

P=i?^cos9i = i?|re--^ (23) 

from which Mows Q = Q^+Q'R^ R-zpz . 


We do not know whether the formula holds for JR^ > P ^ R^ 
because the corresponding lines of force do not intersect the surface.' ’ 
based upon these considerations a calculation of the sun’s angular 
momentum has been made by Lundquist (1948). 

Suppose u-e h»ve u conduoting sphere noth a magnetic Sold which 

sT “ "*■ *» ’s theorem differen- 

™ H 'J®<taed by this magnetic Held 

are sUowed. Henee a differential rotation around the magnetic axis is 
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possible. If we then rotate the whole body around an arbitrary axis, 
this motion is of course also allowed from the electrodynamic point of 
view. Thus we may say that the magnetic axis must coincide with the 
axis of the diifferential non-uniform rotation, but not necessarily with the 
axis of the resultant rotation. Dynamical effects probably make all 
the three axes coincide. The observational result claimed by Hale and 



Pig. 5.4. Angular velocity in the sun’s equatorial plane, from (22) and (24). 


his collaborators (1913) that the magnetic axis is inclined 6° in relation 
to the rotational axis cannot be considered as definite. 

The observed increase in velocity above the photosphere is very diffi¬ 
cult to interpret theoretically. Unless the electric conductivity or the 
vertical component of the magnetic field is many powers of 10 less than is 
reasonable for other reasons, no appreciable increase of the angular 
velocity with the height seems to be possible as a stationary state. A 
check of the observations would be desirable. It is of interest to note 
that, according to Waldmeier (1946), the corona rotates with about the 
same angular velocity as the photosphere. 

5-25, Survey of electromagnetic ^phenomena in the sun. Any turbu¬ 
lence in the sun must produce magneto-hydrodynamic waves. As 
stated in § 5.1 there are at least two turbulent regions, one in the core and 
the other in the photosphere. 

The turbulence in the core is necessary from a theoretical point of view 
because the nuclear energy production depends on a much higher power 

3595.74 T 
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(16th or 18th) of the temperature than the radiation. Hence the enerp 
production occurs in a very small region near the centre, and the radia¬ 
tion does not suffice to carry away the energy. Convection must take 
place in order to transmit the energy outwards. According to current 
stellar models the sun can be divided into two parts: a ^ convective core 
from the centre out to about 1.10^® cm. and a ‘ non-convectivo region 
outside this limit. In the latter the transfer of solar energy outwards is 
effected by radiation only and the entropy increases outwards. In the 
convective core the entropy is slightly decreasing outwards so that the 
conditions become unstable and convection sets in. 

The discovery of the magneto-hydrodynamic waves may change our 
conception of the conditions in the sun’s interior. In the ‘convective 
core’ convective motions, as all motions, must give rise to magneto- 
hydrodynamic waves. In fact, it is necessary to treat the convection in 
terms of magneto-hydrodynamic whirls increasing their velocity accord¬ 
ing to the pattern of § 4.8. A large fraction of the energy of convection 
is converted into magneto-hydrodynamic wave energy. 

As Wal^n (1944) first demonstrated, the damping of the waves due 
to causes other than gravitation is likely to be negligible in the sun’s 
interior. As is seen from Table 5.1 and Fig. 5.1, a>% has a value of about 
300 in the region 3.10^® < J? < 5*5.10^®. In order to pass this region 
without considerable damping the waves must have > 3.10^® cm. 
This gives <o < 10-^, corresponding to a period T == 27 rot>'“^ of about one 
day. Waves with longer periods are not damped very much. Because of 
the large size of the ‘convective core’ it is likely that waves with long 
periods are generated. These travel outwards, producing convection 
even in the ‘non-convective’ region. In fact the waves transfer every 
state of motion from the core to the outer layers. As these are stable 
(entropy increasing outwards), the waves are subject to ‘gravitational 
damping’, and dissipate their energy in mixing adjacent layers. 

Consequently it is not appropriate to speak of a ‘convective’ arul a 
non-convective region, because both are more or less convective. 
Instead we may distinguish between a ‘stable’ outer region, where the 
entropy increases outwards, and an ‘unstable’ inner region, where the 
entropy decreases outwards. It is unlikely that these regions coincide 
with the ‘non-convective’ and ‘convective’ regions, because the con¬ 
vection forced upon the stable region by the waves may change the 
temperature gradient calculated according to current ideas of stellar 
structure. A revision of the steUar model may be necessary. On the 
other hand, it is reasonable for the border between the stable and 
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unstable regions to be situated not very far from the non-convective- 
convective border of current stellar models. According to Blanch, 
Lowan, Marshak, and Bethe (1941) this border is situated at 0*84.10^® 
cm. from the solar centre. 

The magneto-hydrodynamic waves produced by the convection in 
the solar core travel outwards along the magnetic lines of force until they 
reach the photosphere. In the 'magneto-hydrodynamic theory’ of sun¬ 
spots the magnetic fields associated with the waves are identified with 
the strong magnetic fields always observed in sunspots, the spots them¬ 
selves being considered as secondary effects of these fields. The theory 
requires that the waves should have the shape of magneto-hydrodynamic 
rings, such as treated in § 4.6. When a ring intersects the solar surface, 
a bipolar sunspot is caused. 

The magneto-hydrodynamic theory of sunspots is discussed in the 
following sections. In § 6.31 the travel of the waves in the sun’s general 
magnetic field is discussed. Some conclusions regarding the field can 
be drawn from the study of the progression of the sunspot zones from 
high latitudes towards the equator. In § 5.32 the shape of the whirl 
rings is constructed. In § 6.33 an outline of a general theory of the genera¬ 
tion of the sunspot whirls is given. 

The other turbulence region of the sun is situated in the photosphere 
or not very far below it. The turbulence manifests itself as the granula¬ 
tion. When the solar disc is observed with high magnification, it appears 
as consisting of dark and light grains, 'granulae’, which appear, change 
their shape, and disappear with a period of a few minutes. Their average 
size is 10® cm. 

The granulation has been explained theoretically as an effect due to 
the ionization of hydrogen. As the temperature increases downwards, 
the hydrogen becomes completely ionized, which means that the average 
molecular weight of the solar gas decreases. Instability is caused, which 
produces convection. 

It must be observed that the turbulence of the photosphere need not 
necessarily derive from an instability located in the photosphere itself. 
The instability may be situated in a deeper layer in which it produces 
a turbulence, which is transmitted to the photosphere by means of 
magneto-hydrodynamic waves. But, wherever its place of generation 
may be, the turbulence observed in the photosphere must be associated 
with magneto-hydrodynamic waves, which must travel outwards along 
the magnetic lines of force. When they reach the corona the decrease of 
the conductivity causes a damping of the waves, so that the wave energy 
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is transformed to heat. The fact that the corona is at a temperature of 
about 10® degrees, 100 times hotter than the photosphere, is accounted 
for by the heating due to the damping of the waves (see § 6.4). 

Of the waves generated by the granulation it is only the highest 
frequencies which reach the corona. The lower frequencies are reflected 
in the upper chromosphere because of the rapid change in refractive 
index. The ^sunspot waves’ from the convection zone in the core con¬ 
tain only low frequencies (because, as we have seen, frequencies o) > 10“^ 
are damped) and are already reflected considerably below the photo¬ 
sphere (according to Fig. 6.2 below n = 10^® particles cm.~^). At the 
reflection a multitude of electromagnetic phenomena occur. As long as 
a magneto-hydrodynamic ring travels in a homogeneous medium, the 
disturbance is conflned to the ring itself. The centrifugal force and the 
contraction of the magnetic lines of force balance each other exactly, 
and the electric polarization is compensated by the induced electric 
field. When the ring reaches, say, the photosphere, where the density 
varies rapidly, the compensations are no longer complete. Hence not 
ordy in the ring itself but also in its environment electromagnetic dis¬ 
turbances occur. Mighty electromotive forces and strong currents are 
produced in the solar atmosphere, causing phenomena of the kind of 
electric ‘discharges’. It niay be possible that many of the ‘ solar activity ’ 
phenomena can be identified with effects produced more or less directly 
by the magneto-hydrodynamic waves reaching the surface. In fact there 
is no doubt that several aspects of the ‘solar activity’ are of electro¬ 
magnetic character. In particular, the magnetic field of sunspots is 
certainly of primary importance to the occurrence of the spots, and the 
recently discovered phenomenon, called ‘solar noise’, is of course also of 
electromagnetic origin. The electromagnetic origin of prominences and 
solar flares is less obvious. These phenomena are usually attributed to 
some mechanism working below the visible layers in the sun, but most 
theories are hardly more than a complicated way of expressing our 
ignorance of their ultimate cause. In this treatise an attempt will be 
made to account for most of the solar activity as due to electromagnetic 
phenomena, more or less directly produced by disturbances originating 
in the convection zones of the sun. It is clearly understood that this can 
only be a preliminary attack on the extremely difficult problem. 

5,3. Sunspots 

Sunspots are regions of the photosphere which have a lower tempera¬ 
ture (about 4,600° K.) than normal (6,700° K.). They occur periodically 
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with a cycle of about eleven years. Every cycle starts with spots at 
a latitude of about 30° (north and south). Each spot does not change 
its latitude very much, but the zones where the spots occur are slowly 
displaced towards the equator. When the zones have reached 10° or 15°, 
the number of spots attains a maximum. Before a spot cycle fades out 
near the equator, a new cycle has started at ±30°. 

Every spot is associated with a strong magnetic field (up to 4,000 
gauss). The spots usually occur in pairs. The two components of a pair 
have about the same latitude and always opposite magnetic polarities. 
During a certain cycle all pairs on the northern hemisphere have the 
same polarity sequence, e.g. the westward (preceding) spot is a magnetic 
north pole and the eastward (follower) spot a south pole, and on the 
southern hemisphere they have at the same time the opposite sequence. 
For both hemispheres the polarity sequence of a certain cycle is opposite 
to that of the preceding cycle. 

Most theories of sunspots have tried to find a more or less close analogy 
with the cyclones in the terrestrial atmosphere or in any case treated 
them as hydrodynamic whirls. The most developed theory is due to 
Bjerknes (1926), who correlates the sunspots with the non-uniform 
rotation which, according to him, should produce vortices, which are 
identified with spots. 

The hydrodynamic-whirl theories of sunspots encounter the difficulty 
that frequently no pronounced vorticity is really observed. A still more 
serious drawback is that they cannot account for the existence of the 
spot magnetic fields. The magnetic properties are probably essential, 
because no sunspot without a strong magnetic field has ever been 
observed. It seems very difficult to find along these lines a mechanism 
producing the magnetic field, for, even if a spot is considered as a whirl, 
it cannot be understood how a whirl could produce a magnetic field of 
the observed magnitude. (If the matter of a whirl has an electrostatic 
charge a current is certainly produced, but its magnetic field is many 
orders of magnitude too low.) 

The spot magnetic fields stress the difference between sunspots and 
terrestrial cyclones. In fact dynamically the solar atmosphere must 
behave altogether differently from the terrestrial atmosphere, because 
the latter is an electrical insulator whereas the former is a good conductor. 
A motion in (the lower parts of) the terrestrial atmosphere does not 
produce any electromagnetic effects, whereas in the solar atmosphere 
magneto-hydrodynamic waves are produced which in general transmit 
the state of motion in the direction parallel and antiparallel to the 
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magnetic field. This should be carefully observed before maldng analo¬ 
gies between solar and terrestrial phenomena. 

An attempt to introduce electromagnetic phenomena in the discus¬ 
sion of sunspots has been made in the magneto-hydrodynamic theory of 
sunspots (Alfven, 1943a, b\ 1945a, 6; 1948a; Walen, 1944), which will be 
reviewed here. The main postulates of the theory are the following: 

The primary photospheric phenomenon of a sunspot is the magnetic 
field. All other properties, e.g. the decrease in temperature, should be 
regarded as secondary effects of the magnetic field. According to ob¬ 
servations all sunspots are associated with strong magnetic fields. When 
occasionally a strong magnetic field is observed in a spot-free area, a 
spot usually occurs there very soon. 

The spot magnetic fields are not actually generated in the photosphere but 
received as magneto-hydrodynamic waves from the sun^s interior. The 
waves start from the solar core and proceed along the magnetic lines of 
force. All spots of a certain cycle are due to the same set of disturbances 
in the core, but, as the waves reach high latitudes of the surface earlier 
than the equator, the spot zone starts at high latitudes and proceeds 
towards the equator. 

The initial cause of sunspots is the convection in the solar core^ which 
after magneto-hydrodynamic transmission to the surface causes spots. 
The periodic occurrence of sunspots reveals that the convection in the 
core proceeds discontinuously. 

5.31. Progression of the sunspot zone. Tor the development of the 
theory and the comparison with observations we shall start with a 
discussion of the transmission of the waves from the solar core to the 
surface and show how the geometry of the solar magnetic field is con¬ 
nected with the progression of the sunspot zone from high latitudes 
(30-40‘^) to the equator. 

Let us assume, provisionally, that the solar magnetic field is a dipole 
field and that a sudden magneto-hydrodynamic pulse occurs near the 
central dipole. This gives rise to waves which travel along the lines of 
force, reaching the solar surface after a time T(a), which is a function of 
the latitude ol. This time, according to 5.23 (9) and 5.23 (7), is given by 



dR _ Vtt r dR 


(1) 


where and a are connected [compare § 1.2 equation (6)] by 


Rq = y-gcos^a, 
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a is the magnetic dipole moment, and p is density. At the surface the 
disturbance gives rise to sunspots. Thus a single pulse would give rise 
to sunspots at a certain latitude only at that moment when the wave 
front reached the latitude in question. If we knew the time of the 
pulse at the centre and observed the time when the spots occurred 
at a certain latitude, we could find T{ol). As there seems to be no 
possibility of observing the time of a pulse at the centre, we can only 



Fig. 6.5. Successive positions of the wave front from a pulse at the centre 
of a dipole field. (After Wal^n.) 


hope to find the dependence of T{ol) upon the latitude, but not its 
absolute value. 

In reality, however, the problem is more difficult, for there is always a 
series of pulses, constituting a sunspot cycle, which give rise to a lengthy 
series of spots at each latitude. In order to find the function Tijx) we 
might take a certain characteristic event of a sunspot period (still 
related to a certain latitude), e.g. the beginning, maximum, or end of the 
spottedness at the latitude in question. None of these, however, is 
usually very well defined. We therefore prefer to take the weighted 
mean 2\(a) of time t, 

^tdSj^dS ( 2 ) 

{S = spottedness as defined later), of the spots at a certain latitude as a 
measure of the time when the wave front reaches the latitude. 
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According io our assumptions the time of transit T{ol) is given by 

T{oc)=^T^{oc)-T,, (3) 

where is the time of the disturbance at the centre. 

The function 2 ^( 0 :) can be derived from sunspot observations. We can 
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Fig. 5.6 e,/. Sutinpot progresHion curves. Cycles 15, 16. 




let (S' represent either the number of spots or the spotted area at the 
latitude a. The first alternative gives much more reproducible results 
(see Alfv4n, 1946 a) so we choose that. The function 2\(a) has been 
calculated for each hemisphere separately for the sunspot cycles 11-16, 
comprising the time 1868-1932. The curves are shown in Fig. 5.6, in 
which the full lines represent the average curve for both hemispheres 
and all periods. This curve is shown separately in Fig. 6.7. It is evident 
that the function is rather well reproduced during all the cycles. In 
some cases the curve for the northern hemisphere seems to be displaced 
in relation to that of the southern hemisphere, so that one gets the 
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impression that the two hemispheres are to some extent independent of 
each other. In the mean values the difference between the hemispheres 
is small. The northern curve may be a little steeper than the southern 
one, but the difference is only a few per cent. 

It is of interest to note that the slope of the sunspot progression curve 
shows a velocity of 5-10° per year, whereas the displacement of the 
mean latitude of spots varies between 4° and 1° per year (see Wald- 
meier, 1941, p. 127). 



Fig. 5.7. Sunspot progression curves. Means. 
• cycle 11-12; ooycle 13-14; -Hcycl© 15-16. 


The time of transit T{ol) can be calculated from the density and the 
magnetic field in the sun’s interior. According to (3), T{ol) will have the 
same shape as 2\(a). The calculation of T(a) can be made by numerical 
integration. The result shows that the shape of the curve becomes about 
the same whether we choose the density according to the polytrope 
model or the Blanch-Lowan-Marshak-Bethe model, only the absolute 
value is about 1 -4 times larger in the latter case. 

The agreement between the observational curve and T{oc) as cal¬ 
culated from (1) is not good. This could hardly be expected because 
the solar magnetic field could not possibly be a dipole field up to the 
centre. As pointed out in § 5.22, the magnetic field is likely to be fairly 
homogeneous near the centre. If so, the lines of force cutting different 
parts of the solar surface do not converge to a single point but are 
separated even in the core. Thus the start of the waves becomes 
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arbitrary. The simplest assumption is that all the waves start at the 
same time from the equatorial plane. 

Further it must be observed that a sunspot is not a purely photo- 
spheric phenomenon; it has certainly its 'roots’ far below the surface. 
Hence the appearance of a sunspot is not correlated with the time 
when the wave reaches exactly the photosphere but rather a some- 
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Fig. 5.8. Comparison between theoretical curves and observation. 



what deeper layer. In the paper cited calculations have been made 
of the time a wave needs to travel out from the equatorial plane of 
the homogeneous core to the photosphere [Rq = 7*0.10^® cm.) and to 
a depth of 0*5.10^^ cm. (i?o = 6-5.10^® cm.) below the photosphere. 
In Fig. 5.8 the curves corresponding to Rq = 7-0.10^® and Rq = 6-5.10^® 
cm. are plotted. In both cases the values of a and R^ (boundary 
between dipole field and homogeneous core) are chosen so as to make 
the absolute value and the average slope of the curves agree with the 
observational values. If we confine ourselves to stating that the ob¬ 
servational curve is intermediate between the two theoretical curves, 
we may conclude that 

1-5.103^ <a < 


6-2.10^^ gauss crn.^, 
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corresponding to a polar strength 

9 < J3;, < 37 gauss, 
and further that < 2-4.10^° cm. 

Because of^the number of assumptions we have made, the results are 
of course not very definite. Anyhow they give some hint of the possibly 
conditions in the sun's interior. 

5.32. Shape of magneto-hydrodynamic whirl rings. The fact that 
sunspots usually occur in pairs with opposite magnetic polarities indi¬ 
cates that they are produced by magneto-hydrodynamic whirl rings. 
Hence Wal^n (1944) has especially studied the case of a magneto- 
hydrodynamic wave having the form of a ring. Some of his results have 
already been quoted in § 4.6. 

In order to derive the actual shape of a ring from sunspot observations 
we shall here discuss its behaviour when it reaches the solar surface (see 
Alfv^n, 19456). The discussion of the details of the photospheric pheno¬ 
mena will be reserved for § 5.37. 

We expect a bipolar sunspot to be due to the arrival at the surface of a 
magneto-hydrodynamic ring. Each element of the ring is transmitted 
with the wave-velocity F, F = jy(47r/>)“^. When the ring is cut by the 
solar surface one spot occurs at each of the intersections. If no secondary 
phenomena existed, we should expect that when the ring at first reached 
the solar surface two sunspots of different polarities would be created 
very close together. When the ring continued to move outwards, the 
two spots representing the intersections between the ring and the solar 
surface would increase their mutual distance until a maximum equal to 
the diameter of the ring was reached. Thereafter the distance would 
diminish, and theoretically we should expect the spots to move very 
close together again and disappear when the last part of the ring reached 
the solar surface. In reality the last phase is seldom observed, which may 
be considered as an effect of secondary phenomena, but at least in some 
large bipolar spots the major part of the above process can be discerned. 
This makes it possible to construct the shape of the whirl ring from the 
observations of the behaviour of a bipolar sunspot. 

During the motion from the core outwards the whirl rings are deformed 
because of the changes in the magnetic field and the velocity. It is of 
special interest to study the shape of a whirl ring when it is situated in 
the central region, where it is supposed to be created. We assume as 
earlier that the sun's magnetic field can be regarded as approximating to 
a dipole field outside a certain central distance and to a homogeneous 
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field inside Mi (Fig. 5.9). As the diameters of the rings, as judged from 
the distance between the two spots of a bipolar group, are usually less 
than one-fifth of the solar radius when the rings are close to the surface, 
it is easily seen that even when they are moving in the homogeneous core 
the dimensions of the rings, or at least of their projection upon the 
equatorial plane, are small in comparison to (one-fifth or less). 

Suppose that a magneto-hydrodynamic ring gives rise to a sunspot, 
which at the time t is situated at latitude oc and longitude A, and at another 
(earlier) time t' at a' and A'. Suppose further that the time necessary for 



a wave to travel from the equatorial plane to the latitude oc (or a) equals 
T (or y'). At the instant t—T that part of the ring which causes the spot 
at {t, oc, A) was situated in the equatorial plane (in the homogeneous core). 
Employing cylindrical coordinates (r, A, z) and observing that a mag¬ 
netic line of force in the dipole field is given by = const, (where 

= r^+s^), we find that its situation is defined as follows: 


r = rQCosa with = {RljR^)^, 

A=A,j 

At the same instant the ring element oc'. A') has the coordinates 


( 5 ) 

( 6 ) 


r' = r^coso:',^ 
A' - A', 



with T = («'-!r')- (8) 

F represents the wave velocity along the line of force which passes 
(parallel to the solar axis) through the point (r', A', 0). In the cases of 
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interest to us, z* is small, so that the mass density p is almost constant. 
Thus we can write approximately 

= (9) 

According to § 5.31 the difference T'—T equals the difference in latitude 
divided by the velocity of the sunspot zone progression. From Fig. 5.7 
it is obvious that this drift U is roughly constant, having the value 
U = 2-0.10"'^ heliographic degrees/sec. Thus, we have 

{oc-^ocyU, ( 10 ) 

and consequentlj’’ z* = V[t-~t'+{oc—a')IU], (11) 

If we place a Cartesian coordinate system {x', y\ z') with the origin at 
(r, A, 0), the rc-axis pointing outwards in the direction of the solar radius, 
we have 

x' = ^'cos(A'—A)—r = rQ{cosa'cos(A'~A)--cosa} \ 

y* = /sin(A'—A) = rQCOSa'sia(A'—A) (12) 

or approximately (because A'—A and a'—a are small) 
x'Itq = (a—a')sinQ; ^ 
y'K == (A'—A)cosa |, (13) 

where = l/i7 = 5.10® seo./heUographic degree = 58 days/degree. 

In order to construct the original whirl ring according to the above 
equations, we must know the whole life of abipolar sunspot. As examples, 
unusually great spots, observed by Waldmeier, and statistical material, 
resulting from Greenwich observations, have been treated. The result 
is seen in Fig. 5.10. 

In the diagrams the scale of the z-axis in relation to the x- and y-axes 
is arbitrary since we do not know the values of Tq and F. 

The shape of a hydrodynamic whirl is usually almost circular. It is 
reasonable to assume that the original whirls starting the magneto- 
hydrodynamic waves in the solar core have this shape. If this is the case 
it is obvious that the plane of a whirl in the core is almost parallel to the 
solar axis. This follows immediately for those spots which have no 
latitude displacement, because for them x is always zero, but even for a 
spot with such large latitude displacement as Waldmeier’s spot 'a’, the 
whirl plane in the core is almost perpendicular to the equatorial plane. 
In fact, in the ajy-plane the ratio between the axes of the curve, approxi¬ 
mated to an ellipse, is 1:8. So that, if this ellipse is the projection 




vatioiis. 
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of a circular whirl, the plane of this whirl is inclined cos"^-| (== 83®) 
to the equatorial plane. Thus it seems legitimate to conclude that 
the planes of the whirl rings are usually almost perpendicular to the 
equatorial plane (and perpendicular to the meridian plane) when they 
are close to the equatorial plane in the central parts of the sun. 

The behaviour of a whirl intersecting the solar surface and creating a 
sunspot there is illustrated in Fig. 5.11. 

Introducing the condition that the whirl is almost circular when near 



Fio. 6.11. Whirl ring approaching the surface. 


the equatorial plane, we obtain a relation between r^ and V, Denoting 
the greatest difference in the y' and z' values by Ay and A 2 :, and putting 


^y|r,^A^ AzlV = B, (14) 

we can determine A and B from the diagrams. If the assumption that 
the whirl is approximately circular is expressed by the simple condition 
Ay = AZi we obtain 

Atq Ay = Az = BV, (15) 


or, in consequence of (5), 

. (16) 

If the sun’s dipole moment is a, we have in the homogeneous central 
field H = 2alt^^ and ^ 


F = 




(17) 


i?} = 


oVi^o jB 

\W) 


(18) 


Putting a = 4*2.10®® gauss cm.® and p = 80 gm. cm.“®, 
(i ?0 = 7. lOio cm.) ^ 7.’103^5/^. 


■we obtain 
(19) 
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From Fig. 5.10 we obtain: 

Table 5.4 



Waldmeier 

Greenwich 

‘a* 

‘6’ 

A 

degrees . 


16-6° 

17“ 

T 


radians . 


0-27 

0-30 

0-12 

B 

days 


360 

190 

66 


sec. 


31.10® 

16.10« 

6-6.108 

BjA 

sec. 


1-2.108 

0-66.108 

0-47.108 

Ri 

cm. 


1-6. low 

1-35. IQw 

1-30. IQW 

B 

gauss 


2100 

3400 

3800 

V 

cm./sec. . 


66 

110 

120 


Consequently, using the assumptions that the original whirl is almost 
circular and that the solar magnetic field has a homogeneous core out to 
jB^, we find that is about 1*4.10^° cm. This is compatible with the 
result obtained in § 5.31, viz. R^ < 2-4,10^® cm. 

According to the diagrams the deviations from the circular form are 
considerable, although not very large. They may be due to secondary 
effects, in part at the solar surface but perhaps also in part at the birth¬ 
place of the whirls. 

It is reasonable to attach a certain importance to the place where the 
rings, deforming themselves during the transmission, are circular. The 
assumption that the rings are created circular in the core has given 
the above values of the field in the core. It may be of interest to observe 
that as, according to Fig. 5.1, is almost constant in the interior of the 
sun out to J? = 5.10^® cm., so the rings are circular during most of their 
passage through the sun. 

5.33. Generation mechanism and the sunspot cycle. In the preceding 
paragraph we have found the shape and orientation of the whirl rings 
which produce sunspots when reaching the photosphere. The great 
problem now arises where and how they are produced. Combined with 
this is the question why the production of whirl rings exhibits the eleven- 
year periodicity. 

The mechanism proposed here is rather speculative, and the only 
reason why it is given is that it leads to a conclusion (concerning an ex¬ 
pected correlation of sunspot distributions) which seems to be confirmed 
observationally. The initial cause of sunspots is supposed to be con¬ 
vection in two activity regions in the solar core, the co-operation between 
them resulting in a sort of relaxation oscillation. A disturbance from 
one of the regions travels to the other, where it initiates another dis¬ 
turbance, which is sent back to the first region, where it triggers a new 

3696.74 ^ 
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disturbance. The sunspot period is given by the time of travel of mag¬ 
neto-hydrodynamic waves between the two regions. Too much impor¬ 
tance should not of course be given to the details of this tentative model. 

A whirl producing spots at E (see Fig. 6.12) must have been generated 
somewhere on the magnetic line of force EFOHJKJ'G'F'E'. This line 
passes stable as well as unstable parts of the sun (compare § 5.25). In 
the photosphere, eventually extending to some depth below it, there is 

an unstable region where convection may 
set in, thus producing magneto-hydro¬ 
dynamic waves. The large size of the 
sunspot rings makes it unlikely that they 
are produced in this rather thin unstable 
region. Moreover, the periodicity, the lati¬ 
tude dependence, and the progression of 
the spot zones would probably be difficult 
to explain. 

Below the unstable surface region there 
is a vast stable region extending to the 
unstable core. The border between the 
unstable core and the stable region outside 
it is probably a sphere which has a radius 
(iZg) of about 10^^ cm. (compare § 5.25). It 
Fig. 5.12. Line of force in sun. is not necessary that iJg should equal Ri 

(limit between homogeneous magnetic field 
and dipole field). There is some indication 
that should be somewhat larger than (see §§ 5.22 and 5.32), but 
this is not essential for our discussion. 

In a stable region a whirl could only be damped. Hence the only place 
where the whirl rings could be generated is in the unstable core. Ob¬ 
serving that (as found in § 6,32) in the core the plane of the whirls is 
perpendicular to the equatorial as well as to the meridian planes, we 
can restrict the place of generation still farther. When a whirl with this 
orientation is located at K near the equatorial plane the gravitation 
acts perpendicularly to the plane of the whirl. Under this condition the 
quantity ©g, in 4.8 (23) is zero and the whirl cannot increase. It is evident 
that convection cannot produce a whirl in a plane perpendicular to the 
force of gravitation. Hence the neighbourhood of the equatorial plane 
is excluded as the place of generation of the actually observed spot rings. 
The only possibility which is left is that the whirls are generated in 
two regions J and J\ one on each side of the equatorial plane, inside the 
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unstable core. In these regions the gravitation has a component in the 
direction of the magnetic field, so that a whirl could increase by means 
of the mechanism treated in § 4.8. The quantity 0^^, which is zero in the 
equatorial plane and at the border to the stable region, exhibits one 
maximum (near J and /') in each hemisphere. 

Our result that the whirls are not generated near the equatorial plane 
but in two regions on both sides of it is very important just because it 
introduces the concept of two regions of generation (^activity regions^). 
This gives a new line of approach to the understanding of the sunspot 
period. This length of time may be connected in some way with the time 
of travel of magneto-hydrodynamic waves from one activity region to 
the other. 

According to Wal4n (1944) an initial hydrodynamic whirl produces 
two magneto-hydrodynamic waves, one moving in the direction +H 
and the other in the direction —H. If a whirl, moving as a wave, for 
sxample, in the positive if-direction, increases in velocity by the amount 
during the small time A^, this is equivalent to adding "to the initial 
sv-ave a new whirl. This new whirl wiU go out not only in the positive 
ff-direction (as the increase of the initial whirl) but also in the negative 
GT-direction. Thus every increase of a wave gives rise to a ‘recoir wave 
transmitted in the opposite direction. It is easily seen that the recoil 
kvhirl due to the increase of a certain whirl has the same direction of rota- 
ion as the initial whirl and the opposite sense of magnetic field. 

In the same way a decrease in the whirl velocity is equivalent to adding 
i whirl of the opposite sense of rotation. Consequently if a whirl is 
lamped a recoil whirl is produced, but with the opposite direction of 
'otation and the same sense of magnetic field. 

There is a fundamental analogy between a magneto-hydrod 3 mamic 
vave travelhng along magnetic lines of force and an ordinary electro- 
nagnetic wave along a transmission line. If at a certain point a damping 
esistance is parallel-connected to the transmission line, a partial 
■eflection of the waves is caused. In the same way the damping of 
nagneto-hydrodynamic waves causes a partial reflection. The increase 
)f a magneto-hydrodynamic wave in an unstable region corresponds to 
he parallel-connexion of a negative resistance to the transmission line. 

If the increase in velocity is continuous, as found in § 4.8 under 
dealized conditions, a long continuous recoil whirl is sent out, the 
'elocity of which is proportional to the rate of increase dvjdt of the 
mtial whirl. In reality the increase is probably more discontinuous, 
lecause the density (or entropy) is irregular in the unstable core, which 
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means that a series of discrete whirls are sent out. The average strength 
of these whirls is proportional to the average of dvjdt. 

Suppose that a ring passes, for example, the northern activity region 
J, producing recoil whirls there, and later reaches the northern spot 
zone E. The recoil whirls ultimately reach the southern spot zone E\ 
It is easily found that they produce bipolar spots with the same polarity 
sequence as the original whirl produces in the northern spot zone. 
Waves produced in, for example, the northern activity region must of 



Pig. 6.13. Generation of sxmspot waves. 

course reach the northern spot zone earher than the southern spot zone. 
As the spots produced by a certain original whirl have the same polarities 
on both hemispheres (according to statements above), they must belong 
to consecutive sunspot cycles. This means that we must expect the 
waves generated at the northern maximum of 0^ to reach the southern 
spot zone eleven years after they have reached the northern one. In 
the Sjame way, whirls generated at the southern maximum of near J' 
reach the southern spot zone eleven years earlier than the northern. 
Consequently the time necessary for a wave to travel between the northern 
and the southern activity region must be eleven years. 

A possible mechanism for the generation of the waves would be the 
following. Suppose that a weak magneto-hydrodynamic whirl (with 
its plane parallel to the magnetic field) starts at A somewhat to the south 
of the equatorial plane in the sun’s unstable core and proceeds in the 
northward direction (Fig. 5.13). As long as the whirl velocity v <^V 
(wave velocity) the increase in velocity is rather small (see § 4.8). Con¬ 
sequently the ‘recoil whirls’ are faint. The whirl increases however, and 
when at a certain time t it has reached a velocity v equal to F, the rate of 
increase becomes rapid, which means that considerable recoil whirls 
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are sent out. In the neighbourhood of the northern maximum of the 
rate of increase is especially rapid, and consequently the recoil whirls 
especially strong. The wave proceeds farther into the stable region 
where it becomes somewhat damped, and finally it reaches the solar 
surface in the northern spot zone, where it produces sunspots at Aq. 

The recoil whirls proceed southward and increase exponentially until 
their velocity v has reached the value F, which occurs at a time which 
we call t+T. Because of the exponential increase, T depends upon the 
original strength of the recoil whirl. Weak whirls will leave the unstable 
region before having reached the velocity V, producing only weak 
secondary recoil whirls. Because of tfiis only the strongest of the recoil 
whirls are of interest. Eestricting our discussion to the strongest recoil 
whirls, the generation of sunspot waves may go on according to Fig. 5.13. 
An original whirl A reaches the critical velocity, v = F, at a. A recoil 
whirl B (finally producing spots at Bq) is sent out. When B reaches the 
critical value at 5, a new recoil whirl (CcCq) is produced. The time T 
from a to b depends upon the original strength of the recoil whirl pro¬ 
duced at a and upon the value of 0^. 

If the original whirl rotates in the positive direction, all the whirls 
considered do so, and all spots produced by them have the same polarity 
sequence. Therefore only every odd sunspot cycle at one hemisphere 
and every even cycle at the other hemisphere could be accounted for. 
The other cycles must be due to an analogous series of whirls {A'B'G'.,.) 
with the opposite sense of rotation and intermediate between those of the 
first group. As the direction of rotation does not affect the growth of the 
whirls, both types of whirls are equally possible. 

The mechanism outlined may explain some essential facts, but it is 
not altogether satisfying. Certainly, as both of the two series of waves 
develop under the same conditions, it is reasonable that they should 
become symmetrical (having the same form and amplitude). There 
remains to be explained, however, why all the whirls of one series have 
the same sense of rotation. Probably we must assume that there is some 
sort of coupling between all the whirls of a certain cycle. This coupling 
may be effected hydrodynamically by some general flow within the solar 
core, but this is hardly more than a guess. 

We must also look for an explanation why there are two series of 
waves with different senses of rotation. This might simply be the result 
of some tendency for symmetry, because if there were one series of waves 
only, the conditions at a certain time would be very asymmetrical. But 
it may also be explained by the following magneto-hydrodynamic effect 
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by which whirls of one sense produce whirls of the opposite sense. When 
a whirl passes the stable region, especially that part (probably rather 
near to the border of the unstable region) where is a minimum (e.g. 
at in Fig. 6.13), recoil whirls of the opposite sense are sent out (as 
shown above). Thus there is a coupling, although perhaps weak, between 
the two sequences of whirls, and, if initially there is only one type of 
whirl, the other type is produced automatically. 

If the whirls of the second series are exactly intermediate between the 
whirls of the first series the difference in time between the waves sent 
out is T (defined above). Thus the sunspot cycle (eleven years) should 
be equal to T, the time which a whirl needs to increase from a, where it 
is produced as a recoil whirl, to 6, where it is strong enough to produce 
new recoil whirls itself. As the rate of increase, and hence the tendency 
for production of recoil whirls, has maxima in the two activity regions, 
T equals approximately the time of transit between these two regions. 

In § 5.32 it was shown, assuming the shape of the whirls in the solar 
core to be circular, that it was possible to calculate the velocity of the 
waves in the core. The values obtained (Table 5.4) varied between 
F = 65 and 120 cm. sec.“^ 

It is possible to calculate the velocity independently, using the con¬ 
dition that the time needed for a wave to go from one region of generation 
to the other should equal eleven years. Both the regions of generation 
must be situated inside the unstable core, which, according to current 
solar models (which may need revision!), has a diameter of about 
2.10^° cm. The distance between the two regions can consequently be 
estimated to be about 1*0-1 *6.10^° cm. The velocity F needed to cover 
this distance in eleven years is 29-44 cm./sec. This is somewhat less 
than the above values but of the same order of magnitude. As the first 
values depend upon somewhat arbitrary assumptions as to the shape of 
the magnetic field and the whirls, the agreement can be considered as 
encouraging. Consequently our result that the 11-year period is deter¬ 
mined by the distance between the two active regions is quantitatively 
consistent. 

In § 5.31 the progression of the spot zones was found by calculating 
the time of travel from the equatorial plane in the core to the sur¬ 
face. This is not incompatible with the concept of the two activity 
regions, because in the activity regions the pulses are merely amplified. 
It is quite reasonable that at the moment when the pulses pass the 
equatorial plane the waves should be symmetrical with respect to this 
plane, and this is in fact the essence of the assumption in § 5.31. 
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5.34. Correlation between intensity and length of the sunspot cycles. 
The fact that the intensity of the spot cycles varies indicates that the 
state in the solar core, where the whirls are generated, is subject to varia¬ 
tions. It seems probable that these consist in changes of the instability 
factor ©g. The larger the value of ©^ the stronger are the waves produced, 
and the higher the spottedness of the cycle in question. 

According to § 5.33, however, a variation of ©^g means also a variation 



Pig. 6.14. Variation of the maximum relative number (full curve) and 

the length of the solar cycle (dotted curve). 


of the sunspot period T. In fact, theoretically T should be the time 
which a recoil whirl needs to grow strong enough to produce a new 
(secondary) recoil whirl itself This time depends upon the original 
strength of the primary recoil whirl, which is proportional to the rate of 
increase dvjdt of the original whirl. As according to equations 4.8 (30) 
and 4.8 (34) dvfdt is proportional to 0^, an increase of ©^ means an increase 
of the strength of the recoil whirl and consequently a decrease of T. 
This time depends also directly upon©^, because a large ©^ means a rapid 
increase, so that the critical value [v ~ V) is reached more quickly. 

Consequently, if ©^ increases, the sunspot cycle will exhibit a higher 
intensity and at the same time the length of the sunspot period will be 
shorter. Hence theoretically we must expect a negative correlation between 
the intensity (expressed, for example, in maximum relative numbers of 
the cycle) and the length of the sunspot period. 

In Fig. 5.14 the maximum relative numbers of the sunspot cycles are 
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represented in tlie same diagram as the length of the sunspot periods.t 
It is evident that on the whole an increase of the maximum is accom¬ 
panied by a decrease of the period. The correlation coefficient has been 
calculated for the maximum relative number of a cycle and the length 
of some preceding and following periods (for notation see Fig. 5.16). 
The result is given in Table 5.5. 



Table 6.5 

Correlation Coefficient r between the Maximum Relative Number and 
the Difference in Time between Maxima {or Minima) 



rpn~~2 

-‘n-a 

n-2 

Tl.1 


rpn 

-‘w-2 


r 

--O-lliO-23 

-0-36±0a9 

-0'81i0-ll 

+ 0'27±0-23 

1 

-0-86±0-12 

-0-71±0'12 


The table shows that whereas there seems to be no significant correla¬ 
tion between R^ and T^Zl or a strong negative correlation exists 

between R^ and Even with TJJll there is a negative correlation. 

Especially strong is the correlation with the preceding double-period 
and there is also a rather strong correlation with the preceding 
difference in time T5S;l| between consecutive minima. 

The correlation between R^^ and T supports the general lines of the 
theory, but it must be admitted that it is not clear why R^ is correlated 
just with T^zl and but not with T^^^. 

5.35. Correlation between sjpots of different hemispheres and consecutive 
cycles. We have found that the production of sunspot waves can be 
explained as a result of the co-operation of one northern and one southern 
activity region. The time of travel between these two regions equals 
approximately the sunspot period (eleven years). The spots occurring, 
for example, in the northern hemisphere at a certain cycle n have origi¬ 
nated in the southern region of generation as ‘recoil whirls’, produced 

•j* Data taken, from Waldmeier, Ergebnisse d, Sonnenforschung, 
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by whirls travelling southwards and later occurring as southern hemi¬ 
sphere spots belonging to the cycle n—l. Thus if our theory is correct 
it should be possible to find some connexion between the spots of a certain 
hemisphere and cycle and the spots of the opposite hemisphere and the pre¬ 
ceding cycle. 

When a whirl passes one of the activity regions it will in general give 
rise to a number of recoil whirls. These will increase, travel through the 
core to the other activity region where they increase still more, and at 
last, having passed the stable region, where they become more or less 
damped, they reach the solar surface. Their chance of reaching the sur¬ 
face with energy enough to become visible as sunspots depends, in part 
at least, upon their initial intensity (intensity of the recoil whirl). Of 
course the local conditions they have met during their long journey also 
affect their strength. Anyhow we could expect a statistical correlation 
between the number of sunspots and the intensity of the recoil whirl 
production of the primary whirl. The generation of recoil whirls, 
however, is a result of the increase of the whirl. The more the primary 
whirl increases in strength, the more recoil whirls it produces. 

Consequently, if we observe a very big sunspot in, for example, the 
northern hemisphere, we should expect that it has increased in strength 
very much when passing through the northern region of generation. 
This means that it must have created numerous recoil whirls, which are 
likely to be visible in the southern hemisphere one cycle later. If the 
magnetic field is symmetric with respect to the rotational axis, a big spot 
at a certain latitude should be associated with an increased activity at the 
same latitude of the other hemisphere during the following cycle. 

A statistical test of this theoretical result has been made. For reasons 
developed in detail in the original paper (Alfv6n, 1948 a) the first six half- 
years of each of the sunspot cycles 12-17 were chosen. The spotted area 
of each hemisphere and cycle was normalized and plotted as a function 
of the latitude. The difference A between the functions for the northern 
and the southern hemisphere was calculated. The functions are plotted 
in Fig. 5.16, every even cycle with reversed sign. The correlation 
coefficients between consecutive functions are given in Table 5.6. 

The table and the figure indicate that there is a negative correlation 
between consecutive cycles. A very careful statistical analysis by 
Galvenius and Wold (1948) demonstrates that the probability that this 
correlation should be accidental is only 1:200. Thus the correlation can 
be considered as statistically significant. A special analysis has shown 
that the correlation cannot be due to a coupling between the spottedness 
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of a certain hemisphere and cycle and the spottedness of the same 
hemisphere and the following cycle. The final result is that there really 
exists a correlation in latitude distribution between an arbitrary cycle of one 
hemisphere and the following cycle of the opposite hemisphere^ as predicted 




Pig. 5.16. Difference between spotted area on the northern and the southern 

hemisphere. 


Table 5.6 


Cycle 

Time 

Correlation between 
consecutive X 

12 

13 

14 

15 

16 

17 

1879-0-1882-0 

1888-6-1892-0 

1900'0-1903-6 

1912'5-1916-6 

1923-6-1926-5 

1934-0-1937-0 

-0-33 

-0-68 

-0-85 

-0-86 

-0-12 


by theory. This result is important because it shows that even if many 
details of the theory may be wrong the concept of the two activity regions 
in the solar core must be right. It is very difl&oult to see how the observed 
correlation could be understood except on this basis. 

5.36. Latitude dependence of spottedness. If the spottedness, integrated 
over a whole cycle, is plotted as a function of latitude the diagram of 
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Fig. 6.17 is obtained, where the number of spots for both hemispheres 
is combined. The curve rises steeply from near zero at the equator 
to a maximum between 10® and 16°, from which the spottedness falls 
again for higher latitudes. The decrease in spottedness on the low 
latitude side of the maximum can be explained as a simple geometrical 
effect. Let s be the number of whirls (or the energy) transmitted through 



Fig. 5.17, Number of spots as a function of the latitude. 

• Cycles 11 and 12. + Cycles 16 and 16. 

a unit surface placed in the homogeneous core at right angles to the 
magnetic field. Introducing the coordinates of § 6.32, we find that the 
transmission through a differential surface element is srdMr. Projecting 
upon the solar surface along the magnetic lines of force, and denoting 
by 8 da. the total transmission received by a ring element comprised 
between the latitudes a and a-\-da, we fitad 

8 = (Sosin2a, 

with = Trrgs. We identify 8 with the number of spots. 

Fig. 6.17 shows /S' as a function of the latitude a according to observa¬ 
tions. InFig. 6.18/Sois plotted as a function of r(= r^cosa). Thefactthat 
the latter curve has no maximum shows that thfe decrease in spottedness 
in the equatorial region is simply due to the geometry of the dipole field. 

The decrease in spottedness as we go to higher latitudes must be 
explained in some other way. Either the transmission from the 
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homogeneous core is lower for the lines of force going to high latitudes, or 
the damping is greater for these lines. (Two early attempts to explain 
the latitude dependence (Alfv^n, 1945a, p. 13; and Wal^n, 1944, p. 45), 
are obviously unsatisfactory.) 

In this connexion an objection by Cowling (19466) against the mag- 
neto-hydrodynamic theory of sunspots is of interest. He has pointed 
out that rings transmitted from the core outwards would never reach the 



Fig. 5.18, Spot activity iS® corrected for geometry of magnetic field. 


surface because the gravitational damping in the stable layers would 
rapidly consume all their energy. This objection seems quite reasonable, 
but, on the other hand, the observational correlation between the two 
hemispheres, as found in § 5.35, gives strong indication that the waves 
really do come up from the solar core. Hence it seems necessary to assu tne 
that the whirls in some way succeed in avoiding the gravitational damp- 
^8’ for example, by the following mechanism. 

Suppose that the angle ^ between the lines offeree and the horizontal 
plane is rather small. When a whirl climbs along the line of force and 
reaches a stable layer, it brings heavy matter from a low layer to a higher 
layer and conversely light matter down to a lower layer. In general, the 
upper half of the rmg will have higher density than the surrounding 
rnatter so that it has a tendency to sink down, whereas the lower half of 
e rmg will tend to float up. As the magnetic lines of force are not rigid 
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the field will be deformed and this deformation will travel upwards as a 
wave together with the ring (Fig. 5.19). In this way it will be possible for 
the ring to climb, rotating the whole time in an almost horizontal plane 
so that the gravitational damping is not very large. The deformation 
wave is associated with a (slow) vertical motion, which may be reflected 
or heavily damped near the solar surface, so that it need not affect the 
surface phenomena very much. 

For j8 = Jtt, the mechanism, sketched above, would not be possible. 
Instead the whirls would be damped very quickly for the reasons given 
by Cowling. If /3 increases from small values the damping increases 



Fig. 6.19, Climbing magneto-hydrodjmamio ring. 


rapidly. Hence waves may climb from the solar core to the low latitudes 
of the solar surface along lines of force, which upon the whole make a 
rather small angle with the horizontal, whereas the lines of force which 
run to high latitudes make so large an angle that the waves are damped 
out. This would be a reasonable explanation of the latitude effect. 
Whether it is the right explanation it is impossible to say at present. It 
has been given here more to show how important various kinds of 
secondary effects may be. 

(In the unstable core the same effect would have the reverse sense, 
so that the plane of the whirls would tend to be vertical, thus increasing 
the acceleration.) 

5.37. Photospheric effects of the whirl rings. In this section we shall 
discuss what happens when a magneto-hydrodynamic whirl ring reaches 
the photosphere. The phenomena are no doubt very complicated. They 
have been treated by Wal6n for the general case when the ring makes an 
arbitrary angle with the magnetic field. As has been shown in § 5.32, 
the planes of the rings are usually almost parallel to the magnetic field. 
Hence we shall confine ourselves to that case and start to discuss it under 
simplified conditions. 

Suppose that an incompressible perfectly conducting fiuid is limited 
by a horizontal non-conducting wall and subject to a homogeneous 
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vertical magnetic field. Suppose further that a circular whirl ring, its 
plane being vertical, approaches the wall. The problem can be treated 
(approximately) by the image principle: We assume that the fluid is 
inflnite and that a similar ring with the same sense of h but the opposite 
sense of v and V is approaching the wall from the other side. When the 
rings meet and penetrate each other the velocity v through the wall 
cancels because of the symmetry, but the magnetic flelds h amplify 
each other. The phenomena below the wall do not change very much 
if the fluid above the wall is taken away. The treatment is approxi¬ 
mate because we neglect the non-linear effects which occur when the 
rings penetrate each other (these vanish only if A/J? 1, but for 



Fig. 6.20. Magneto-hydrodynamic whirl reflected at a surface. 


sunspots we have A/J? 100) and also because the magnetic field 
above the wall influences to some extent the conditions below the wall. 
Especially the energy necessary to establish the field above the wall is 
not accounted for. 

In the present state of the theory the phenomena close to the wall 
during the reflection may be described in the following way. 

Just when the ring touches the wall (Eig. 5.20 a) a strong horizontal 
magnetic field (= h) appears between the two branches of the ring. At 
the same time there is a strong hydrodynamic horizontal flow (== v) 
between the branches. 

Somewhat later (Fig. 5.206) two distinct poles have developed. The 
hydrodynamic flow at the surface is confined to within the surfaces of the 
poles and decreases rapidly. The magnetic field at the poles becomes 
more and more vertical. For an infinitely thin ring the vertical com¬ 
ponent varies as a sine curve. The maximum (= 2A) is reached when 
half of the ring has reached the wall (Fig. 5.20 c). At that moment the 
flow is zero. 

When the last half of the ring is reflected the process is repeated in the 
inverse order, the flow goes up to v and the magnetic field becomes 
horizontal and equal to h again, after which the surface phenomena end. 

It is of interest to discuss the electric field associated with a whirl 
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ring (compare § 4.6). Consider a straight fixed line perpendicular to the 
plane of the whirl and situated in such a way that the axis of the ring at a 
certain moment shall coincide with it. When the torus intersects the line 
an e.m.f. (1/c) J hV ds is induced because every line element of the line 
is cutting magnetic lines of force at the rate hV ds. At the same time a 
polarization e.m.f. equal to vEfc is caused by the hydrodynamic flow. 
As vjV = hjH and the directions are antiparallel, the resultant e.m.f. 
is zero. The electromotive forces, which in this ideal case exactly com¬ 
pensate each other, are quite enormous for sunspots. The flux of an 
ordinary spot, say field = 2,000 gauss, surface = 3.10^® cm.^, is 6.10^^ 
gauss cm.2 Suppose that the torus passes the line considered above in 
10® sec. Then the e.m.f. equals 

6 . 10273 * 10 ^®. 10 ® = 2.10®e.s.u. = 600 megavolts. 

This is the voltage which would be induced in a fixed conducting wire 
placed, for example, immediately above the wall in such a way that it 
encircles one of the poles in Fig. 5.20 6, c, or d. Below the wall no resultant 
e.m.f. is caused as long as the flow v gives rise to the compensating 
polarization. 

Starting from the ideal case j ust discussed we shall now try to approach 
the real case. As a first step we incline the magnetic field in relation to 
the vertical. This makes no great change: only the shape of the cross- 
section of the ring branch is altered by the reflection. If initially circular 
it becomes elliptic after reflection. 

The problem becomes more difficult if we change the incompressible 
fluid limited by a wall into an atmosphere with continuously decreasing 
density. Then we have no distinct reflection. The main reflection takes 
place when the condition 7 ^ 477^0 is satisfied [see 5.23 (14)]. As we 
have seen in § 5.25, only frequencies below o = 10"'^ cm. pass the 
region of maximum damping near R 4.10^® cm. Fig. 5.2 shows that 
such low frequencies are reflected below n = 10 ^® particles cm.“®, i.e. 
below the photosphere. In order to survey the reflection phenomena we 
ought to treat the case of a whirl in an inhomogeneous medium, or at 
least the special case of a ring transmitted through a waU separating two 
liquids of different densities. Unfortunately even this simple case meets 
mathematical difficulties. Certainly it is easy to treat the problem as 
long as the magneto-hydrod 3 mamic vectors v and li are parallel to the 
surface: this case can be reduced to the formulae of ordinary electro¬ 
magnetic waves. As soon as the vectors have components in the direction 
of H, however, considerable difficulties arise. In the above discussion of 



aOLAB PHYSIOS 


fl.8 


the reflection of the wayes these diffloultles appear when aoooniitliig for 
the energy neoessaiy to produce the field above the wall 

S,38* Pr^surt In the phobosphere the pressure dlflerenoe Ap 

Bssoalatod with the magnetio field of the mogneto-hydrodynamio wavoe 
booomea of importanoe: i 

= ( 20 ) 

Por H s 3,000 gaoBB tho dMereuoe in prosBuio becomes 0*30.10* 

d 3 m./om.* = 0*30 atmospheres. This 
preasuio is quite negligible in tho 
interior of the stm, but in the photo; 
sphere it is of tho same order as the 
h}rdioBtatio pressure. In foot, if in 
the photo^hoie tho density n = 10^^ 
partlolea/am.* and the tomijerature 
T = 0,000°, tho gas pressure 

p = nkT= 10«.1*37.10-“.0.10* 

Pi 10* dyn. cm.-* 

Fia. B.91, Mngnoblo noM ormiimpot. The magnetic 3el(l of a unnnpot is 

likely to bo us bIioavu in Fig. 0.21, 
whore BB* is the solar surfooe and AA’ tho axis of tho sunspot. The 
magnetio Aold tends to ox^Muid, so that a magnotio pnwsnro Ap aooordlng 
to (20) is directed outwards. This prossuro can also bo intorpietod as 
diio to tho foroo oxertod by the magnetio hold upon tho oiiiTcnts which 
prodnoG tho held. As In a oortoiu layer tho sum of tho gns iirossiiie and 
inagnetostatio prossuro must bo oonstout, tho gas 2 )rDiiHuro in tlio Jlolil 
region must be roduoed. Tho rosiilt is a cooling, hut it is Htill doubtfal 
wliether the meohanigm is capable of producing tho olworvixl anioimt 
of ooollng. 

Cowling (1046) has analysed tho oondltiotis oritioally. Ho hnds that 
a continuous expansion is noceesary in order to kocji tho H])ot oool in 
spite of tiio heating of radiation. The layer whore the o<KilncwH of tlie 
spot is supposed to start (tho *baso' of the spot) muHt nooonling to his 
results be situated about 10* om. below tho solar Hurfauc. Altliongh the 
diometor of an ordinary s^mt is of tho order of 10'* cm., Cowling moons 
tliat this depth Is inoompatible vnth the sharji edge of a siinsput, and ho 
ooDslders this objection to be fatal to any existing theory. Cowling also 
thinks that the observed magnetio fleLds oro a few thnos t(K> small to 
produce the required cooling. Although probably our pi'OBOJit kjiowlodge 
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of the state of the solar atmoqihere Is not so definite that a dlsoiepaitay 
of less ttiftfi one ordeir of magnitude must be ooDBidered edgnifioont, it 
oertoioly is very important to look fijr other prooeeses by whloh a mag- 
netlo fi^d may produoe a oooUng, 

The deoreaae in presEmro due to the mognetto field has olso another 
oonaequenoe. Seoause the lines of foroe moke a large angle ivlth the 
Turtioal, tiie top of the whirl zing 'fioats up' beoause of the reduced 
pieasnreinlt. When doing so it reaches areglon where the solariotatlonal 
yelooity is smaller. Hanoe the ring becomes de&rmed as shown gnalita' 
tirely in ff.23. The resulting attenuation of the westward bianoh 



Fia. 1,29. Dolbrmatian of whirl ring duo to lum-imironn lotoblon. 


makes the oonditiona for the 'follower' lees favourable than for the 
'leader'. This effeot may explain why the leader is usually better 
developed than the follower. 

6.4. The granulation 

As pointed out in 5 6.25, there ore at least two unstable rogloiis in the 
sun: one near the centre and one in the photosphere. In both tlio oon- 
veotlon produces magneto-hydrodynainio waves. Owing to the large sIko 
of the central unstable I'egion, the whirls xiroduoed tliero are very largo, 
and, as we have seen above, those whirls may be the onuso of suns^mts. 
The photoepherio unstable region Is oonfinod to a rather thin layor. 
Hence the tnrbnlenoo beoomoa a small-soole phoiiomonon, the granula¬ 
tion. 

5.41. Oeneration of granulation waves. As any motion of a ooiuluoting 
liquid in the preeenoe of a mognetio field gives rise to magnotu-hydi'o- 
dynamio waves, we must expoot the gonei.'ation of siioli waves in oiin- 
nexion with the giunulation. Theh’ wave velocity 

F = £t(47r/»)-h (1) 

In the photosphere the density varies between 10~^ and 10~*g. om.-* 
The value of the magnetic field adopted in § 6,22 is 26 ganss at the |k>[o 
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and 12-5 gft ™ at the equator. Henoo the value of K varioa in blio i)]if >t<i- 
sphere between the Ur^te 7.10* and 1-1.10* om. boo,~^ Ab an nvui-Ufti') 
we oould UBO F 1 = 8.10* om. seo.-* (2) 

The amplitude of the wavee can be estimated in diifbreiit wayn: fixiin 
the velooities assooiated with tiie granulatiou, and iinm bho dlfFui'onou 
in bdllianoe between the grannlae. Aooording to soino olmorvatloiis Llio 
grannlaeaiedJqdaoedwltlLayeloaityofaboaitS km. suo.~^ IblsiioHalhlo 
that this Is a real velooity, but maybe the motion le only apimmnt. If 
real It ooiresponds to an average kinetio energy of 

= i(a.l0-*)(S.10«)*= 1-4.10* oiBom.-“ 

The granulatian is observed as a dlffaronoe in brilllanoo of iliiTunnit 
small parts of the photosphere. The maximum llglit (Il/Tunnioo A Jh 
about Iff par cent., oorreapondlng to a temperatimo dllTorDiieo of JA, 
If this is oaused by adiabatlo oompreealon of on idonJ gas tlio oliangu in 
pressure must be |x^A <= fA <= 0 per cent. As tho jimsHure in tho 
photosphere is 10* to 10* dynes om."*, the promiu'o ihiutiintion cioi'm- 
sponds to a difierenoe in potential energy of 10® to 10* «rg oni. -* Wn 
rfiould expeot the turhulenoe ohangee in the potential onorgy to Iw of (lio 
same order of magnitnde as those in the klnotlo onorgy. Tliiu indionU>H 
that the vdoolty of about 3 km. seo."^, whloh as wo Juwu soon (Mirrii- 
sponds to about 10* erg om."*, may be real. 

In a magneto-hydrodynamio wave the mognotio onorgy ojiiialn tho 
Mnetlo energy and also the proasure difieronoe iS.p aasooiatofi with tho 
wave: 

= (:i) 


Hare A means the magnetio field of tlio wnvo, whioh Is HiijKiritniNiwHl 
upon the general field and v iiieans tho juatorbvl volooity in ilio 
^ granulation reveals the existoiioo of iluotiiatioim in 
the kinetio and potential energy of the order of 10* to 10* oiv oin.-® mx 
must ^t a varying magnetio field between h = 1 ()*) j ih) lunl 

n = ^(8)r. 10*) = 500 gauss. 


irregvlarij, varyiim imigwUc JlrM with ftn 

‘mnnatA °{i * gauss must, in the 2>hoUMixlirrK, lio smter- 

\mpoaed on Ois getural adar magnetic field. ^ 

ab^ufo^H^ efiPeob broorloning of siwotral llmw of 

uoesibU to ^ ™tter diflioiilt thougl, not i,n- 

poasiwo to find this ofieot by observation. 

The fteqaenoy of the grannlatlon waves should bo of an oitlor 
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ooneapondlng to the average Ufa of the granulae, whloh is a few iTuiiutee. 
This gives a> 0*03 seo.-^ Frobahly tlio fnqnenolos cover a wide range, 
os-will be diaoiiBsed bdow. 

6.42. Tranamisaion of granuLdion ioavta. The magnoto-hydro- 
dynamlo waves oonneoted with the granulation must bo transmitted 
along the magnetlo lines of foroe. Owing to the finite conductivity they 
ore sabjoot to * Joule damping’ (see §| 4.32 and B.23) which converts the 
wave energy Into Joule heat. Waves with material velooitiee with a 
vnrtioal component are also subject to gravitationsJ damping (see 4.8 
and S.2S), so veitioal motions should be more rapidly damped than hori¬ 
zontal motions. In a discussion of the order of magnitude of eSeots 
associated with the transmission of the waves we may confine ourselves 
to the horizontal oomjxinente. If the turbulent motions ore distributed 
at random tlie horizontal components should contain two-thirds of the 
energy. 

The transmitted waves are re Hooted on aoooimt of the change hi 
re&aotive index and damped booaiise of the finite oouduotivity (see 
§ 6.23). As low frequencies are mure easily reflected and high frequencies 
more damixxl, tliese two effects define the liniita of the frequency 
range. In the photosphere the scale height, is about 10^ cm. and 


fa 3.10* cm., 


BO according to 6.23 (11)) the lowest frequency which is not roflooted is of 
the order given below; 

tej*'* 7S} 10“* Boo.-^ (4) 

On the other hand, wo obtain from 6.23 (12) with a/c* *= lO-*, = 20, 


p = 3.10-*, 



(B) 


In order to avoid daniping in the JO^ om. thick photosplioro wo must 
have Zg ^ 10^, which gives 

cj < 0>3 soo.-^ (0) 

Consoquoiitly the waves which could bo tmusinittorl through the 
pliotosphorc must have froqnoiiolos in the range 

JO-* < < 0-3 (7) 

The coiTOS|X)nding ])eri(xl T = 2wa)-^. 

The average life of the gramiloe is soiuo minutes, oorrosiwndiug to a 
value in tlio middle of tliis froquonoy inugo. 

Uoing dowJiwunls from tlio pliotosphoro tlie trausiuittod froquonoy 
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band iB displaoed towarda lower frequenoies. At a depth of 0-0,10^ om. 
(J? =» 0'0.1O“Qm.) we have <i)*Sb = 10*, so that In order to make 
Bq > 10^“ om. we must have to < 10"*. Henoe all the fiioquenoies tnuis- 
noltted through the photosphere are already damped at this depth. 

5.43. Omnulation waves in chromosphere and corrma. We cannot ob¬ 
serve the reeulta of the damping of the downward waves. The waves 
tnuiamitted upwards are of more interest beoause they ore likely to affect 
obseiwablB oonditions in the ohromosphere and corona. ISven if we go 
upwards tlie upper hmit to the transmitted fiequenoy band deareasas 
when we reaoli the nx>per ohromosphere and the corona. This means that 
the waves transmitted fiom the photosphere ore absorbed. The change 
in the lefiraotive index means that the material velocity and the induced 
magnetlo fleild of the waves ohange. As shown in § 4.7, v varies os p-^ 
and A 08 p* (whereas the wave velocity varies as p~* and, moreover, is 
proportional to When the waves move upwards into the ohiomo- 
Bpheire and the oorona, A deoreasos, and os it is already nnobservable in 
the photosphere, it is hkoly to be of little importonoo liigher up. The 
(material} velocity v, on the oontraiy, increases when p deoreoses. 

In the ahromoBphere, where the density is about 10~* of that of the 
pliotosphore, the turbuleat velocity should be 10 times os huge as in 
the photosphere or about 30 km. soo."^ In the inner corona, where the 
density has decreased by 10~*, it should be 100 times os large or 300 
km. aoo.~^ Both values ore obtained without taking account of the 
damping of the waves. 

In reallly a turbulence velocity of about 20 km. is really observed In 
the chroiuospbam. The turbulence in the oorona is certainly mnoh less 
than 300 Inn. seo."^, in &ot only about 20 kin. soo."^ Consequently a 
damping must take place, and tliis is also what ooiikl ho expected 
theoretically, os will be shown below. 

A magneto-hydrodynamic wave is always associated with on electric 
oorront. A sine wave hi the z-direotlon [see equations 4.31 (11) and 

4.31 (13)]. I 

h = AsincDli— 

contains a ourrent with density », 

ourrant flows in the rr-direotion when the induced jnognetio field i 
goes in the y-dixeatioD. and the Initial magnetio fleld la poxallel to the 
a-axia. 
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When the oonduotivity a is finite, the oniTent produooe a Jonle lieatlng 
tOj of the liquid. Ita mean for one whole period ia given 




a a 4n' 


( 10 ) 


As energy is dissipated in this way the waves beoomo damped witli the 
damping exponent given by 4.32 (24). The distanoo Sg in which the 
ampiUtado of a progresaive wave doereasos to 1/s is given by 4.S2 (2fi) or 
B.2S (12). As long as the aonduotlvity ia iaotroplo it is easy to find 
but in the ohromosphere and oorono, whoio the ooudnotlvity ia aniso- 
troplo, the problem beoomes more ooinplioated. !Ebr a sine wave [os 
defined by (R) and (0)], witli the onrreut flowing poipoiidlonlar to tlie 
nuiguotlo field, wo should use the orosa-eonduotlvity. Thia lends to 5.23 
(13), whioh funotloii ia plotted hi Fig. 5.2. It must bo obaervod that tlio 
formula ia oorreot only if A << For A or A > it may bo 
approximately valid. Further, as hi waves Bbortod by turbnlenoo the 
volooitles 0 make arbitrary angbs with li^, tlio damping ie leas tha,n in 
the onae of v portion dionlar to //g. Heiioo equation 5.23 (13) gives a 
lower limit tosg, but probably ^g Imu the order of magnitude given by the 
formula. 

All nooumU) coloulabioii of what liapiiouB to tlio gninulation waves 
emitted upwards is nt present inipuBiibb, booouBo wc know too libblo 
of the strtioturo of the oliiximuHpharo. The onninn is nb a temiioratui'o of 
about 10* dogroos (tliin b diseiiRsod in the next Hootion), and it soenut 
likely tliat it ia, at least on an avorngo an<I aiiproxinintoly, in hydniHtablo 
equilibrium. The ooiiditions of tlio ohroniuaptioro are nioro dilHoult to 
understiiJid. Tho most ptixsling pndilom of tlio uliiY)mi)H])boi'e is tho 
low donsity gmdiont. It has boon generally asHiimcd tluil tho tompnra- 
tiiie of tho ohromosplioie must bo lower than that of tliu photoeplioro, 
but tho density gmdiont ourrospoiulH hi an ntiiiosphoro in hydnistablu 
oquilibriiim at about 35,000° |'koo osiiouially Wildt, (1047)]. Milnu (1024) 
has attenijited to explain this by iisHiimiiig that tho ohiTunosplioro is 
Bupporlod by radiation ])i'osHuie, but aoMirding to McOi'oa (11)20) tin's is 
not ])oMsibb. Instead MdCiea siip|N)soH tiiat tho iiiLonse burixilonoo 
whioh is obnorvod in tho ()hnimoK|)lioie ‘Hiqqiorts’ It. Tlio fiiot that tho 
oorona has n A'ory high tompomliiro Hpotiks in favour of a liigh toni]K>ra- 
tiire ovon in tho ohroinoBjihoiv, but thom arr sovoral argumonts iigainst 
this aasumptlon (boo Wildt, 1047). 

Fram an oloctroinagnotiu |ioiiit of vinw either of the two lathw Inlor- 
pretatious would bo ooooptablo. T'lio tiirbulonuu of tho grauiilntluii is 
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tnuiflisittedliy magneto-hydrodynanilo wares to tbo ohromosphere and 
booATiBB of the deoroase in presauie the ampiltude of the tnrbiilenoe la 
amplified (as pointed ont abdre). If HoCrea’s Idea of tnrbulenoe support 
Is acceptable from other polnis of view, It would fit into this ploture, 
On the other hand, If there were no objeotion to the assumption of a high 
temperature, this assumption would be simpler. In the absenoe of a 
geneially aooepted theoiy of the obromospheie, we assume prorisianaQy 
that the temperature of the ohromoaphere ia 36,000°. The figures of 
Table 6.2 and Fig. 6.2 ore based on this. 

the soale height is a measure of the thinlmfieH of a layer, Ave oould 
find the highest frequency w whloh penetrates the layer without oonstdat' 
able damping by putting z, = £, in 6.23 (12) or 6.28 (13). The function 
ia is giron in Fig, 6.3. It goes down to the range of firequenciee given by 
(7) in the region of th e inner oorona (n = 10*-10^), Henoe the frequanoy 
band transoilttod from the photosphere is oonrerted into heat in this 
region. As we shall see in the next seotlon, this may he the explanation 
of tlie high tempeiatOTO of the corona. 

Against this it may be objected that in the nppei' chromosphere tho 
low-froqiienoy limit oj, (giron by the refieotion of the waves) is so high 
that rather little of the wave enetgy really reaches the. oorona. First It 
should he observed, however, that the oaloulatlon of (i>, is based on aim 2 )li- 
fiod asaumptsons abont the chromosphere (constant density gradient, 
whioh at the border to the oorona suddenly obangoe to a muoli lower 
value). If a smoother oiirvo for the gradient near the limit between tho 
chromosphere (md corona is used,, the high values of Wg for n 10* 
disappear. Fmther, the refieotion is oaloulated on the assumption that 
tho amplitude of the waves is small. In view of the faot that the ohromo- 
sphore Is observed to be violently turbulent, it is doubtfiil whether 
refieotion really takes place In the predioted way. 

As in a wave the klnebio energy equals the magnetio energy 
the eneigy-tracsniittod upwards from the photosphere V is given by 

Cr:^2wjiF. ( 11 ) 

As we have foimd, 1^ is of the order of 6.10* cm. sec.-* and W/r = 10* to 
10*eigom.“* H.IIB we have 

17 = 10®-10* erg om.~* sec.”* (12) 

This is of the order of 1 per oent. of the total energy radiated by the sun 
(6. Iff*® erg om.“® seo.”*). At least a oonstderahle fraotion of this should 
be converted into heat in the inner oorona. 
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6.5. Theory of the corona 

Since BdUn’a idantlfloatlon of the ooronal Unna (1943) it osn be 
oonaidfired aa oerbain that the tempeiatore of the oorona la of the order 
of 10* degreea. The problem of how the oorona la heated to thla exceed¬ 
ingly high temperatnre haa become veiy Important. 

The total energy radiated by the oorona la eatlmated by Waldmoler aa 
about 10~* of the aolar radiation. 

6.61. Heating of iheeorona. The Idea that the corona may be heated by 
aomo Bort of waTea, emitted upwarda &om the photosphere, baa been 
proposed by several authoia independently. The waves may be either 
BOTind waves (Bierniann, 1040; Houtgaat, 1047; Schwarsadrild, 1948) 
or mogneto-hydrodynanila waves (Alfrdn, 1047). .Agalnat the former 
theory it may bo objected that in ita present form It does not take aooount 
of tlie inilnenoe of the solar magnetic held, which oertainly afieota aonnd 
waves very much, eepeololly when the aoiind velocity is close to tiliB 
magneto-hydrodynamic wave velocity, which ooenrs in the solar 
atmoaphoro, Against the latter it may be objected that in ita present 
form it does not talce ocooimt of the oomproasibllity of the modlnm, 
which certainly is important in the solar atmosphere. A aatisfactoty 
theory may bo reached by Introducing elsotromagnotio cQleots into the 
sound theory, or—^wliieh is the aamo—by introduoln g the comprenlbni by 
of the mediuin into the inagnoto-hydrodynnmic theory. Aa in this 
treatise we attempt to trace clootroinognetlo phenomena, wo alioU 
confine (niraolvoa here to tlie mngneto-liydrodynamic theory of the 
heating of the oorona. The fundamentals of this theory luvo already 
boon given in tho preceding paragraphs. 

At first sight it might bo ostoniahing that phenomena In the rolatlvoly 
cool ])liotos])hero aliould bo able to oaiiso such a high temporabiuo aa ia 
obaorvod In tho oorona. In reality, hoAvovor, tho prooeae is about the 
same aa tliat wliioli converts tlio heat ftnm burning oool in. a fnmaoo into 
tho lioat of tho InooiuloBoont lllamont of an electric lamp. In loot, the 
heat from tlie burning cool prodiioee moohamool motion in a stoom- 
ougino and in a similar iray tho tomiwraturo gradient in the photoaphoro 
produoea a juoohanioal motion, ooiivootdon. Tlie moohonioal motion la 
converted into elootivinognotlo onorgy by a generator in tho torreetrlol 
ease, and into inognoto-hydrodynamio waves (wliieli contain on eloctro- 
mognotio oomponont) in tho solar ease. Tho oloobromtAgnetio onorgy ia 
tranainittod by wires, ultimately to, for example, on iiioandoeoout lamp, 
tho filament of whioli may l)o heated to a toinjxiratiirD whioh la not at all 
oorroiated to tlie fumaoo tompuratuio. In a siinilar way the Joule olleot, 
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whan tile mogneto-hydrodTnamlo waves are damped, may heat the 
medlam {ohromoephere or oorona) to a temperature whioh is determined 
by the ratio between wave energy and energy loss, bnt has no direct' 
ooimexlon with tire photospberlo temxieraturo. 

6.62. The eorotia aa an otmo^liere at high temperatnn. Immediately 
after Edldn’s identlflootlon of the coronal iinM It became evident that the 
oorana oonld be interpreted as on atmosphere at high temperature 
(Alfvdn, 10416). This idea has been ihrther developed by Waldmeiar 
(1040 a}. 

Most of the light which we receive from the corona la photospberlo 
li^t scattered by the free electrons In the oorona. Ifrum photometric 
obsorvatloiis Banmbadh has derived the density, a ebotrons 0 (m.~", of the 
eleotrans! w« lo"(0*036i}'i"+l>6B)i-<+2 00i;-w), (1) 

where rt » B/Bq. 

The works by Grotidaii (1034), Ohnum (1047), van de Hulst (1047), and 
Allan (1047) have shown that the corona oonststs of two oomponents, 
the iT-oomponeiit or real oorona and tire .P-oomponent whioh is dne to 
light soattered by dust partideB between the sun and the earth. Accord* 
Ing to a revised formola by van de Hulst the deotcon density of the 
real oorona ^ ^ 1 O»( 1 - 23 i 7 -«+ 2 - 0 Oij-M). (2) 

The negative ohaige of the electrons must be almost exactly oom- 
Xransated by positive ohaxge from ions (see } 1.4). Tlmre is no reason to 
sappose that the ohomioal constitution of the corona difteis very much 
frnrn that of other x)ort8 of the sun. Hence most of the positive charge 
in the oorona should be dne to protons. (Because oftlie high temperature 
no neutral hydrogen atoms could be present.) There is also a small num¬ 
ber of heavy multiply oharged ions (e.g. iron strlppedof 14 or 10 electrons) 
which aro reqwnsihle for tiie coronal emission lines. 

Pot a rough estimate of the conditions in the corona, let us assume that 
it consists of n electrons and n protons per cm,’ At least in the inner 
oorana tho denslby la high enougli to ensure tliermal equilibrium between 
th&'moleoulee' (but of course not between molooulee and quantaI), so 
we can apply the oommon laws of Idnotio gas theory. Wo assume that 
the mean eneagy W of the molecules (in our case oleotions and protons) 
amounts to ZhT/2 , As there ore 2ft molecules the gas pressure is given by 

p ■=> 2nkT. (3) 

If (« 1>66. lO'** g.) is the mass of a hydrogen atom and 
170 (= 2*74.1(H cm. eeo.-*) 



SOLAR PRYSI08 


Ufa 


0.0 


ia bho aooeleration at tbo sun’s BiufMS, tiie gravitational fbroe aotiiig 
upon a oubio oantiinetre ia gonniffij-K As wb have assmned that this 
force is oompensated by the pressure gradiant, we have 


dp __ ffpnmjf 

Sodii 17* 

Differentiating (3) we obtain from (3) and (4) 

where T. = = U-O. loi^K. 


(4) 

( 6 ) 


From (fl) we obtain ^ =-f A ‘^’1* 

2o * J T 

or, aooording to (2), 

T (l-23/7)i7-»+(a-00/17)ij-« 

Tb “ l-23t7-*+2-09ij-^ 

Tlie value of T from this fonnuia is shown in Fig. S.2. The tem¬ 
perature in the imior ooroua ia almost oouatont, having the value of 
' about ].000, 000 °. 

Taking nooount of the fact that the oorona contains heavier gasoe 
tlion hydrogon, wo obtain n atUl Iriglier value for the tempemtiu'o. 

5.63. Tint /liructure qf Oie corofvt. As has boon sliown abovo, the 
ooronn oouUl be Interpreted na an atmosphore, heated to about 1,000,000° 
by oleotrlo oiirrunts ussoointod with the granulation waves. This result ' 
refers to the average conditions, which, however, are frequently dis¬ 
turbed. 

First it should Iw observed tliat, mving to the magnotlo Hold, the 
corona is liigbly anisotropic. The olootrio conductivity parallel to the 
magnetic Held Is much greater than jioi^wndioular to tlio field. !Magnoto- 
hydrodynamic waves move parallel to tlio field. Charged parbiolos move 
easily along the magnotiu linos of force, but a motion perpondloiilor to the 
field is braked by olooti'oiuagiietio ))honomena. 

If wo BupiNWo that iu the ]>h()toHplioro tbo gononition of granulation 
waves is unirortn over the whole solar surface, it is easily seen from tho 
geometiy of the mognebie field that in tho oorona tho oquaborial region 
must rooeivo more eneigy tlmn tho polar regions. Kenco wo should 
oxiwot the tOTiiporaturo to Iw Jiighor at low labitiicloH than at high 
latitudes. Tills is in agreement with the ohsei'vational foot that the 
oorona is normally more oxteuded over the ocpiator than over the polos. 


( 0 ) 

(7) 
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Moreovar, aa Waldmeler (104J5 b) haa ahowDi tliB ionlzatlou in the corona 
Is higher at low latitudes. Whereas the red corona line 0374| which 
according to Edldn Is emitted by "Fe X wbloli lias an ionization energy 
of 288 6.7-1 ia obBorred in all latitades, the groon lino 0308 deriving from 

ZIV with an Ionisation energy of 300 e.v. Is oasentlolly oonflned to 
low and middle latitudes but In general absent near tho polos. 

Even If we assume the grannlatiozi waves to mipply the 'normal* 
heating of the corona, there ia no doubt that oblior heating proceases ore 
also active. Of apeolal importanoe are elfcots doriviug from the pro* 
mlnenoes. As we aball see in { 0.6, promlnenoee may be explained as 
electrical dlooharges in the solar atmoephero. Eleobrlo onirents In.the 
promlnenoeSi and maybe also secondary ourreiit systoma In their en¬ 
vironment, heat the corona In exoeas of tho lioatiiig supplied by the 
eleotrio ouirents of the granulation waves. The doi)ondenoe of the 
coronal Btmatnre on the solar activity may be oxi)lainod in this way. 
In iMt a prominence or any other algn of solar 'aotlvlty' usually afifeota 
the corona In suoh a way that it becomes espoolally brilliant or extended 
over the active region. This phenomenon is often sii])i)osed to be due to 
an 'ejection' of matter from the photosphere, but tlio meobanlam of 
ejection la left unspedhed. It seems more natural to oaaunie that the 
heating of the corona—or in part also of lower layers—ia tlio primary 
effect, resiilbing in a thermal expansion of the corona or (os will be 
discussed In 9 0<'7) a diamagnetic expulsion of tho heated gas. This Is 
also In agreement with the interesting reeiilt by Waldmeler (10466) 
that tho yellow corona line 6004 is observed fllnicwt only above sunspot 
groups of great activity. ITiia line derives from Ca XV, whioh lias an 
lonlution energy of as much os 814 e.v., and can Iw oonaidered as on 
Indicator of extreme temperatnree. 


6.6. Prominences 

Prominenoefl ore moat easily observed when situated at the solar 
limb, Some charaoteristio types are seen in Pigs, 0.23-0.25. At the disk 
they are visible os long fllments (see Pig. 0.26). Two different types 
can be discerned: Eruptive prominmoes are usually aasooiated with 
sunspots and solar flares. They change their stmotiiro very rapidly and 
are shortlived (houia or days). Quiesemiprominewes arc more persistent 
and may last for months. They may be as long os 40 or 00 heliograpliio 
degrees. According to d'Azambuja (1041) their averogo dlnienaionfl ore: 
length 6.10^ am., height G. 10» am., breadth 3.10« cm. 

In the promlnenoee internal motionfl with velocities of the order 



ViQ, 5.S3. Bplwli pramlnonise (Fottlb, Pvbl. Ttrhea Obt, 3, 1020). 
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lO^lO* am. eeo.'^ apD obseired. The aooelerationfl are frequently much 
larger than oonld he prcxlnoed by gravitatiQn, and their direoUone make 
orhltrary angles 'frith the vertioal Matter 1b often ejeofced upwards and 
aideways, but the most eharaoteristlo motions in promlnenoes are 
dirooted downwards^ frequently towards a sunspot, whioh seems to 
^attraot' the prominenoe* In some of the marvellous moving piotnree by 
Lyot and Mensel matter is seen to move at almost oonstejit speed along 
a fixed path whioh oouM very well be a magnetio line of force of a 
sunspot field. Matter seema to be brought into the prominenoe hi gh up 
In the oorona and to stream downwards to the photosphere. 

The speotmin of promlnenoes is ainillar to that of the ohromosphere. 
Ihe exdtatioiis ooirespond to a temperature of the order 10,000- 
20,000®. (See Waldmaiar, 1041, p. 326.) 

Many theories have been proposed In order to explain the prominenoes. 
[Hi^hayebeeiiBupposed to oonsbitute an analogy to terrestrial voloonoes. 
This is an eady hypothesis and oannot be taken seriously ^rith our 
piesent knowledge of solar cx)Bstltution, but still different aiithom 
sometimes assume that 'hot gases are ejeoted’ from the eun^s Interior, 
whore the temperature is high. Such a process Is of oourse absolutely 
impossible. The hot gas in the sun's interior is at on enormous pressure 
and if this pressure is reduced the gas will cool odiabatioally. If matter 
really were brought up fi*om the sun's Interior into the photosphere, 
lb would be inueh cooler than the photosphere. (Compare the upward 
motion in sunspots.) No attempt has evei' been made to formulate the 
hydrodynamic oonditlonB for the supposed' ejection* of matter from the 
photosphere upwards. Moreover, in reality, matter usually streams 
downwards In the prominences. 

The radiation pi'esBure tlieory of prominenoes is not very much more 
euooeaafal. Certainly If we ooualder a small part of a promiuenoe, whioh 
Is accelerated, it Is in principle poeaiblo to suppose that tlie aoceleration 
takes place under the action of a force composed of gravitation and 
radiation pressure. lu some oases the postulated radiation pressure 
muBt be very large, requiring extremely high temperaturea, but very 
high temperatures are roqoiied anyhow, as indicated by observations 
of solar flares and radio noise. Tlie real difficulties start when we try to 
explain the motions in the whole prominence, or, still worse, a system of 
coexisting prominenoos. Take for example a quiescent prominence, 
which may he an arc extending over more thou 60 heliographio degrees. 
In this arc matter moves, upon the whole horizontally, and at a rather 
uDlform speed. How should the light Bouroea, reapoualble for the 
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radiation preesure, bo aituated In order to produce Buoh a type of 
motion 7 And why doea the radiation preeBure offeot matter only In that 
very thin are which oonatitutea the prominonoe, and not dieturb the 
oonditioDB in the photosphere around it 7 

It would be still more difRcnlt to explain the prominences yisihle in 
some of the moving pictures. These may form a complicated pattern of 
fountains, with matter moving in different directions but usually along 
oertain fixed paths. 

When studying prominences it Is diffloult to avoid the impression that 
some foroe other than gravitation and radiation pressure is the really 
important factor. It may be worth while to investigate whether this 
unknown foroe is of elootromagnehio origin. Hence we ought to study the 
electromagnetic conditions in the solar atmosphere. 

First of all it is of interest to point out that there Is an Important 
difference between the terrestrial and the solar atmospheres. The 
terrestrial atmosphere is an eleotrio insulator, whereas the solar atmo¬ 
sphere la a good conductor (see § fi.31). Henoo so-oaUed deotitwtatio 
phenomena cannot exist in the solar atmosphere. In the terrestrial 
atmosphere a thundercloud may keep a ohorge ab many iiiUhon volts 
during a long time. In the solar atmosphere the charge is oarri^ 
away long before it has been able to produce a notable potential 
difference, 

Conseqnently there is no similarity in electrical lespeots between the 
solar atmosphere and the lower port of the terrestrial atmosphere [os 
Bupposod by Bnioe (1040)], It is more legitimate to make a oomparison 
with the liiglieefc jjart of our abmosi^horep the ionoaidiere, which is an 
oloctrioal oouduotor, althougli not so good as the solar atmosphere, 

6.61. Dischargt thtory of prominences. EUclromoHve force. We shall 
here dlscusH a theory of solar prominenoea ooooiding to whioh they 
ooiifltituto eleotrio cliscliarges. The electromotive force is supposed to be 
goiiomtod by induction whioh ooours when solar matter moves in the 
aiin^fl gonoral field and the sunspot magnetic fields. Those fields also 
affect the discharge itself, because in a magnetic field the oonduotivity 
becomes liiglily anisotropic, so that the current prefers the direction of 
tlie magnetic fidd. As we have seen in § 3.21, an eleotrio field with a 
oomponont iiarallel to the magnetic field produces a current <i| whioh 
equals wheieoa on eleotrio field perpendicular to the magnetic 
field in the first moment gives a oiuTeut <jl equal to o-j^ After some 
time tliifl current will liave decayed beoause the medium haa been 
aooeleiated and on opposing electromotive foroe produced. Henoe, 
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lon^y speaUiig, the ouiieiit oan flow only along the magnetio linee 
of fbroe. Tht coiuKlion for a discAargt. a6ove the aoilair ewfaee is (Aat a 
moffnetie Hue qf force mterseeie the surface in two poirUa of d^ertnl 
potential. 

We hBTe seen in ] 6.97 that eunspota axe aaaooiated with very power- 
fol eleotiomotlTe foroee. A Bun^t-prodnoing magneto-hydrodynamio 
whirl is ocxineoted with an induced e.in.f. of the order of 10^10* volts, 
whidi, however, under ideal oondifdons (homogeneous magnetio field, 
ooDstent density, infinite oondnotivily) is exactly compensated 
by a polarizatloix e.ni,f. If ihe ideal conditions axe not aatisfiod we 
should not expect the oompeDBOtion to he exact. In tiie case iseated In 
S 6.37 the oom pe tDflation la exact below the surface but the induced 
eonf. is unoompeosated above the eurfiaoe. Sven if only a relatively 
wmiJl part of tile voltage Is left uncompensated, a very large e.m.f. is 
psoduoed. 

There Is also another prooesa which may produce very hi^ voltages. 
Bunspots are associated with on upward motion In the spot itself and an 
outward motion in the environment (Svershed efieot). The outward 
motion Is acted upon by the OorioUs force, which produces a tangential 
oomponent and gives a vortio^ motion around tiie spot. Such motions 
have aotually been observed by Fox (1021). Of oouise they give rise to 
magneto-hydcodynamlo waves whloh ore moving downwards. 

Corresponding to the outward motion in the upper layer there is an 
inward motion in the deeper layer which also gives rise to a tangential 
motion in the opposite direction to tirat mentioned above. Thia is 
transmitted upwards by magneto-hydrodynamic waves and may reach 
the sur&oe, Sence the aur&ce motion may go in either direotiou depend¬ 
ing upon whloh efiect preponderates. 

Together with the magnetic field the tangential motion gives a 
polarisation e.nLf. In a radial direotion. The voltage 

7=.l|[vH]d8. (1) 

This voltage may also be oonsidaied as due to the electric field associated 
with the magueto-hydiodynamia wave which transmits the tangential 
motion. In a region with swiftly varying density (suoli as in tlie photo¬ 
sphere) it may be largely uncompensated. 

Tangential diaplBoements of 0>05 hellogiaphlo degree/day are fin- 
qnentiy observed (Fox, loo, oit.). This oorresponds to a velocity of 
10* om./B80. With a magnetic field of 200 gauss, which is reasonable 
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near a sunapoti this gives an eleotrio polarization of 2.10“* volts/oin. 
Wlien integrated over a distanoe of a few heliographio degrees (sayi 
0.10* om.) a voltage of 10^ volts Is obtained. Henoe also in tbla way a 
very high e.m J. is prodnoed. 

The meohanlsms which we have dlsoussed are dependent upon the 
conditions around sunspote which are rapidly ohanglngi so that the 
fields produced in this way may not In general be very long-lived. There 
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may also be a possibility that longer lasting voltage dlSerenoee axe 
produced in the following way. 

Dne to the non-uniform rotation, the sun is polarized even if seen firom 
a coordinate system which takes part tn the rotation (compare §§ l-S 
and 6.82). As the general m^netlo field is symmetrical with respect to 
the axis of rotation, which according to § 6.24 is neoeesary, each snrfiioe 
generated by rotating a magnetic line of force is an eleotrio eqnipotehtial 
surface. Hence In the undisturbed case the electric fiqld is always per¬ 
pendicular to the magnetic field and no dlsoharge Is possible. 

If the magnetic field is disturbed, e.g. by a sunspot field, a magnetlo 
line of force may intersect the solar surface at two points of different 
voltage. Henoe a disohaige may be produced as we have found above. 
In this cose the 6.m.f. is produced by the non-uniform rotation of the 
sun, which means that it is much more constant than if produced by aome 
local motion. 
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Tlie polaiuatiai] prodnoed by the non-nnrfonn rotation uud 
to a Bystem fai which the equator ie at roat may bo oompnt^Ml 

(a) 

0 

wbere iZg is tbs solar radius. 9 tho latitude, H Uio nui({iiotl(i Hold, ami v 
HtsTOtodty r = JloOos9(£l^_a„). (»> 

According to fi.24 (20) the angular velocity ii, =» U,— 

Thus VT6 obtain F«(4) 

where = 0-B8.10* e.5.u, « 1‘7.10» vrdiw. 
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If a m^piotio lino of foixio fhoiti n 
euuapot at tlio equator onrls at, for 
example, 9 =» tfo", a voltagci dinbr- 
enoe of O'0.10® voltsia aktaiiUKl. T<i 
tiiis should be oddod tho v( >1 tngu <11 in 
to polariKohion in tho 8i»>b Ilolrl, Of 
oourse V Js also eomnwhab o1iaiij{rd 
by the olumgo in mogiiobio ifohl pro¬ 
duced by the spot. 

The eleobroinotivofoTOoiuiwioiatfvl 
ipitb the non-unlfonu rotation nnuld 

long-lired than the voltairee fiom lomT^nt”*^ ^ ^ oonstaiitaiid 
.uch big^r inarere 

fiilel«>trt«noM^foi^rr^^tr* oxbroiimly poirnr- 

»M> -etire in the aoCjIh J it ^ 

l»«Hlnee diaehoigre. As above ths i that thoMOKlii mid 

ctJiulnotivity is much lamer namH of tho ohroinoejjhow the 

lar to it, we should expect a fflognetio fioltl than iHiriJoiiiUoii- 

tfic magnetic lines 

<'f tho disehaigo may differ vinbiUty of dilTeronb ,«vrts 

iMirt of it is observe. An i «”ly ‘v 

given by tho 'splash pmnunenoe’devoloiwl disolnu^gt, i» 
it shrmid be Intoipreted as a dlsohftiytf^u ^ of the theory 

’^■hiol, go from magnetio Unoe of f«rt« 

‘^Ulsosonm^aondatydSolm^rr,*^ 

™«e0 are visible beJoiv the main dlaoluirgo. 




PdjArizabtoa ^ 
noQ^imllbRn rDteUoii. 
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In many oases only that part which Is remotaBb from the spot is viflible 
at first, often as a rather diffuse olond, which later sends out a' stroamor^ 
towards the spot. The oharacteristio phenomenon that epota ^attract* 
prominences may be due to the fact that most lines of &roe end In apotfl, 
and that, for some unknown reason, the visibility of the dlsahai^ge Is 
initially low near the spot. 

Especially near large spot groups the magnetic lines of force often 
form a very oompUoated pattern, in which diaoharges cause a system of 
fountain promlnenoM*, 

It must be observed that the magnetic lines of foroo are not ligirL 
On the contrary, the discharge may change their shape^ and frequently 
one gets the impression that they are pressed down under the load of the 
matter in the prominenoe. This ooouia espeolally in long qulesoeiit 
prominenoefl, which are almost hodsontal (see Eig. 6.20). Often the 
discharge is branched so that it looks like a series of oros. 

What is said indicates that prominenoes may be identlfl.ed with eleotrio 
discharges. 

Considering the problem more closely, serveral objeotions arise. The 
shape of the prominence shows that it must bo a constricted dlschargOt 
In an ordinary constricted gas discharge the dfsoharge ohannel has a 
higher conductivity, a higher temperatnre, and usually also a lower 
density than the enrroundings. In an arc at atmospheiio pressure, for 
example, the temperature is more than one power of 10 above that of 
the surroundings, and the density oorpespondlngly lower. The discharge 
ohannel is a good conductor, whereas the surrounding gas is an insolator. 
In the solar case the oondltionB are reversed. The corona is normally 
very hot, about 10® degrees, and the prominenoes are oertainly much 
cooler, probably 10,000-30,000°, The density in the promioenoe is at 
least 100 times that of the corona. As the corona is normally completely 
ionized a discharge in it could not increase the ionization appreciably. 
(The relative number of heavy atoms which could give off more Qleoti'onB 
is small.) According to formula 3,23 (64) the oonduotivity of a com¬ 
pletely ionized gas is proportional to T* and iudependent of pressure. 
Hence the oonduotivity in a prominence must he lower than In the 
surroundings, and it is difficult to understand why the discharge ciui'enb 
should flow only in the prominence, Earther, the internal motionfl in a 
prominence are usually directed downwards. In a prominence arc above 
the solar surface motions may go downwards In both branohee. If 
the observed motions are assumed to be due to the motion of positive 
ions, these must go in the same direction In Uie whole prominence, so 

••M.T4 
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that if they are directed downwards in one branoh they mnat go iTpwards 
In the other. 

All thflH fl objootioiia are valid only if we snppose that a diaohaige 
through a oompletely lonlzod goa of oosmlo dimenfliona, auoh oa the 
ooionaj muathavB easontlally the aame properties as a dlsohaigo throngh 
a cold gea in the laboratory. The analysis in § 3.41| although rudimen- 
taiyi indicates that this la not at all the case. 

A high anrrent discharge in an ionised gas is aooording to § S.41 likely 
to oonatriot beoaoae of the electromagnetio attraction between parallel 
ourrente. As soon as a onrrent has started a magnetic is produced, 
the linea of fbroe (in the absence of a primary magnetic field) encircling 
the ourrent. The path (in the oentre of the current) where the magnebio 
field is zero 1 b of special importance and will here be called the axia. In 
the whole apace ooonpied by the oorrent, matter is accelerated towards 
the axis imtil the pressure at the axis is strong enough to compensate the 
mntnal eleotromagnetio attraction of the ourrenta. The preeaure may 
be calculated &om formula 3.4 (5), The dliferenoe^ Ap, between tho 
presHore at the axis and at infinity la of the order of 1 /4tr where 

means the maximnin magnetio field produced by the discharge. Putting 
this SB low aa 10 gauss, we find Ap = 10 dyn. cm.'*" This is very great in 
comparison with the gaa pressure in the ooroua, which for a temperafcui^ 
T ^ 10* degreea and a density of n = 10® molecules cm,"^ is given by 
p *=» nkT =* 1-4.10-® dyn. om.^* 

We have found that a discharge through the ooiniia brings inatteir 
from the BuiTouudingB towards the discharge axis. Tlie matter thus 
oonoentrated can escape only along the axis, and will In general atreaiu 
down to the photoaphei'e. Tliis explains tho predominant type of motion 
in a prominence. 

The low temperature of tho prominence in comparison with the corona 
may simply be on effect of tlio increased pressure. The corona can only 
be kept at a high temparatui^ because its density is extremely low. An 
inoreaso lu density means an increase in radiation losses. CJertainly a 
Joule heating takes place in the prominences, but tliis does not suffice 
to cover the increased losses tlunugh radiation. Joule heating by stray 
ourrenbB in the enviioument of the real prominence may heat the 
corona, so that the coronal temperature near a prominence may rise in 
spite of the fact that the prominence is rather oooL 

If we try to estimate the ourrenta in a prominence a quantitative 
difficulty aeemB to arise. Tho magnetic field of the discharge current 
cannot be os strong es 1,000 gauss, because such a field should have bean. 
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detooted by the Zeenmn effect. Suppoee that a prominenoe is a thin 
sheet, thiokness «s3.10*oin. (oompare $0.6), within whloh the 
omrent density i is constant. Then for the magnetic field at the socfaoe 

( 0 ) 

0 

If .ff = 100 gauss, we find 

♦ = l-0.10*e.8.u. 

With <7 =1 10^ O.B.U,, we obtain 

J5 = »/(r = 1-0.10“*® o.8.«. 

Integrated over the length 6.10*® cm. of the prominence, this gives a 
voltage diSerenoe of 10 e.s.u. >= 3,000 volts, which is very mndh less 
than expected (10*-10® volts). 

This discrepancy is dne to the &ot that the curront is not detennined 
by the resistanoe but by the indueUmce. 

Considor the dronit consisting of a prominenoe and tlie solar surface. 
Denote its lesistmioe by X, and its indnotanoe by L. An e.m.f, 7 pro- 
duoes a cnrront t. We have 

F = X*+X|. ( 6 ) 


Aa an approximation let na regard the oirouit as a oironlor loop (radina R) 
with olroTilar oroaa-aeotion of radius If the oonduotivity is cr we have 
aooordiiig to well-known fomiulae 


„ 2R 

^ fJ 

(7) 



i = (in:“ + !). 

(8) 

o' \ p i/ 


The time-constant t of the oirouit is givon by 


— ^VA' = ^P*(ta| + i). 

m 


Putting p = 3.10® oin., — JO^® cm., o =:= JU^ e.a.u. (all moderate 
valuos), we obtain 


X ^ 3.10-“® c.a.u. = 3.10“® ohin, 

L = 5.10”^® e.B.ii. = 500 henry, 

T =: 3-5.10^® soo. = 800 yoara. 

TJie big value of r indloates the enoniioiia iinportanoe of the indiio- 
tancie. Por times ainaller than r tlie current in a oirouit Ja determined 
mainly by the Induotouoo. Henoo it is only when V does not ohauge 
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during Boyeral oenturloB that the ourmnt syetem 1b dotennlned by the 
oonduotlvity. More rapidly ohonglng voltagee give ouirente mainly 
determined by the Induotanoe. 

If a oongtant voltage hoa been aotlye during the time ^ ( <t} we have 
approximately ^ • / 

( 10 ) 


If, aa In the example diaouBBed above, the eleotromotlve force 7^8.10^ 
volte and the voltage drop over the realetanoe Xi = 3,000 volta, we have 
t = d,000T/3.10^ = lO'S-« 2*5,10® 860 . Henoe the given figures would 
be oharaoteristlo for a qnlaeoent promlnenoe whioh is about one month 
old. 

The analogy with an ordinary eleotrio olroult is lUuminatlTig In some 
reapeota, but it must not be taken too literally. In the solar atmosphere 
there is no fixed olroult because the magnetic linea of force are flexible 
and, moreover, influenced by the current whioh produoea a secondary 
magnetic field. The moat important difference is, however, that the 
above oatoulatlon refers to a current in a wire surrounded by an inaulator, 
whereaB in the solar atmosphere the aurrounding medium is a oondnotor. 
Henoe we come close to the well-known 'akin effect* problem: If on eleo¬ 
trio field 1b applied to a solid oonduotor, the current atarts near tlie but- 
fm. At first no ourrent flows in the interior because induction produces 
an e.m.f. which compensates the applied voltage. The anrfaoe amrent 
penetrates more and more deeply into the oonduotor, so that after some 
time a ourrent flows In the whole of it. 

As shown in § 3.41, the 'skin effect* In a oompreaalble oonduotor is 
probably very different fimm the common effect whioh is oharaoteristlo 
for a BoUd oonduotor. The ourrent does not flow at the surface but In a 
ohannel in the interior of the oompreeaible medium. Induction proteotB 
the rest of the medium from currents. 

The theory of prominences disouased here is of course only a first 
approach to the problem. Before a real theory could be developed, the 
‘inverse skin effect* must be studied closely. The effect of on Imposed 
magnetic field parallel to the ourrent must be investigated. 


5 . 7 . Emlsalon of Ion clouds 

Magnetio diaturbanoes, including aurorae, occur frequently on the 
earth id^out one day after a disturbance in the son (solar flare) or after 
the meridian paoage of a big Bunq)Ot. The oonoluslon has been drawn 
that some agent la emitted foom the sun, whioh travels at auch a speed 
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2.10^ oin. Beo.~^] that it reaches the earth after about one day. This 
agent cannot be on electron or ion beam ooutaining partlolee of one sign 
only, becanee as Schuster has pointed out, such a beam cannot transmit 
power enough to produce a magnetic storm. Instead it must be oleotrlo- 
ally almost neutral, so that it contains about the same amount of pofidtivo 
and negative particles. A thoory on this basis has beou devoloj)ed by 
Chapman and ferraro (103D), lator leading to a theory of inagnetlo 
storms (see § 0.1). 

The most difficult qtiostlou is how the Ion cloud oonld be aooelorated 
to such a high velocity. A proton with the velodty 2. lO* cm. seo.-^ 
has a kinetic energy of more than 20,000 electron volts, bo that even if 
the oloiid consists of protons and eLeoti'ons only, the average energy per 
particle nnist exoood 10,000 e.v. This corresponds, with random dlshi- 
bution, to a temperature of 10^ degrees. 

If poaslblo one would avoid aBsmnIng the existonoe in this oonnaxion 
of fliioh high onergieH. Certainly the reourrent ai)pearanoo of dlsturbonoee 
one day after the meridian ixisHago of a sunspot is no definite argument 
for such liigh volooltioB, beoause a beam sonb out from the sun may take 
part in tlio solar rotation and for soino reason be situated in suoh a way 
tliat it iMimofl the earth after a delay of ono day, Tho ocourrenoe of a 
storm ono day after a solar Haro oonstitutos a much stronger aigiimont, 
Something must have boononilttod whioli roaOhee theoaith one day later. 
This need not i)o an Ion cloud but could bo, fur example, somo sort of 
waves. A dooisivo argument for the ion cloud hyiX)thQHiH seemH to bo tho 
fact that in the solar nbniospliofx) expulsions of prominences aro obaorvod 
with velocIbioH up to 10^ cm. koo.~^ This shows that some moohonlsin 
in ociinoxion with the prominonouH Is able to impart suoh high velooitloB 
to a cloud. 

An jnnjr.c(l gas which is lioatod to a high toniporaturo is strongly 
diamagnetic in the absoiioe of limiting walls (boo § 3.3). When aituatod 
in an unlioiuogcuiouiiH maguetio Hold It is acted upon by a foroo wliloh 
trios to bring it out of tho Held, if it is free to move under tho action of 
this force it (mk)Ih down, and cunvorts its kinetic energy into volooity in 
the direction of blio foroe. In this way an ion cloud may bo ox})ollod at 
any velocity, ])n)vidiHl only that it is initially boated to a sulBolontly 
high teni|jcmtiiru. Kor a volooity of 2.10® oni. hoo.-^ this toiiii)orabure 
is, as stated above, of tho cmlor of 10" dogroos. It Hhould be obsoivod 
that it BiifficoH if tho oloctronio tem|)eratnro roachoH this vQJno, so tho 
gas need not l)c ho lint. Anylmw this is certainly a very high temperature 
and wo inuHt iiesitivto U) nojimio tiiat soino [lart of tho solar abinosphoro 



IM 


80LAB PHYBIOS 


5.7 


oouM be 80 bitanacily heated. On the other hand, we know that the oorona 
la quite normally at a temperatoie of lO* degreee, and In a disohaige 
an elaotronio tempemtoro 100 times the gas temperature is not at all 
remarkable. 

A temperature of 10* degrees oorrespouds to partiole energies of the 
order of 10* o.r. The oleotroniotive foroe of a prominenoo disoharge has 
been eetiinatod to be of the order of 10* volts (see § 0,01). Hence the 
voltage Is no doubt soffloient to give the oharged partidles an eneigy oa 
high as required. The main diffloulty, however, is how it oonld be so 
oonoentrated as to give rise to suoh high temperatnres. We have seen 
that most of the primary voltage is compensated hy inductive effects 
and that only a few thousand volts are available in the disohaige (see 
$ 6.62). 

In§ 3.6 it hu bean shown that in an ionized gas a disoharge is not stable 
when the current density exceeds a oertain limit. This instability is due 
to the £aot that, when the electron temperature increases, the Interootloa 
between the electron gas and the ionic gas decreases, with the result that 
the cooling of the eleotronlo gas becomes less effective, so that the 
temperature increases still more. The result is likely to be an ‘oleotion 
gas explosloa% leading to an acceleration of electrons to very high 
velocdtiee. When the current In a circuit is interrupted, most of tho 
eleotronuvgnetio energy of the circuit is dissipated at the plooe of Inber- 
ruptioa, where tho voltage difference may be much higher than the initial 
o.m.f. (booause to this is added an induced voltage). Hence it seems 
reasonable that veiy high temperatures may be reached by the eleo> 
tronio gas. 

6.8. Electromagnetic conditions around the sun 

IHiere is ^moet no observational evidence concerning the important 
question of the elootric and magnetio oonditions in the eiiviroument of 
tho sun, say within the planetary system. Especially the problem of the 
eleotrio held seems never to have been attacked sorlously from the 
theoietlool or the observational side. 

6.81. Magnelicfielda. According to § 6.22 the sun is likely to possess a 
magnetio field which at the surface and oumide is approximately a dipole 
field. In the neighbourhood of the earth the terrestrial magnetic field is 
Buperimpoeed on this field. At a diatanoe of 4.10^* om., l.e. the order of 
magnitude of the diatanoe to the moon, the solar and terrestrial fields 
are equal, each of them amountmg to 10-* gauss. We know nothing 
about the magnetic fields of other planets, but if magnetic moment per 
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unit Yoliune is of about the Borne order oa In the oafle of the earthi oven 
theeo fields are oonflned to tlie close neighbourhood of the planels. 

Outfiide the solar inagnotio field there may bo a general goJootio mag- 
netlo field (see § 7.0). Argumoute fiom the propertioB of oosmlo radiation 
ludloato that the golaotio field may have a Btrength of between 10'^* and 
10'* gauss. The solar magnetla field has deoreaaed to 10~^ gauss at a 
diatanoeof 0*3.10^ om. (assuming a dipole fleld) 4 whioh Is near Neptune’s 
orbit. 

Consequently the magnetlo oondiMons within the whole planetary 
system, except in tho oloso vloinity of the planets, is likely to be go venned 
by tho solar mognetiQ field. 

Currents in inteiplanetaiy matter may disturb the solar field. We do 
not know to what extent thia takes plaoe. 

6.83« Sleciric fields. The eleotriool oonditlons are not so easy to 
analyso. 

Suppose tliat an olootrioally oonduoting, uniformly magnetized sphere 
revolves around the axis of magnetization with the oonstant angular 
Tolooity il. Suppose further that in a referenoe system whioh follows the 
rotation, no elootrlo fields exist. Seen from a fixed reforenoo system an 
oleotrio field S is Induced by the motion with the velooity v in the mog- 
netio Held H: 

E = ^[vH]. (1) 

Gonsequoubly tlio voltage at a oortain latitude 90 ^ sphere Is 

K ^ /ip fl 9o^0’ (2) 

whore Rq = tho radius of the sphere and (= i/p sin 90 ) ^ the vertical 
oomponont of the inaguetlo field. Wo obtain 

( 3 ) 

whoro 7/p and Vj, nro tho inagnotio Held and tho elootrio potontlal at the 
jjolo. For the ann wo obtain for tho voltogo difTeiunoo between tlie 
equator and one of the polea, putting Bp = gansa, 

17_]7 =,.i.7.io*volbH. (4) 

For tho earth we obtain {Hp — 0-0 gauan) 

V,—Vp= 0-88.10* volte. (fi) 

Froni (S) wo know the potential distribution at the snrfooe of the mm. 
If we oalonlate tho oonduotivlty of intorplanotary epaoe from the 
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formulae of CliaptoF III, it would be poesiblo to find the outront system 
produced by this potential, and henoe we oould also oompote the potential 
distribution in intaiplanetnry spaoe. 

In re^ty the problem Is more oomplioated, because, as in § 6.62, the 
oncrent is not detamilned by the oonduotivity but by the Induotonoe, 
and os we deal with much larger linear dimensions the relative import 
tanoe of the induotonoe is muoh greater. Any ohange In the onrrent 
system will produce induced electromotive foroes which tend to oppose 
the change. Hence If an eleotrio field is produced, e.g. by a space charge, 
this field is compensated by on Induced field. As the induced flaldB ore 
not derivable from a potential w meaningrJus tc apeak of an deelroalaiio 
potential in ihe enmnmmanl of the sw». 

The onrrent density t msry be computed from 

l = a|E+tf[vH]]. (0) 

If there is a density gradient the diffusion current should be added (see 
§ 3.26), but this is ^little importance for the following. Further, a Hall 
ourront is produced if cur is large. If the ourrent is extended over a volume 
with the linear extension x, the msgnetio field from i is of the order 

H « - CT. (7) 

6 


In tho environment of the sun, the linear dimensions are at least of the 
order x = 10^ om. Hxoept very close to the sun we should not expect 
stationary magnetio fields as strong as, say, 10 gauss. Henoe we find 
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3 e.B.u. 


( 8 ) 


Putting o 3= 10“ e.B.u., we obtain 

E+ ft [vH] I < 3.10-“ O.S.U. =10-“ volt/om. (D) 

Compared with other fleldfl, e.g. the Aeld deriving from the polariutloii 
of the Bun, this ia negligible. 

The oonolnaion Ib that aa an approximation we oould put 


E=-e[vH]. (10) 

C 

TJu dedrie field at a certain point ia (approximately) determined by 
{he magndic field and Ihe atate of motion at the point in qneation. Tlieeleo- 
tiio field is not usually denvable from an elcctroatatic potential. 
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Thifl reeiilt may be oompared with the example given in § 0.02. Of 
an applied voltage of 10^-10* volla most is oompenflatod by lutUioocl 
fleldfl and only 3,000 volts ore left to produce a onrrent. Uooaiiflo of tho 
larger dimenfliona the oondltiona in the environment of the huh may l)o 
expected to be still more extreme. 

If a stream of matter with velocity p is suppoeod to be imrt of ii mag- 
neto-hydroclynomio wave, equation (10) is exact and no plionomona 
at all dioiild ooour outaide the stream (boo § 4,0), In a mognoto-hydixi- 
dynamio wave there is induced an eleobrio field E which exactly com¬ 
pensates the polarisation. According to formula 4,0 (fl) tho imlnood 
field is tho same as that given by (10). In the ideal case (homogonoous 
magnetic field, incompressible liquid with constant density) no distur¬ 
bance oooura outside the moving matter. As any stream iu a magnetic 
field could bo considered as composed of magneto-hydrodynamic wavos 
equation (10) should hold exactly under ideal conditions, and os a fair 
approximation under conditions not too remote from those, 

doBO to the sun, say within the r^on of the corona, it is likoly that tho 
average field, seen from a roMing system, is small (non-iinlfonn rotation 
neglected), which means that the matter rotates with about the Haino 
angular velocity as tho sun. Far away from tho aim the avorogo Hold 
seen from i], fixed system is probably small and tlio matter at rest, Wo 
do not know wliore the limit between the rotating and ronting mat tor 
is boated. Probably the state of motion of intetq)1iuiotai'y niattor 
olianges very much, espoolally in oonnoxlon with m ague tic HtoniiH, 

6.9. Solar noise 

If the aerial system of a very sensitive short-wave radio receiver 
is directed towaids certain i^arte of the sky the nonnal noiHO of tho 
apparatus increases. In thhi way Jansky (lf)33) showed tliab the Milky 
Way oiuita radio wavos. Labor S<mbh>vorth (1045) and Kebor (1044) 
found that tlio sun also is a radio transmitter. Ah ApploU^n (1045) and 
Hey (104(3) have shown, tlie intensity of the signals InoroasoH greatly 
diinng periods of solar activity. Acooiding to interferenoo innaHuroiiiontH 
by Ryle and Vonberg (104(3) and MoCready, Pawsoy, and Payiie-fbott 
(1047), tho transmitting araa is much smaller than tlio solar dlamotor 
and may not lie larger than a minspot. 

Solar noise has been received on a frequency nmging from about 15 
to 10,000 megacycles. The lower limit is govomed by tlio opacity of tlio 
Ionosphere, the upper limit by toohnioal diflioiilbieH in cxinstriiotlng 
Bonsitive receivers. The signals ara heard ns a noise which moans that 
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the amplitude variee at random In the same way as in thermal radiation. 
Afl therefore the wsra may be supposed to be generated by thomial 
TDotlon of electionSf wo can give the ^equivalent temporatur© 2 of tlio 
transmitter as a measure of the iiitenmty. In foot for the low-froquoiioy 
part of the speotrnm, Planok^s radiation formula oan be roduoocl to 

5<iv = 

irhoie Sdv u the energy flux in the frequency bnnd dv, h Bultsniann *b 
oonetant, e the velooity of lights v the freqnenoy, and O tho BoUtl luiglo 
of the aouroe. 

At low solar activity the intensity 3 at v = 3,000-10,000.10* 
860.-1 3,000-10,000 Ko., l.e. 10-S om. wave-length) ooEreeponcls to 

T = 20,000° K. supposing the whole solar disk to radiate. 

At V 300.10* BBO.-* (I'fi metres) the eqalralont tom^iorature Is 
600,000° SL, but Inoreasfls somatlmee to 10* degrees when active sunspots 
and especially aolsi flares occur (MoCready, Pawsey, Payue-Soott, 1047). 
Taking account of the fact that the source is much smaller than tlie solar 
disk, WB reach values of a few times 10* degrees (of. also Rylo and 
Vonbeig, 1046). 

The disturbances on frequencies of tho order 10* boo.(100 Mo.) 
consist frequently of sudden large inoreases in intensity of a duration of 
some seconds or minutes. They are usually ooinoident with solar Haros 
and radio fade-outs but, as Fayne-Soott, Yabsley, ond Bolton (1047) 
have demonstrated, there is a oertain time delay between tho distur¬ 
bances at different frequencies, so that the disturbauce at 200 Mo. 
comes a few minutes earlier than the dlsturbonoe at 100 or 00 Mo. 

As found by Mortyn (lD40a), the waves from sunspots are oiroularly 
polarized. 

Attempts to explain the radio wave emlssiou theorotioally luiiVO boon 
made by Martyn (10406), Sliklowsky (1047), Kioiienliouer (1040), 
QloraneUl (1048), and others. The quiet-sun radintiou may not Iw so 
^oult to account for. Waves of different frequencies originate at 
erent heights In the solar atmosphere. Applying ioiiosph orio fo rmulao 
Martyn (10406) has shown that the corona is opaque for 100 Mo. but 
fran^paimt for 1,000 Mo. Hence the former frequency emonatoH from 
ae oor^ ^ its Intensity should correspond to 10* degrees, whereas 
a^her frequencies derive from lower and cooler layers (ohromo- 

Tho very high equivalent temperatures (> 10* degrees) obsoi-vod 
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durin g boIat floTOfi ar© more dlfflcnlt to aooount for. GiDvanelli BSSuiiieB 
tliat in the boIat atmosphere there really are electron temperatiirofl of 
this order (oorreaponding to more than 10* e.v. per electron.) and aooonnta 
for the production of these tbrougli a meohanism somewhat aiToilftr to 
that difioussed in § 6.6. As long as possible we should hesitate to anume 
such high temperatures, but, as seen in. § fi.7, the energy per portlole in 
an emitted ion oloud is only one order of magnitude leffi than this* 
Martyn and Shklowaky assume instead that plasma oBoHlatlons in the 



Fxa. 0.S8. SolnTDolfle. Ylolenblnomae nr«tiK>badon fiOOMo,, lotoran 100 ifo., 
and Btin lAtor on 00 Mo. (Aitor Payne-Soott, Tabsloy, and BoUon.) 


oorona are responsible for the emiBslon. Although this idea has not been 
worked out in detail, it is very intei'esting. It is known that in the 
presence of a magnetic field gaseous discharges prodiioe ^noise* oscilla¬ 
tions. Even if no gas is present, electrons moving in a magnetic field 
produce much more noise than expected theoretically, ea shown by 
measurements by Astrfim on troofaotrons (1046) (compare § 2.7). Even 
if at present we are far from understanding the emiBsion of radio waves 
from the sun, it can be considered as likely that they must bo produced 
directly, or indirectly, by electric disohargea. Hence the discovery of 
solar noise has stressed the importance of studying elootrloal pheno¬ 
mena in the bud. 

The origin of the galactic noise is still more uncertain. If It is produced 
in the same way os solar noise, and hence derives fi.'om the stars, the 
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average output of a star muBt be muob larger fchaji that of the suiij 
beoauae we leoeiTe on aji average about the Bome noise ftom the galaxy 
as from the suxl. This would mean that eleotrio phenomena should be 
much more prominent on other stars than on the sun. On the other hand. 
It la also ponlble that the noise derives &om interstellar q>aoo. 
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VI 

MAGNETIC STORMS AND AURORAE 
6.L Introduction 

Tecb intimate cx)Tmejlon between magnetlG etomiB and aurorae makra 
it neoeasory to oonalder them aa two manifcwtationB of the eame pheno¬ 
menon. During a storm a dlstnrbanoe held ('2>-fleld') is Bnperlmposed 
on the earth’s normal magnetlo field. The first seriouB attempt to study 
this field was made by Birkeland. Our present knowledge of Its straoture 
is m^nly duo to the investigatlonfi by Chapman. The reader is referred 
to excellent surveys by Chapman (1080) and Chapman and Bartels 
(1040). 

The dlsturbanoes have three maximal two very strong ones in the 
aurorfd zones (’polar disturbances’) and a nmallftr one at the equator 
('equatorlaJ disturbance’). 

Tho auroral zones are situated at geomagnetic latitudes of about 
±08^^. A magnetic storm seems always to be accompanied by a display 
of the aurora at least in some part of the auroial zones. At great storms 
the auroral zones are displaced towards the equatori and occasionally 
on aurora ia observed even at very low latitudeSi but thia ia a rare 
plienomenon. Near the poles the auroral frequency ia lower than in the 
auroral zones. 

Investigations of the disturbcnoe field near the auroral zones have 
shown that it may be attributed to currents In the upper atmosphere 
flowing along these zones at a height of a hundred or a few hundred 
Idlometres above the earth’s surfEkoe. The current is directed westwards 
on the morning side and eastwards on the evening side of the earth. 
Hence the ouirents bring positive charge from the day side to the night 
side of the earthi but from magnetlo data no oertaiu conclusion baa been 
roaohed as to how the current olrouit is closed, 

When wo go from auroral latitudes towards the equatori the dis¬ 
turbances decrease until we reach the neighbourhood of the equator 
where a new but &r smaller maxunum is reached. This 'equatorial 
disturbance’ manifesis itself os a decrease of tho normal fieldi pronounced 
on the evening side but rather weak on the morning side. As judged 
from the shape it may be due to a ring current encircling the earth in the 
westward direction in the equatorial plane at some distance from the 
earth. 

A storm may begin suddenly ('sudden oommenoament’) or as a more or 
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laaa oontiuuouB inoream in mognetio aotiTity. During the ficet few hours 
the diatui'biinoe field lisa a speoial ohsmiter (‘initasl phase'), distinot 
&om the fblloiring ‘omln phase*. The latter oontinuee one or two days, 
after which it slowly lades out. 

Magnetio stomiB are closely oorrelated with solar activity, which 
Indicates that their ultlmato oanse is some disturbance in the sun. 
They often begin about one day after a solar flare, which leads to the con- 
ohisian that the dlsturbanoo is transmitted from the sun to the earth by an 
emission of ooipusoles travelling with such a speed (average ^ 2.10* 
cm. 8eo.~^) as to cover the distance in one day. Storms have a tendency 
to recur with a period of 27 days, which equals the solar synodic rotation. 
Trequently a reoumat storm is associated with on active group of 
sunspots, the storms oooorring about one day after the spot group has 
passed the solar meridian. In many oases, however, no observable 
phenomenon in the son con be associated with tlie ooomronoe of a storm. 

Ilie first serious attempt to interpret magnetic sbonns and anrorae 
is Birkeland-Stdrmer’s tbeoiy. A isoent review of it is given by Hewson 
(1937). For the development of tliis theory Birkeland’s famous ‘ terrella' 
experiment has been of cesentisJ importonoe (Birkoland, 1008, 1013). 
In a big gloss box, which was pumped out to the best vsouum attainable 
at that time, a magnetized steel sphere (' terrella*) was placed. Between 
a cathode and the terrella (being on anode) a disebarge was started,' 
The discharge produced circular luminous rings around the magnetic 
poles of the terrella. 

What really happened in the discharge no oue knows. The experiment 
was carried out before the theory of gaseous diaohargu was developed. 
Birkeland and StSrmor Interpreted it in the following way. The cathode 
emits electrons ('cathode rays') which under the influence of the mag¬ 
netic dipole field of the terrella move in oomplioated orbits later oalon- 
lated by StCrmer (see { 2.0), Stormor was able to show that eleotroius 
emitted from a source near tlie equatorial plane of the terrella should hit 
its surface in regions encircling the poles. The lesults were applied to 
nature: the sim was supposed to emit cathode rays which hit the earth, 
CQirespondliig to the terrella, in tlie anroinJ zones around the poles. 

This interpretation Is probably not tenable. It is more likely that 
Birkeland’s huninous rings were produced in the same way as a similar 
phenomenon in Malrafora's experiment, which we shall discuss in § 0.3. 

In Birkeland's first papers the intimate connexion between the mag> 
netio disturbances and the aurora was strongly emphasized, but during 
the development, Including Stunner's mathematical theory and his 
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exteoBlTe auroral obaervations, only Uttlo attenfciou was given to tlie 
magnetlo side. 

The main objeotious against Birkeland-SfcSrmer’B thooiy ore the 
following. Eleotions moving in StSrmer orbito wonld hit the earth at 
the polar dlstonoe 22°) of the auroral zone If their energy were of the 
Older of 10* e.v. The penetration power oaloiilated from tho minimum 
height of the aurora (80-100 km.) indloatea, however, that the energy 
is only 10*-10* O.V. Eleotrons with this energy would reaoh tlio earth 
only one or two degrees from the poles. Further, the theory does not toko 
aooount of the solar uiagnetlo field, which in foot had not been discovered 
in Biikeland’s time. It is essontial for the theory tliat this field should 
be sero, or in any case many orders of magnitude below the real value. 

FiiliiJly, as first pointed out by Schuster, oleotrioaJly charged particles 
of one sign wonld oanso a prohibitivoly large spaoe-ohargo If ti'anamitted 
in Btifilalont number to cause terrestrial distiubonooe of the order of 
magnitude observed. This is a speoial cose of the general rule that in 
cosmic physlas the number of positive partloles per mUt volume must 
approximately eqnal the number of negative 2 )artioles (see } 1.4). ^e 
oonoluslou is that the agent ro^usible for mognetio storms and aurorae 
must be a cloud which oontaina approximately bho same amount of posi¬ 
tive OB of negative ohargo. Strong aigiimento in favour of this opinion 
have boon given by Ohaiunon and Formro (103J, 1032) and by Chapman 
and Bartels (1040). Tho oloud iirolMihly oonsists of ionized atoms. 

Tho next abtook on bho problem was launched by Chapman and 
Ferraro (10.31, 1032), who vary oarofnlly inveetigutod the properties of 
on ion cloud emittod from the sun. (A rooont review is given by Chapman 
and Bartels, 1040.) They find that rimuxs charge ui tho oloud is negligible 
exoept on the surfoocs. If it travels with velocity v in a incgnotic Hold H 
porpondioular to v it becomes iK>larized so tlmt it is assooiatod with a 


field .Si. 


JS = vH/o 


(compare § l.<3). Tlio electric linos of force are perpendicular to 17 os 
well 08 to V, and end on surfooc ohoigos on both sldos of tlio stream. 

When tho stream arlvanoes towartls tho eortli, it is distorted by the 
terrestrial magnetic field. Tho interaction Iretwoon tho inertia of the 
stream and the forces induced by the mognetio Held produoos a system 
of onnents. The magnetic disturlmnoe wliioh results from tlio theory 
has some siinilarlty with tho Initial iihaso of a storm, but does not agree 
very well with the main phnso disturbance. No iinmediato oause of the 
aunnuo has been derived from the theory. 

■m.Ti V 
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Wben dlBoosiiig polafkatlon of the beam in a magnetlo field, 
Ohapmao and Eetraro geem to oonsidor efipeoially the phenomena in the 
earth’s magnetlo field. Henoe their deotrio polarization field Is oonfinod 
to the nelghboarhood of the earth. Conaidoring also the poLuizatlan In 
tile solar magnetlo field, a latgo-soalo eleotrio field is obtained Trith the 
same extension as tiie beam. (The breadth of the beam is of the order 
0.10^ om., whereas the region where the earth's magnetlo field Is of 
importanoe la ^ 0.10^" am.) Henoe the entry of a beam Into the neigh- 
bonriiood of the earth means that the earth Is placed In a general eleotrio 
field. This Is the starting-point of the 'eleotrio field theo^' (Alfrdn, 
1930,1940), in whloh fimdamontel Importanoe Is attached to the eleotrio 
4eld asaooiated with tiie stream. (The Inertia of the stream is more or 
less negleoted.) Under the aotlon of this field the partloles of the stream 
drift in the magnetic field of the earth. The theory leads to a onrrent 
system giving a magnetic field in rather good agreement with the ob- 
aerved distuibanoe Add. The ooourrenoe of the anrora Is ludnded in the 
theory. In fact, the aurora Is supposed to take plooe where the ourrent 
hits the atmosphere. 

I^e argoments by whldh the onrrent system was derived from the 
basio asBumptlons of the deotrio fidd theory were not oompelling; the 
oomptesity of the problem makes an exaot treatment imposaible. Henoe 
a soaJs-modd experiment was made by Mahnfon (1046). He put a 
terrdla Into an deotrio fidd and produced an ion stream drifting towards 
the terrella. A phenomenon wns found which oould be interpreted as an 
anrora, but this ooonrred also without the ion stream and it ooold be 
shown that the pheoomenon was produoed by an deotrio dlsobeige. The 
oonohiHlon was drawn that the properties of the stream are of little 
importanoe exoept for the produotion of the eleotrio Add. As soon as a 
Huffleiantly strong eleotrio field Is established in the envlroument of the 
earth a gaseous disohaige oooute and the ourrent system of the disobarge 
Is responsible for the magnetlo disturbance. Aurora is produced in. the 
reglans where the disohaige hits the earth. 

Althoogh a definite theory will probably Indude many properties of the 
stream as fiaund by Ohapman and Ferraro, the most promising approaoh 
at present seems to be to regard magnetlo storms and aurorae as results of 
an deotriofiddoausingagaseoas disohaigelu the terrestrial magnetiofidd. 

After this short general survey we intend to disouss the drift theory 
in} fi.aandMalmfon'sexperinientinJ 0.3. For a detailed oooount of the 
observational and theoretioal results of the field the reader is referred to 
Chapman and Bartels (1940). 
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6.2. The electric field theory 

The Gfleential foatoie of the eleobrio fidd theory of mognetio stonne 
and aurorae la the aaaumption that tho oharged partlolea of tho atream 
drift under the ootian of on electrie field wMoli la perpendioular to tho 
Bolar magnotia field and to tho motion of the abrenni. In tho light of 
Mahnfoie’a ozperiment tlio drift theory oon probably not be upheld 
In Ita original form; atill It la likely to oontoln many elemeiita whloh 
ahould be Induded in a final thooiy. It ia here preaented easeutdally in 
ita original form bat with aome modifloationa. 

Let ua oonaider the following aimple onae. The solar mognetio field 
Sq ia auppoaod to be homogoneoua in the euviroumont of the earth and 
parallel to the z-oxia of an orthogonal Tefermoe ayatom. Tho earth's 
dipole la situated at the origin of the syatem and ia also parallel to the 
z-axia. An oleotrlo field IS aota in the ai-dJi'eotion. In tlio solar mognetio 
field for away from the origin eleotrons moro imallel to the iry-plano. 
The motion la treated aooorcling to § 2.3. Tlieir energy la el^ and thoir 
orbital mognetio moment p = Spaoo oharge la negleotod. Wo 

also negloot tho inertia term in 2.9 (32). Tlila moans that wo assume 
the olroulor yolooity r to be large in oomjHiriaon to tlie drift yelooity Kj,. 

Under the infiuonoe of tho olootrio field the eleotrons drift in t ])0 —y- 
direotlon, Tlioao eleotroiia whloh ore in the noighbourhood of the 
+y-axlB approach towards the earth. Tlio elootronn in tho xy-plauo> 
whioh in tlio earth's oquatorial ]^)lane, niovo in the mognetio Hold H. 


li = //„+ 


a 


(I) 


where a = tho eortl) 'a dipoio iiioinoiit. The energy of an uluotron at 
(*' J') “ cV = oKo+eAK-*). (3) 

wliore ojj givoa itn pOHifeiou for away from fclio oarfcli. Diidi^g tlio drift 
(I ^ eV/Ii will ronuilii oonataiib (ho(j § 2.3), Honoo blio olootw)nfl niovo in 
Binall oIroluH tlio ooiifcron of wluoh drift along jmtliH givoii by 



eFJ _ (d5+flA’(a<|—») 

^ /7„+a(z:*+f/«)-l 

(3> 

or 

oSq—x — L*r~^, 

(4) 

witli 

r = 

(0) 

and 


(0) 


Tlie ourvea oorreaiwaditig to difforowfc valnon of .'Tq are ahown In Ii'ig. 
6.1. It la ovident tliatolcut 1*008 ooniing from theaimpoaaon tho momiiig 
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Bldfi If their value is larger than a oertain oiltioal value but on tt 
evening aide If Vg < Oonflequontly a atream of eleotrone beoomi 
divided at a certain jKiluta^. The morning branch peases the earth at 
rather large distance, but the evening branch enolroles it and posses at 


/ \ 
✓ \ 

/ \ 



Ths^ 0.1. Idotiim of the elootronj In tho eqnatorlaJ plan** of a nruigiietio 
dipole flcdd cm whioh la ■iq>Brlinpattd e bomogmeona megnetlo flaldg umlor 
tho aoMon of a homoipnoonB eleotrio 

mbiinmm diatimoe from the dipole. A simple oaJoulation giveB from 

w* flS « iiJSL/S = l-7aA (7) 

.tg-=V3L = 1-32L, (8) 

x- = -0-74£. (0) 

Bet\reea the two branches there is a 'forbidden region’. The size of this 
region is determined by the vsloe of the length unit L which depends on 
(t, S, and a In aooordanoe with (0). The limit of the forbidden region is 
indioated by a dotted line in Tig. 0.1. Its equation is 

Wj^L-x^IAr-*. 


( 10 ) 
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Tho magnobio field produced by the driftiBg eleotrons is oompoeod of 
the fiold of the dipoles \k (due to the eleotroulo motion in Bmall oirolea) 
and the field from oorrents (of negatiye charge) along the patlia In Fig. 
0 .1. It can be shown that the latter efifeot prodomlnatoe (see § 0.24). 

The analyHls of observational data of magnetic storms has shown that 
the disturbance field (D-fleld) oan bo divided into a polar disturbance 
and an equatorial disturbance (see, for example, Chapman and BartelSi 
1040). The former oan be attributed to ourrents in the upper atmosphere 
of the auroral sone: an afternoon current flowing eastward, and a moru'- 
ing oorrent westward. The equatorial diaturbauoe may also be duo to 
ounents in the upper atmosphere os postulated in Cliapman's empirical 
ourrent system, but most iianally it is attributed to a ring ourront flowing 
westward in the equatorial plane and enoiroling the earth at some 
distance. As the equatorial disturbance is stronger In tho afternoon than 
In tho morning, the dug currant is likely to bo oloser to the earth or 
stronger (or both) at the afternoon side. 

From Fig. 0.1 it is evident tliat ihe driflijiff eUcirorut are e(fuivalerU to 
a ring eurrenl of aboTU ihe ij/pe needed to eseplain the eipialorial diMurbanee, 
Tlie current flows in tho right dirootlon; it is strongest and goes most 
closely to the earth on tlio aftomoon side. 

Tlio ion cloud contains not only oloobrnns but also positive ions. If 
tho motion of the ions is treated In the same way os above, wo find that 
they drift aloug oiirvos whioli arc tho mirror imugofl of tho curves of 
Fig. 0.1, but whether enlarged or diininishod cleponciH u])(m tho value 
of L for ions. As a and K aro constants, tho relative valuee of L for oloo- 
troiiH and for ions dopoiid only on which is j)roi)ortional to tlio energy, 
i.e. tom]X)raturD of the oloetronic and ionio gases before tlio stroam 
enters the earth ^s Hold. If the olooti'ons and ions of tho stream are in 
temperature equilibrium, L Is tlio aanio for both sorts of particles. On 
the other hand, if the stroain is boated by the ootiun of tlie elootrio field, 
we should ox|)oot ])lii8ma oondltions as in a gnsoous disohargo. In tliis 
oaso tho olootmiiio teiniraratiii’e may bo to the ionic toini)oratiiro as 10, 
or a few i}owers of 10 to one (hoo $ 3.13). 

Wo osBiimo that tho ionic toniix^i'atiiL'o is inuoli lower than tlio oleo- 
tronio teniix)rature. It iinist lie ndinittod that this assumption is ojieji 
to oriticism. Hotioe tho viiluo of L for the ions is much smaller tlian for 
the electrons. This moans that oiitsido tho forbkldcu region the ions 
move almost reotilinearly ijarallol to tho y-axis. 

As tho velocity of tho drift prcKliioed by the elootrio field is iiivorsoly 
projiortional to H, and tho drift prtxliiood by tho iiilicinogouolty Is 
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perpmuUoDlar to the aiagnetio gradient, it oan easily be shown (AlfrdDa, 
1040, p. 30) that if the Inertia term/* in 2.3 (32) is still n^eotod, the 
dansliy of the partloles is always proportional to E, Henoe if mitutlly 
the spaoe ohaige in the BtEoam is zero, as it must be aoooidlng to § 0.1, 
no space aharge occurs in those legions which are aocessible to eleotrons 
08 well as ions. This means that there is no space charge until we reach 
the forbidden region. On the day-side border of the forbidden region 
positiTe ions are aooumnlated. On the night-side border the eleotrons 
are uncompensated by the positiye ions and a negative space ohargo la 
produced. Jf ve assume tiuU theai two regioru of apace aharge wuiraUxe 
took other by a discharge along the magnetic lines of force over the polar 
caps, we can accowUfor the polar disturbance and the aurora. 

The gas pressure at the border of the forbidden region is certainly so 
low that the conductivity is much higher parallel to the magnetio fleld 
than perpendicular to it. Henoe the current flows along the magnetic 
lines of force from the border-line until it reaches the upper atmosphere, 
We should expect the discharge to hit the upper atmosphere eJong a lino 
which is the border-line projected along the magnetio lines of force upon 
the earth. This line dories the auroral zone. 

6.21. Auroral curve. According to the theory, aurora should bo 
observed where the currant hita the upper atmosphere. This oocurs 
along a line, called the auroral curve, which is the projection along the 
lines of force of the boimdary of the forbidden region upon the earth. 
The boundary of the forbidden region is gi^^n, according to 6.2 (10), by 

tV3 A-x = (11) 

If a i»int on the auroral curve has the angular polar distance 8, and 
the longitude (or tlme-ongle) A, counted eastwards £ix>m the midnight 
point, we have [compare formula 1.2 (0)] 

rsiiiA^a; (12) 

f Bin*0 *= ilo, (13) 

where is the radius of the earth (up to the upper atmosphere). Coiu- 
bining the equatious (11), (12), and (13), we obtaia the equation of the 
auroral ourve: 

BinA = JV3(^/-Bo)“"*^~(-t/Boy'8in«^. (14) 

Tig. 0.2 shows the curve (or rather that part of the curve of interest 
to ufl). At 0* (A = 0O“) the polar distance 9 has its smallest value, 

0 = are sin = are Bin 0-872 ^[EJL), ( 16) 
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and at 18*^ (A =■ 270®) the mcudmiiiii value 

6 =- arofllnl*104^(Jio///) (1^1) 

Ifl reaohei The polar dlatanoo at a given hotir dopeudfl upon the para¬ 
meter L = and when this ohangee the ourvo becomes mngnlflod 

or diminished. As the sine of the polar distanoo Is proportional to the 
eighth root of Sl\k, it Is not very aouaitive to ohongea In the field strongtii 
JS or in the magnetio moment p of the eleotrons. T?ot example, If a point 
of the auroral sone has apolar dlstanoo 
of 20° for a oertaiii value of and 
EI\l inorensos by a factor 5, the polar 
distance increoBes only (= 1-22) 
times, oorreepondingto a displacement 
to 24*6®. This orplains the relative 
ooDstanoy of the polar distanoes of the 
aurorae in spite of the faot that E and 
p may flnotnate very much. 

As It seems neocsBary to distinguish 
between dlfforonb 'auroral oiirvos', wo 
oall tlio carve defined by equation (14) 
il^idealaurortdcurveoTl-eiirve, During 
the earth's daily rotation the googra- 
phioal position (if this curve Is oliauged. 

If Jtf/p is ooiisfcant and the earth's inognotlo field is a dipole field, tlie 
onrvo rotatee of ooumo around the maguotio axis. Tlio geographJoal 
path of an arbitniry point of the ourve (glvou by its value of A) during 
a day sliall be callod a 0-curve. Ii\ tbo di^x)!© case the G-ourvoa are 
oiroloH aroimd tlio magnetic axis. The average of all the G-onrvoe that 
oorresiwnd to the jnost fixiquojib value of i(?/p is blio ourve of maximum 
auroral frwinouoy or Af-oiirvc. 

If wo take into acooiint the diffoTonoo hotwoon tho earth's aotnal 
magnetic field and a dqKilo field, the ooiiditlonH are more oomplioatod. 
Li tills oAfio tlio aiiroml ourvo at a certain instant, tho aciual qutotqI 
oufve or A-curve, is still obtained fay projooting the boundary of tho 
forbidiloLi region alnug tho inagnotie liiioa of foroe upon tho surfiioo of 
tho earth (or ratlior upon the iipiioratmoephoro), but tlio equation of tho 
boundary as well as the equation of projeotiou am now moro oomplioatod. 
But ovoQ if tho aotiial Hold of the earth departs considorobly from a 
dipolo field at tho earth's flurfaoOp at long diatauooB from tlio earth it 
approxiniatoB more and more to a dipole field, booause all terms of higher 


Sun 
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order beoomo negligible. Bacanse of this we oan asBuine that at the 
boundaiy of the forbidden regloiii wMoh is usually situated at a distonoe 
of B-10 times the radius of the earth, the magnetic field oan be regarded 
as approximately a dipole field although at the earth's surfaoe It departs 
oonsfderably from a dipole field. Consequently, equation (1) still gives 
the boundary of the forbidden r^on. 

Seen from the earth, on arbitrary point at the boundary of the for¬ 
bidden region movee In a cdrdle In the magnetic equatorial plane when the 
earth rotates. At the same time the oorreapondlng point of the auroral 
zone followB a path which we have called a 6^-ourve. Consequently, the 
^curves ore the projeotions of the olroltf In the equatoiial plane along 
the magnetio lines of force upon the earth's snrfaoe. The Af-curve 
(curve of maximum auroral freqnencsy) oan also be obtained in this way, 
because it has the oharaoter of a 6^-curve (corresponding to the mean 
distance of the boundary at the moat frequent value of 
Prom auroral observations Pritz has computed the geographical 
situation of the Jf-ourve. Veatine (1038, p, 201) has constructed the 
curve of maximum polar magnetio disturbances, which is very likely 
to be identified with the Jf-curve. On the other hand, the theoretical 
shape of the Af-ourvo could be derived (as stated above) by computing 
the projection of a circle in the equatoriaJ plane along the actual mag¬ 
netio lines of force. If suoli a calculation is made, a comparison between 
the theoretical and obaervatlonaJ curves would give a check of tliis 
theory. 

To a first approxiinatioii the if-curve found by Veatine is a drole 
around the north pole of the eooentrio dipole introduced by Bartels 
(1036) (see § 1.2). To the same degree of approximation the A-oui’vo 
could be considered as on f-anrve given by equation (14) If 9 means tho 
distance to Bartels's pole and A the time angle with reference to it. 

6.32. IHurnaivariaiion of thepogiHonoJIhe aurorae. If i?/|i is constant 
during a day, on observer in the neighbourhood of the auroral zone must 
find a daily variation of the position of the aurorae. The polar distanoo 
of the auroral curve is a maximum at 18^ (A = 270’’) and a minimum at 
(^ :£= 00°). It is of interest to oaloulate the theoretical amplitude of 
this variation. Suppose that BjyL bos such a value that an observer 
at a polar distance 8 = 22° lias zone at the zenith at 0^ and 12** (0 » 
22 ° for A c:= 0° or 180°). At 18^ the polar distance of the zone is 23-4° 
and at 0^ it amounts to 17*3° (values found from (4) by numerical oal- 
oolation). Consequently its situation changes from 1*4° to the south 
to 4*7° to the north of our observer. Let us assume that there are aurorae 



O MAaKBTlO BTOBHB AMD AUBOliAX 180 

only jiiBt along the auroral ourve (/-curve or j4-onr7B), and blmt this onrvo 
Is situated at a heiglit of abont 120 km. above the earth, which Is the mean 
height of aurorae. Then a simple oaloulation shows that out observer 
will fhid the aurorae at 18*^ at a height of about 37° above the southem 
horizon, at 0** and 12^ at the zenith, and at O'* about 11° above the 
northern horizon. 

Of oouise the aurorae are nsufdiy spread oonsldorably on both sides 
of the matliematloal curve and, moreover, tlie polar dlstonoo of this 
curve changea al^va 3 ^ with E and |a. But still we should expect that 
beoauae the mean position of the aurorae varies during the day, the 
ratio between the number of aurorae in the northern half of the dry and 
in the southern half will vary. 

A doily variation of this kimi has actually been observed. Results 
from Oodthoab (Tromholt, 18B2; Paulsen, 1803), Cap Thordson (Corl- 
helm-OyllonsluOld, 1880) and Kingna Fjord (Internationale Folor- 
forscluing, 1882-3) are given In Figs. 0.4-0.7, whereas Fig. 0.3 shows the 
daily variation in the polar distance of the auroral ciuve according to 
theory. As pointed out above, we should expect the some type of 
variation in the relative number of aurorae observed to the noi'th rf the 
zenith at a station In tho auroral zone. The shar]^) minimum of the polar 
distance oomott at O'* at Oodthoab and at Kingiui Fjortl, and at IC at Cap 
Thordsen iiwtoad of at O'* os according to theory, and tho fiat thcoretioal 
maxiinuin at 1H** seoins to ooino a little too late in all tho observational 
onrvee.t Btill tho agrootnont must bo ooiisidorod as satisfactory, 

Quantitative olmurvationM of tho diumoL variatioiui of tho polar dls- 
tanoo would bo of gi'oat value. 

6.23. VVm! dirretitm of Uw mvnmil arat. Fn»n the thooretlcal point of 
view we must ex]wct that tho disohargo over tho polar regions of tho 
earth slioiild start fnnn tlio boundary of tho forbidden rogioii. If the 
disohargo is (|uint, so that no suoondary phouoinona occur, tho charged 
IMVitioloH liit tho ui)|)or atiuoH])hoi‘o just along the aurorHl A-ourve. 
OonHO(]uoiitly this lino is illuininatod, and, as it in nltuatod in the upper 
atnioH])liuro, it is wx^n bj' an olswrvor at the earth as an illuininatod arc. 
Tliis gives a ronsoiiablo explanation of tho auroral aro, which in foot is 
ono of tiio most (sutimon auniral forms. 

If wo nooo|it this idouliHontiou wo must oxpoot tho direotion of 
auroral arcs at a cxirlaiii |K)iiil and at a oortaiii hour to bo tho saino os 

t llui aliHTbwan of IIm» iilMtn'aUtiiiivl vaIucm i^vo bln kraal aatiDiioniifial tlmo, wlilnh 
inufit Ira ofimiolnl t<> *atin»ml' or *magiu)b{ii' tliira. A. cmrvn jiuI)IIh1ukI by VoBtlno (1088) 
wvtiiiH U) liiflinib^ tluirt lira cllfTiiiiHuit 1 h Iim limn unii liiiiir at Ckvlbhajib an wdU aa al 
Cb)) nirartlwui niul, oiMittHiiiiMilly of HUlo iiii|H»ria]ii)0 lur blv) aomiinrlHon. 
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the direotlon of the auroral A^urve at that point and that hour. This 
glvee ua a pOBsiblllty of oalonlatdng the direotlon of the auroral area at 
different tlmea of the day, N^leoting the ourvatui^ of the earth (which 
ifl permitted when the polar distance 3 ia not too large) the aclmuth a of 



yiQ. C.H. i^mubh of auroml ama Buoonllng tx> tiioory, 

Kkw. 0.9, 6.10. Avdmubh fit anroml am aooonUng tn ohoDTvatkMia. 


tho (lirootioii of Iho auroral /-oiirvo (comparo Fig. 0.2) is given by 


oota = 


dO 

OdX 


(17) 


whioli can bo caloulntod fn)ni 0.21 (14). Wo Ibid 


oot« — 


oofiA 


(18) 


whioli togutlior with 0.21 (14) givoH ex ae a hiiiotion of A. Vig. 0.8 shows 
liow (\ varioH with A, i.o, how the ariinuth of the auroral arcs variefl Avlth 
tho thno of clay, acooixling to tho theory. 

Jf tho auroral ii-cnL*vo is rogordod as aiipiDximately an i-ourve 
aniuncl tho north |)olo of tlio ocoontrio di^iolo, tho OAimutli a given by (18) 
hhoiild bo niforrucl to tlic3 lino fix)ni tlio station to tills i)ole. Taking tlio 
cHicHMitriolty of tho W-ourvoH into oonskloratlon, wo should mtlior refer 
it to a lino j^iorponcJioular to the ff-ourvo througli tho station. 
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Thfi direotlooB of jf&e auioisl Bfos at different times of the day havo 
been measured by Brsvais at Bossekop and by Cailhelm-QyllonaldOld 
(1886) at Gap Thordsen. Thdr lesults are plotted in Vigp. 6.0 and 6.10, 
irhioh give the aatronomioal aidmnth as a fimotion of the local astro- 
nomioal time (see the note on p. 186). The oorreotion from astronomioal 
admath to magnetio oEunuth with referenoe to the north pole of BarteJs's 
eooentiio dipole is —23° for Boaeekop and —37° for Cap Thordeen. If 
the raagnetio aaimiitli is referred to the perpendionlara to the O-oncvee 
throngh the stations, the absolute ralues of the oorreotions are probably 
gmn.llfli’ (as judged from Vostlne’s Jf-onrre). 

Allowing for these unoartaintieB in the absolute value of the asimuth, 
there is no doubt a oertain degree of aooordanoe between the observa¬ 
tional yalnas and the theorebioal curve. Although there is a oonaidBrablB 
spread of the observational points—^probably because the observational 
serlea are too short—the steady deoreaee of the admuth fivm 6'' is clearly 
indicated at Cap Thordsen and also, to some extent, at Bossekop. The 
dlBoonttamouB rise at 6^ of the theoretical ourve corresponds to a very 
steep rise from 32° at 0* to 80° at 8^ In the values from Cap Thordsen. 
The amplitude of the variation has at Bossekop about the theoretical 
value; at Cap Thordsen it is somewhat larger. 

Further ohservatioiiB are necesary, however, in order to moke a 
definite check of the theory in this respect. In particular, observationB 
at the dlsoontlnuity at 6^ ore very Important. 

Aooording to (17) the admuth of the direction of the arc at a given hour 
is obtained by differentiating the auroral curve (/-curve or .A-ourve). 
ConvoiBdy we oan oonstmct this curve from observationa of the direo- 
tiona of the arcs by integration. Aasuming that the moon dlreotion of 
the arcs at a oertalnhour (local time) ia Indejwndent of the polar dlatanoe, 
we have in agreement with (17) 

^=-oota(tt. (10) 

u 

Suppose that the observational mean of a during the hour h to 1 ia 
et^ and the polar distance at the time A is For \n—(x 1, we have 

approxuuatdy 

Aft = ft*+i"®* “ “ 12 oobot*. (20) 

We do not know the exact oorreotion, 0, between the astronomioal 
admuth Aj^, whloh la observed, and the ‘auroral* admuth otj^ (= 
which ia to be used In our formula. If we pub G irr—A, we obtain 
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ootoij^ =» tan(.^—.4^) jaj Thia glToo 

= ( 21 ) 

fc-fl *- 

As we want to have 0^ = 0o, oonditlon deflnee X, A departa very 
little from the arithmetioal mean of 

In equation (21) we Inaert the azimuthal V 9 lue foT the auroral aroa, 
aa given by Carlhoim-GylleiiBkidld. One mlasing value ia interpolated. 
The curve obtained in this way ia ahown in !Fig. 0.7. Comparing it 
with the theoretioal curve of the polar diatanoe (!Fig. 0.3), we And that 
the ahaip minimum of the polar diatanoe oomee at about the right plaoe, 
but the maximum diatanoe ie attained too late. The amplitude of the 
variation is about twice the theoretioal amplitude. 

Ab a reault of our oompariBou between the theoretioal curve (!E1g. 0,3) 
and the obseivatlonol ourvos (FlgB. 0.4, 0.5, 0.0, and 0,7) we may oon- 
dude tliat the observational data, although rather Boaroo, odnfirm the 
theoretioal predictionB about the form of the auroral ourve. 

6.24, Curren/^9temo/^fna(7y)dicdi^uf6anoe. We eball now analyeo 
the ourront Byotem of the theory hi order to find tlie magnotio flold of it, 
This Add will later be ooiupaxed witli the observed difiturbanoo Add. 

The motion of tlie ohorged ]wtide in the Rtream is ooinpoBod of the 
drift duo to the deotrio Add and tho drift duo to the inliomogeneiby 
of the magnotio Add. The former drift is tho samo for x)ositiYO and illa¬ 
tive partidoB, which moana bliat lb givee no reeiilbaiib olootrio ourront In 
bhe ion doiid. On tho other hand, the inhomogcoidty of tho magneblo 
Aold gives a drift whioh liaa opposite dlrootlona for ixwitive and for 
nogabive ])artidoa, ho that an eloobrio ourront is produced in the ion oloud. 

Aooording to 2.3 (32) is x^orpendioiilar to Ab tlio ourrent has 
the dirootion of and os is x>arallol to tho magnotio grodiont whioh 
In tho oquHtorinl piano Ib anbiparallol to the radius vootov, the ourront 
Aowb in droloB around tho diixilo. 

When tho ion ntroam invades blio oartli'a nioguotio Add it Is probably 
condoiiBod to a rath or thin disk in tho magnotio oqmtorial idane. In this 
piano tho invasion is stox^ixxl ab a certain lino whioh we have collod tho 
boundary of blio forbidden region (boo !Fig. 0.1), 

Ab the inliomogoiioity of tho oartli'n magnotio Add glvon an oaetward 
drift to nogativo i>artLo]oH and a woBtwanl drift bo positive partidos, 
oiroiilar ourronts in tho wontword direction aro xirodiioed in the ion oloud 
outride tho boundary of tho forbidden region (soo Fig. 0.11), Tlio Ion 
density (number of ions per am.* of tho equatorial plane) is pruxxirtional 
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to IT or to r~° (aooordinj; to { 0.2) and the velooity of the drift Is propoi- 
tlonal to 5~^giad.£r ~ r^. Henoe the ouirent density is 

g m 

whore fg Is a oonfitonb. The oonstant 1/ is intioduoed In order to simplify 
Bobsequent equatlona. 

As pointed out In § 0.2, we can expect the eleotrons in the equatorial 



plane to give rise to the equatorial disturbanoe diuiiig a luagnetio storm. 
The motion of on electron or Ion is the resultant of a motion in a small 
oirole and the drifts (disonssed above) of this oirole. Consequently the 
magnetlo field Is oompoeed of the field from the small olroulor motion 
(which can also be considfired aa the diamagnetic action of the eleoti'on) 
and the field \ of the drift current. It can be shown that at the eaii;h*B 
Borfaoe In the following will be neglected. 

Thus the major part of the equatorial disturbance during a magnetic 
storm is due to the drift currents of the eleotrons and ions in the equa¬ 
torial plane outside the forbidden region. As the earth's distance fri)iu 
the boundary of the forbidden region is a luluimum at the evening side 
(18^) and moxiinum at the morning side (6^), the equatorial distur^noe 
must attain a maximum at 18^ and a minimum at 0^ (sea Fig. 

The dlreotiou of the field at the earth's equator is southward and exactly 
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Fia. 0.12. Cnnont ByBtom of tho 
auroral coiid. 


horlzonboL All this is in good, qualitative agveonient vith obBervational 
reanlta. 

A moEO dotoUod oomparison 'will be given in § fl.SS. 

Tlio ourronts in tho oqiuitorlal plnno flow along oonoontrio olreular 
oroe, whioh intorBOot the iKnindary of tho forbiddon legion when their 
ladli oro Binalleir than tho moxiniuni diatauoo of this line. CouBequontly 
they tranaport 6)leotrio ohorgo to the boniidory of tlie forbidden region. 
It 1 h oiudly Boon that this polnrizataon of the ion oloud suppUes positive 
olmrgo to the day-mdo of tho boundary (0''-18^) and negative charge 
to the ntght-flldo of It (18^-0’'), Tlio 
Bpaoo oliarge inaroones oontlnuously 
until it booomos disohorgod in somo 
'way. Ab tlie goa density is very low, 
tho XHunllel oonduotlvity is vory 
muoh groatoi timu tlio oross-oundno- 
tivity vj. (soe §8.21). Honoe tho 
ourront wiU loave tho equatorial 
plane and flow along tlio inngnotio 
lines of force until It rooohos tho 
upi)or atmoephoro. 

The inagnotio linos of foroo going 

through tho boundary of the forbidden i-ogion intorsoct the Burfooe of 
the oartli (or mthor tho upiior ntinoaphero) in points of tlie ourvo oollocl 
tho mrmil curve givon by 0.21 (14). Fig. 0.2 shown its form. If wo 
nssiuno this ourvo to Ira oloobrioolly coinluoting, tho disohnrgo ourronts 
along tiio linoH of foroo oontliiiio thoir way along thin ourvo. Consoqnontly 
tlio punitivo ohaigo at tho day-sido of tho forbiddon region Is able 'to 
nentrolixo the negative ohnrgo at tho nlglit-Hulo through uurronts whioh, 
lirgt, follow tho inngnotio lines offoirao from tho equatorial plane to tho 
upimr ntmosphero of tho north and south nuroml ounros, then flow along 
those oiirvoB from tho day-sido to tho night-sldo of thorn, from wlioro 
go hook to tho o(]uatorial 2 >lano along the mognetio linos of foroo 
(seo ]<^ig. (1.12). This oiinunt systom, wliloh is rosixinsible fur tho polar 
diMiirbanee, ooinplotos tho oiruiiib of tho ourronts (disouased above) 
whioli x^Fodiioo tlio o(jiiatnrial (lisburhaiiuo. 

Tho aHHUinptioii of liigli oloobrioal oonduotivity along tho aoroml 
ourvo is vory imbiii'oi. As a oonsequoiioo of tho disohargos along tlio 
inognetlo linos of foroo, tills ourvo is hit by olmrgod partiolea, whioh 
iouixo tho uxipor atiuosphore greatly. This is oon Armed by iouosphoro 
moasuiomonin. Aaoording to Harong (1037) tho ionization in tho 
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^-legion (height pi 100 kin.) at Tromso, olose to the amoral zone, 
InoreaBea BTan dming mogrietilo storma by a factor of 10 or more. 

Wo can therefore expect the conductivity along the auroral curve to 
be much larger than in the environment, which haa the oonasquence that 
the current prefora the auroral curve. The effect in 9 0.02 la leas 
pronounced beoauae the dimanalona ore amoUer and the conductivity 
lower, but ^onld probably be considered. 

The ounent density of the polar diaturbanoo aystem can be computed 
in the following way. The equatorial ourrent to on arc of the boimdory 
of the forbidden region between the XMinfo (r,®) and [r+dr,x+dz) 
omounta to d/ = to XV-* dr (28) 

according to (22), But after differentiating equation 0.2 (10) we have 
dx ss S]/r-* dr, which gives 

dl - ii^dx. (24) 

Conaequently, the current leaving the equatorial plane along the Unee 
of force from a given arc of the boundary of the forbidden region la pro- 
pordoual to the projection of thia arc on the ®-axiB, 

The ounent reaching the auroral zone between the longitudes A and 
A+dA la dl, given by ^ 

d/ = ito^(iA. (20) 

In order to osculate dx/dA we put the relation r = x/ainAinto 0.2 (10), 
ThIagiveB x»{ii/3L-x) ^ Z*Bin»X. (20) 

Differentiation of thla equation gives dx/dX. 

The current along the magnetio Unea of force goes from tlie equatorial 
plane to the northern oa well os to the aoutheni auroral zones. Although 
different oonditions in the two hemispheres (e.g. summer with greater 
conductivity In one of them) might disturb the aynunetiy aometlmoa. 
It ia reasonable to amume that, as a mean, half of the ourrent goes either 
way. 

. Part of the current oomlng along the magnetio lines of foroe to the 
auroral curve la diaohaiged over the evening branch of the curve, and part 
of it over the moiuing branch. It is difficult to predict on purely theoreti¬ 
cal gtounda howmudi goes either way. If the discharge along ^e auroral 
curve always chooses the shortest way, as is reasonable to asenme, the 
omront beebmea divided at about the 0^ and points. This means 
that the positive charge coming in between the 12** and IS** points flows 
over the evening branch and neutralizes the negative charge reaching 
the auroral curve between the 18^ and 24^ points. In the same way the 
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positivo oh&rgo between 0^ and 12^ ilowa over the morning branoh to 
the 0*^0*^ part of the oiirvo. 

On the oasumption made above wo oan oalonlate tlie onrrent J(A) at a 
point of the auroral ourvo with the longitndei A (oountod eastward from 
the midnight dirootion). The difforenoo (dl/dX) dA between the ourrent 
at the longitudes A and X+dX eqiialH the inilow of ourrent along the mag- 
'netio lines of £ 01 * 00 , which is given by (25). If i(A) represents the ourrent 



Fio, e.ia. Chumnt aloiig Iho auroral lona. 


in only one of the two auroral curves (tho northern or the southern curve) 
we iniiHb (livido tho inflow by 2. After integration wo have 

0 0 

or /(A) = (27) 

where x is given as a fiiiiotion of A by (2(1). Pig. 0.1.1 shows how / depondB 
upon A. The ratio botwoon the maximum westward ourrent (at G^) 
and tho maxinnini oastward ouri'ont (at IH**) o(|ual8 the ratio 
between the niaximinii and mininnnu distances of tho forbidden region 
from the origin. According to G.2 (H) and 0.2 (D) this ratio is 

1-32:0-74 = I«78. 

6.26. Ma{piciic JleJd of iha curttiU nyaltin, Tho thoorotioal oiurent 
syfltom is defincyl by ocpiationR 0.24 (22), 0.24 (24), and 0.24 (27). Tho 
next task is to find the inagnobic field which it prodnoes. This can be 
done by ordhiary mathenmlioal methcHls, but as tliis requh’os very niiioli 
ninnerioal integration it was proforrod to moke a soale model of the system 
and inoftHuro tlie Hold with a soaroh coil. Two inodelB (scale 1:10*) 
weie oonstnioted; in tlie 'first inodol’ tho height of the currents in tho 
auroral zone over the earth oorrospoudod to about 600 km., in tlie 
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Vtb, VflrtiooJ aoznponmt of distorbuioe, (a) uul (6) tfinfirpticMl o ur voWj 
(0i (^p M obwatioofl. 

Beoond model to 300 km. Even this height is perhapB larger tlian wliat 
should be expected from observations. The minimum and maxiinum 
polar distanoea of the auroral curve T?ere 18® 4C' and 2fi® 20' in approxi¬ 
mate agreement with the polar distanoe of the zone of maximum auroral 
frequenoy (22-23®). 

Tlie vertical, north-south, and east-west oomponenta of the magnebio 
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Fio. fl.in. Boatfwiorth oompoDrBU of dlstnAanoe* 

field of the oiirrent ByBb 3 in were measured by a eearoh ooil at difieremt 
points of a aphoro ooiTeaponding to the eur&ce of the earth. The aearoh 
ooil waa aot at a given latitude ojid roadinga were taken at dlSacecnt 
long!tudee. The ourvos obtained in this way for different latitndea give 
the diurnal varialim of (hr^ ma^vrXic fdmm field according to bliia theory. 
The result of the moosuremoiits is aliown iiili'iga. 6.14, 6,16, and 6,10o 
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and b, which give the three components of the theoretical disturbance 
field as found with the first (a) and the second (6) models. 

The curves obtained from the models are to be compared with the 
observational curves, compiled from averages over a number of storms 



Fig. 6 . 16 . East-west component of disturbance. 


or disturbed days. Figs, d and e of Figs. 6.14, 6.15, and 6.16 show Sn, 
the diurnal variation of the disturbance at low and temperate latitudes, 
as found by Chapman (1919 and 1927). 

Fip. c of Figs. 6.14, 6.16, and 6.16 are obtained from data given by 
estine and Chapman (1938) and represent the disturbance field at 
polar latitudes. The curves are obtained by adding the diurnal variation 
2 ) o e ai y mean of the disturbance, so that they represent the 
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total disturbance field. The vertical component is taken from Vestine 
and Chapman’s curves, the north-south and east-west component from 
their vector diagrams. As the east-west component in the auroral zone 
is small in comparison with the north-south component, its values are 
not very reliable, and comparison with the theoretical values would have 
no significance. 

A comparison between the theoretical curves obtained from the 
experiments upon the model and the observational curves shows a good 
general agreement, the main discrepancy being that the observational 
curves are sometimes displaced a few hours in relation to the theoretical 
curves. 

The vertical force has the following types of variation according to 
Fig. 6.14: 

1. At the pole it has a constant positive value. 

2. For stations situated between the pole and the minimum polar 
distance of the auroral curve the vertical force varies approximately as a 
sine curve with a period of 24^ and a maximum at 6^. The amplitude 
increases with increasing polar distance. 

3. Stations situated to the south of the minimum polar distance of the 
auroral curve, but to the north of the maximum polar distance of it, have 
approximately a double sine curve (period 12^) with maxima at 0^ and 12^. 
This is due to the fact that these stations are to the north of the auroral 
curve at 18^ but to the south of it at 6^. Consequently their curves show 
the minimum at 18^ which is characteristic for stations to the north of 
the auroral zone, but at the same time the minimum at 6^ which is found 
at stations to the south of the auroral zone. 

4. Stations definitely to the south of the auroral zone have approxi¬ 
mately a sine curve with a 24^ period and a maximum at 18*^. The 
amplitude decreases with decreasing latitude. 

5. At the equator the vertical disturbing force is zero because of the 
symmetry of the current system. 

The accordance between the theoretical curves (from the model) and 
the observational curves is especially striking within the auroral zone, 
where the simple sine wave changes into a double wave. This type of 
variation seems to have attracted little interest, although it is very dis¬ 
tinct in Vestine and Chapman’s observational curves. The current 
system constructed by Chapman to reproduce the observations does 
not give this type of variation. On the other hand, the double wave 
follows immediately from the electric field theory and is due to the 
eccentricity of the auroral curve. Thus the fact that double-waves are 
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really observed within the auroral zone adds further weight to the argu¬ 
ments given in §§ 6.21,6.22, and 6.23 for the view that the auroral curve 
(I-curve) has the eccentric form predicted by theory. 

The south-north component of the disturbing force exhibits the follow¬ 
ing types of variation (see Fig. 6.15). 

1. In the neighbourhood of the pole it varies as a sine curve with the 
maximum at 6^. 

2. About half-way between the pole and the auroral zone the phase 
changes, so that the maximum occurs at 18^ in the vicinity of the 
auroral zone. The amplitude is largest at the zone of maximum auroral 
frequency. 

3. Somewhat to the south of the auroral zone the phase changes again 
and we obtain the equatorial type of variation. The maximum occurs 
at 6^. The amplitude increases with decreasing latitude. 

Also the south-north component curves show a satisfactory agree¬ 
ment between theory and observations. 

The diurnal variations of the east-^est component are of the following 
types (see Fig. 6.16). 

1. To the north of the auroral zone it varies as a sine curve with its 
maximum at 0^. 

2. Within the auroral zone it is difficult to compare the theoretical 
and observational curves for two reasons: the theoretical curves depend 
rather much on the height of the auroral zone currents, as shown by the 
difference between the curves a and 6; the observational values are 
uncertain because of the asymmetry of the earth’s magnetic field. As 
this differs from a dipole field, the directions in which we have to count 
the south-north and the east-west components do not always coincide 
with the directions of the magnetic meridian and the perpendicular to it. 
If we still take the magnetic disturbance force perpendicular to the 
magnetic meridian as the east-west component, we risk getting a frac¬ 
tion of the south-north component superimposed on the real east-west 
component. The south-north component being much larger than the 
east-west component, the east-west curves may become completely 
distorted. 

If we assume that the maximum disturbance vector (in the horizontal 
plane) marks the direction of the south-north component and take the 
component perpendicular to it as east-west component, we obtain 
curves which are similar to the curves 6 (second model). The deflexions 
some hours before and after 6^ are not so large, however, as in the 
theoretical curves. 
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As a comparison of this kind must be somewhat arbitrary, the observa¬ 
tional curves from the auroral zone are omitted. 

3. To the south of the auroral zone the east-west component varies 
approximately as a sine curve. The maximum occurs at 12^, and the 
amplitude decreases with decreasing latitude. The observational curves 
are a little irregular, a double maximum occurring in several cases. 

4. At the equator the east-west component is zero because of the 
symmetry. 
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Fio. 6.17. Daily mean of disturbance. 


Upon the whole, the agreement between theory and observations is 
rather satisfactory. 

It is also possible to compare the experimental results from the model 
with observations in another way. 

We calculate the average value of each of the magnetic elements at 
a certain latitude as measured upon the models (Z),„ is the mean of the 
values at 0^, 2^,..., 22^). The values of the vertical and south-north com¬ 
ponents at different latitudes are shown in Fig. 6.17 a. The values of 
the east-west component are always zero because of the symmetry. 

These theoretical curves are to be compared with the observational 
curves of the same quantity (see Fig. 6.17 6). The general agreement is 
satisfactory. The very sharp maxima and minima of the curves for the 
second model are not found in the observational curves, but this was not 
to be expected, because these are averages from observations of many 
storms having different values of the polar distance of the auroral zone. 
The observational curves must therefore be more smooth. 

6.26. Discussion of the electric field theory. The attractive features of 
the theory are essentially the following. 




200 


MAGNETIC STORMS AND AURORAE 


6.2 


1. The introduction of the electric field gives the problem that sym¬ 
metry with respect to the 6^-18^ line which is a characteristic feature 
of the disturbance field. 

2. The aurora and the magnetic disturbances can be regarded in a 
natural way as two aspects of the same phenomenon. 

3. A current system is obtained which gives a i)-field in good agree¬ 
ment with the observed field. 

4. An eccentric auroral line is obtained so that the diurnal variation 
of the position of the aurora is explained. 

On the other hand, the following objections can be made: 

1. The theoretical deductions are not stringent. Because of the 
complexity of the phenomena an absolutely stringent analysis is hardly 
possible. 

2. Cowling (1942) has objected that if the particles of the stream move 
with p. (= eVjH) constant, they must have enormous energy in order to 
reach the upper atmosphere where H is large. Of course the condition 
jjL = const, holds only as long as interaction between the particles does 
not change the velocity vector. It is quite reasonable to assume that in 
connexion with the discharge along the magnetic lines of force secondary 
effects occur (e.g. some type of plasma oscillations), so that the direction 
of the velocity vector changes. 

3. As Cowling (1942) has pointed out, the electrons would never 
reach the vicinity of the border-line of the night side. Instead they should 
be discharged as soon as they leave the region which the ions can reach 
along straight paths. This objection may in part be correct. Of course it 
would be possible for the electrons to go aU the way along the night side of 
the forbidden region if only enough positive ions were supplied by the 
discharge along the magnetic lines offeree. But it is more reasonable to 
suppose that at least the main part of them are discharged before they 
have travelled the whole way. This calls for a modification of the theory, 
but this modification is very welcome from the observational point of 
view, because the night maximum of the aurora does come much earlier 
than required by the unmodified strictly symmetrical theory. Also, 
the magnetic disturbances are displaced in the direction required by this 
objection. 

4. The inertia term cannot be neglected for the ions, because before 
they have reached the earth their drift velocity is likely to be larger than 
their circular velocity. Hence space charge is produced even outside 
the border hne. 

5. The most important objection is certainly that Malmfors’s scale- 
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.odel experiment indicates that 'aurora’ is produced independently of 
le ion stream by a discharge produced by the electric field. After a 
(View of his experiment we shall return to the discussion of the 
leory. 


3. Malmfors’s scale-model experiment 

The phenomena occurring during a magnetic storm are too complicated 
) be analysed in a purely theoretical way. Under such conditions a 
jale-model experiment may give important information. Of course one 
lUst be careful in applying the model results to nature. 


■) Electron gun. 

'Electron ham. 

Vertical screen. 

\y Drift motion of electrons due to ^ the 
^ inhomogeneitg of the magnetic field. 

Illuminated region in the 
presence of the screen. 

Drift motion in the equatorial plane 
due to the electric field. 


Fia. 6.18. MalinforH’s torrella exporimont. 



Malmfors (11)4()) tried to reproduce the conditions postulated by the 
lectric field theory: A terrella, i.e. a homogeneously magnetized steel 
phere, representing the earth, was placed in an electric field between 
wo parallel plates. This field should represent the field produced by the 
(olarization of the ionized stream. The whole arrangement was placed 
a a vessel containing air at a pressure of 10“*^ or lO'^mm. The stream 
bself was produced by ionizing the gas between the plates in that direc- 
ion from the terrella which, with regard to the sense of the electric and 
aagnetic fields, represented the direction towards the sun. The ioniza- 
ion was produced by an electron l)eam which was curved (see Fig. 6.18) 
)ecause of the magnetic field. The slow secondary electrons produced by 
his beam drifted in the combined electric and magnetic fields towards 
he terrella. The magnetic field was not strong enough to ensure that the 
ons also drifted in the same way, so in this respect the model does not 
esemble what, according to theory, occurs in nature. The similarity 
ransformation in § IhT2 shows that it is beyond our experimental 
acilities to produce magnetic fields strong eno\igh to correspond to these 
jonditions. As the terrella is about J 0” tiiTies smaller than the earth, the 
messure (lO-^-lO""^ mm.) corresponds to mm. or 10®-10^ 

)articles/cm.^ This may be more than the normal density at the distance 
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of the ‘border-line’, but is much less than the density in the upper 
atmosphere at the normal height of the aurora. The applied voltage 
was some thousand volts, somewhat lower than the voltage (10*^10® 
volts) expected over the forbidden region. Hence the electric field is not 
very much lower than that required by the similarity transformation. 

Under the above condition eccentric luminous rings around the poles 
of the terreUa were observed (see Pig. 6.19). Their maximum polar 
distance was in the direction corresponding to 18^. Hence the rings 






{a) (6) 

Fig. 6.19. Luminous rings on the terrella, seen from the ‘night side’ (a), 
and from the north pole (6). 


could be identified with the aurora predicted by the theory. The current 
system has not been measured. 

So far the experiment seemed to support the drift theory. Unfortu¬ 
nately for the theory, however, the same phenomena occurred even 
when the electron beam was put out of action so that no ionized stream 
was produced. Without an ionizer the gas pressure must be kept within 
narrower limits than with it. 

If a ' vertical’ screen is placed along a meridian of the terrella those 
parts of the luminous rings vanish which are situated between the screen 
and the 6^ point, reckoned anti-clockwise if seen from the north pole, 
whereas the parts between the 6^ point and the screen are unaffected 
(see Fig. 6.18). This indicates that the rings are due to electrons generated 
in a region in the 6^ direction and drifting anti-clockwise round the earth. 

According to Malmfors the explanation of the phenomenon is likely 
to be the following. The pressure in the apparatus is so low that an elec¬ 
tron moving rectilinearly from one electrode to the other does not ionize 
enough to produce a gaseous discharge. Only if its path is lengthened, 
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e.g. through a periodic motion, does its chance of producing enough 
secondaries become high enough. This is a well-known phenomenon: 
in a ‘Penning manometer’ (Penning, 1937) a glow discharge at much 
lower pressure than is normal is produced by the help of a magnetic field 
which compels the electrons to oscillate along the lines of force. In the 
terrella experiment electrons in a region (‘generating region’) in the 6^ 
direction can move in periodic orbits because the electric drift and the 
magnetic drift (due to the inhomogeneity of the magnetic field) compen¬ 
sate each other. In the electric field theory this occurs for the equatorial 
plane at of Pig. 6.1. In the experiment the motion is probably 
complicated by oscillations along the magnetic lines of force. Anyhow 
in the generating region periodic orbits are possible, so that the con¬ 
ditions for a discharge at very low pressure are satisfied. Some of the 
electrons produced by the discharge leave the generating region and 
drift in the combined electric and magnetic fields around the earth. If 
the electronic motion were confined to the equatorial plane, they would 
follow the ‘border-line’ in Fig. 6.1. The oscillations along the lines of 
force, which are essential here, probably change the shape of the ‘border¬ 
line’ somewhat. As judged from the shape of the rings, its eccentricity 
seems to be greater than in the drift theory. 

Malmfors’s experiment resembles Birkeland’s terrella experiment in 
certain respects (compare § 6.1). The luminous rings obtained on the 
terrella by Birkeland have been interpreted as due to cathode rays 
moving in Stormer orbits. This is probably not right. The photo¬ 
graphs resemble those of Malmfors and the rings may have been 
produced by a gaseous discharge in an electric field near the terrella. 
If in Malmfors’s experiment the field near the terrella is made approxi¬ 
mately radial by connecting the two parallel plates together to a negative 
voltage and the terrella to a positive voltage, the rings become circular 
and symmetric around the poles, as in Birkeland’s experiment. 

Although we ought to be careful in applying a result from a scale- 
model experiment to nature, there seems to be no essential objection 
to the assumption that Malmfors’s mechanism is active in the pro¬ 
duction of magnetic storms and aurorae. His theoretical treatment, 
although rudimentary, indicates that if enlarged to geophysical dimen¬ 
sions the mechanism would produce aurorae at about the right polar 
distance. A weak point is that the magnetic field of the model is too 
feeble to make ions spiral, but as ions usually move much more slowly 
than electrons, the ionic motion may not be essential. In most gaseous 
discharges the ionic motion in the plasma is not very important. 
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To sum up, no real conflict exists between Malmfors’s experiment and 
the electric field theory and a modification of the theory guided by the 
experiment should be possible. 

6.4. The aurora as an electric discharge 

According to Birkeland-Stormer’s theory the aurora is due to particles 
which hit the upper atmosphere and penetrate to a level given by the 
energy of the particles and the stopping power of the upper atmosphere. 
According to Stormer and Vegard electrons must have a primary energy 
of 10^-10® volts in order to reach the lowest height (80-100 km.) at which 
the aurora is observed. If the primary cause of the aurora is an electric 
discharge, as indicated by the electric field theory and by Malmfors’s 
experiment, this discharge may produce swift electrons outside the 
earth’s atmosphere. When these electrons hit the atmosphere the same 
atmospheric phenomena as in Birkeland-Stormer’s theory are produced. 
The voltage difference between the points x.^ and in Fig. 6.1 is, 
according to the electric field theory, of the order 10^-10^ volts, so the 
electrons incident upon the upper atmosphere would have the right 
energy. 

There are, however, several arguments in favour of the view that the 
atmospheric phenomena should rather be treated as part of the general 
discharge. If so, a considerable part of the available voltage should be 
concentrated in the upper atmosphere where it produces a discharge in 
the atmosphere itself. This discharge carries current between space 
charges far away from the earth and some conducting layer (e.g. the 
£J-layer) of the upper atmosphere. Plasma conditions, including the 
presence of an electric field, may prevail the whole way from the top of 
the atmosphere down to the lowest limit of the aurora. Hence no elec¬ 
trons with higher energy than some 10 volts need to be present. In this 
connexion it is of interest to note that, from comparison of laboratory 
spectra with the auroral spectrum, Bernard (1940) has drawn the con¬ 
clusion that the aurora should be excited mainly by electrons of about 
30 volts. His results probably do not exclude that there are primary 
electrons, with high energies, because even in this case the main excita¬ 
tion would be produced by slow secondary electrons. The present situa¬ 
tion seems to be that spectroscopic data give no evidence for the existence 
of high-energy electrons nor for the absence of them. 

A common auroral form is the auroral ray. A ray may be seen in the 
same place in the sky for a considerable time. This means that it is at 
rest in relation to an observer on the earth. If the aurora is considered 
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to be due to incident particles, an auroral ray must be produced by a thin 
bundle of electrons which are emitted from the sun (according to Birke- 
land-Stormer) or produced by a discharge near the earth. In both cases 
it is very difficult to understand why the point where the bundle hits 
the atmosphere should take part in the earth’s rotation so as to make 
the ray immobile in relation to an observer on the earth. On the other 
hand, if the aurora is assumed to be an atmospheric discharge, the 
current can be expected to go the way where the resistance is least, i.e. 
the ionization a maximum. Hence if once a ray has been formed, the 
discharge has a tendency to continue along the same track. (Compare 
a flash of lightning, where several consecutive discharges follow the 
same path.) In this way the ray may remain immobile in relation to the 
atmosphere and to an observer on the earth’s surface. 

According to this ‘atmospheric discharge’ theory the dissolution of a 
continuous auroral arcf into a multitude of rays should be a phenomenon 
related to the constriction of a discharge. 

As has been pointed out in § 3.4, constriction of a discharge may be 
due to thermal effects or to electromagnetic attraction. In the former 
case which occurs, for example, in an arcf at atmospheric pressure, the 
narrow channel to which the discharge is confined is heated by the 
current so much that the conductivity becomes larger than in the en¬ 
vironment. In the latter case the electromagnetic attraction between 
parallel currents effects the constriction, and no significant rise in tem¬ 
perature is necessary. (In solar prominences the temperature in the 
discharge channel is lower than in its surroundings; see § 5.6.) 

If auroral rays are interpreted as constricted discharges, the question 
whether the constriction is of thermal or electromagnetic origin could be 
solved if reliable temperature measurements were available. If a con¬ 
siderable difference in gas temperature between an auroral ray and the 
environment were found, this would speak in favour of the thermal 
constriction hypothesis, whereas if no temperature difference existed, 
the electrodynamic mechanism—or eventually some unknown mechan 
ism—should be active. Measurements on band spectra m^cate that 
the temperature at auroral heights is of the order of 200 K. (Vegar , 
1939) and that in an auroral ray it does not increase with the height 
(Vegard and Kvifte, 1945). These results probably exclude the existence 

of thermal constriction. 

Besides the constriction there is also another secondary p enomenon 
which may be of importance in producing the fascmatmg vane y o 
t Unfortunately both an auroral type and a discharge form is caUed an ‘arc’. 
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auroral forms. Suppose that the curve of Fig. 6.20 is a part of the 
auroral curve. If the discharge current is considerable and somewhat 
irregularly distributed, the potentials of different points along the curve 
may fluctuate. This holds not only for the auroral curve but also for the 
boundary line of the forbidden region and for the magnetic lines of force 
connecting them, i.e. along the whole path of the discharge. Let us con¬ 
sider the effect of an increase of the potential at a certain point A of the 
curve. From this point we have a radial electric field / in all directions. 

^ But in a magnetic field perpendicular to it, an 
electric field gives rise to a motion which is 
^ perpendicular to the magnetic field as well as 
to the electric field. Thus, if in Fig. 6.20 a 
c the magnetic lines of force go up through the 
paper, the radial electric field around A will 
produce a vortical motion. Consideration 
shows that it goes in the clockwise direction 
Eio. 6.20. Fomation of if A has a positive charge and counter-clock- 
drapenes. .£ surplus charge is negative. Conse¬ 

quently, a small space charge will cause a wave in the auroral arc like 
Fig. 6.206. If the space charge increases, this wave develops into forms 
like Fig, 6.20 c and 6.20 cZ. This corresponds to the drapery-shaped arcs 
and draperies, well-known auroral forms. 

It seems hkely that at least the greater part of the auroral forms could 
be considered as due to the effect of one or both of these secondary 
phenomena upon the auroral discharge. 
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VII 


COSMIC RADIATION 

7.1. Cosmic radiation (‘ C.R. ’) has proved to be of great importance in 
several branches of physics. In fact it has three different aspects: the 
nuclear physical, the geophysical, and the cosmic physical. In this con¬ 
nexion we are of course mainly interested in the third of these: What does 
C.R. tell us about the electromagnetic conditions in space? 

The answer to this question seems to be that at present the observa¬ 
tional data are too scarce to allow any definite conclusions. Hence a 
discussion of the field must necessarily be of a rather speculative charac¬ 
ter, but as it brings up a series of interesting problems, we shall devote 
the last chapter to it. 

When C.R. hits the top of the atmosphere it consists mainly of charged 
particles with enormous energies. There is no definite evidence that the 
primary radiation contains any neutral particles such as neutrons or 
y-quanta. The east-west effect indicates that there are probably more 
positive than negative incident particles. According to Johnson (1939) 
and Schein, Jesse, and Wollan (1941) the primary radiation may con¬ 
sist of protons only, but many authors maintain that it also contains elec¬ 
trons. Recently Hulsizer and Rossi (1948) report that the number of 
primary electrons is certainly less than 1 per cent. It is possible that the 
protons are mixed up with other atomic nuclei. 

As the terrestrial magnetic field permits particles of a certain momen¬ 
tum to reach the upper atmosphere of the earth only at latitudes higher 
than a certain critical latitude (as shown by Stormer), the intensity of 
C.R. is a function of the latitude. Investigations of this latitude effect 
make it possible to determine the momentum spectrum of the primary 
rays up to a few times 10^® e.v./c,']' above which limit rays can reach the 
earth even at the equator. The result is that most incident particles 
have momenta of the order of 10^*^ e.v./c. 

Measurements in Wilson chambers in strong magnetic fields have 
demonstrated the existence of particles with momenta up to between 
10^® and 10^^ e.v./c. No definite proofs of higher momenta are at 
present available, but the extensive showers (Auger showers) indicate 

j* The momentum of a C.H. particle is conveniently expressed in electron volts 
divided by velocity of light. For negligible rest-mass the energy equals the momentum 
multiplied by velocity of light. 



7.1 


COSMIC RADIATION 


209 


the existence of very much higher values. In fact, if one primary 
particle has been the carrier of all the energy developed in an exten¬ 
sive shower, it must have possessed a momentum which in some cases 
exceeded or even e.v./c. 

The total energy which the earth receives as C.R. is about the same 
as that received as starlight. 

The primary C.R. has a remarkable constancy and isotropy. Most 
of the variations in intensity registered at a certain observatory can be 
traced back to variations of atmospheric pressure and temperature. 
After correction for the atmospheric absorption there remain variations 
(up to about 5 per cent., in extreme cases 10 per cent.) associated with 
magnetic storms. No other aperiodical variations have been established 
with,certainty. As the magnetic storm variations are produced near the 
earth or in any case within the solar system, the radiation in interstellar 
space seems to have remained constant, within the accuracy of measure¬ 
ments, during the couple of decades during which measurements have 
been made. 

As the earth rotates, an observer on the earth receives radiation from 
different parts of the sky. Hence the sidereal time variation is a measure 
of the anisotropy of C.R. No sidereal time variation in excess of a few 
tenths of one per cent, has been established. As the terrestrial magnetic 
field smoothes the diurnal variation to some extent, the isotropy need 
not be as good as that , but there is certainly no excess of radiation in any 
direction exceeding a few per cent. 

It is beyond the scope of this book to treat the behaviour of C.R. in 
the atmosphere or to give a detailed analysis of the complicated behaviour 
of the rays in the terrestrial magnetic field (see Heisenberg, 1943, and 
JAnossy, 1948). Instead we shall confine ourselves to an analysis of the 
conditions before the radiation reaches the earth. Of the phenomena 
occurring, say, within the boundaries of the solar system the influence 
of the solar magnetic field and the magnetic storm variations are the most 
important. After a discussion of them we shall approach the fascinating 
problems of how the cosmic rays have acquired their enormous energy 
and why the radiation is isotropic. 

7.2. Cosmic radiation in the terrestrial and solar magnetic fields 

Consider C.R. of a certain energy outside the terrestrial and solar 
magnetic fields. This radiation is probably isotropic, which means that 
an observer measures the same intensity from all directions. When an 
isotropic radiation enters a magnetic field this field may prohibit the 

3696.74 ^ p 
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radiation from reaching a certain point from certain directions, but in 
those directions which are still allowed, the intensity is unaffected by the 
magnetic field, as shown by Lemaitre and Vallarta (1933). In other 
words, whether our observer makes his measurements in the solar or 
terrestrial field, he still finds the same intensity (of the chosen energy) 
as in the absence of a magnetic field when looking in some directions 
(allowed cone), but may find the intensity zero in other directions (for¬ 
bidden cone). 

7.21. Terrestrial field. Treating the terrestrial magnetic field as 
approximately a dipole field, and neglecting the solar magnetic field we 
find according to § 2.4 that the direction of a ray reaching the magnetic 
equator is given by equation 2.4 (13): 


sin0=(1) 

Here d is the angle which the path makes with the tangent to the equator. 
The parameter Cgt is inversely proportional to the square root of the 
momentum of the particle [according to 2.4 (5)] and Rq represents the 
radius of earth. 

If we want to know whether rays of a given momentum are allowed to 
reach a given point from a certain direction, we must study the path 
arriving from that direction. If this path has cut the earth’s surface, it is 
obvious that no particles can arrive along it. Hence it belongs to the 
forbidden cone. On the other hand, if it comes directly from infinity it 
belongs to the allowed cone and gives the full intensity of C.R. This 
shows that the forbidden cone may be considered as the shadow of the 
earth. All periodic orbits are forbidden, because a periodic orbit which 
reaches an observer on the earth’s surface must earlier have intersected 
the same surface. 


At the equator, rays from all directions above the horizon are allowed 
if, for y = —l,sin0 = +1, which according to 2.4 (14) corresponds to 


the momentumf 



( 2 ) 


whereas sin 6 = — 1 (all directions forbidden) corresponds to 


i’i = ^2(3-2V2). (3) 

Rays with momentum above reach the equator from all directions, 
rays below do not reach it at all, whereas rays in the intermediate 
t If p is expressed in e.v./c we have Pg — ^OOoRq^; p^ = 300(3--2V2)ai2j^. 
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range are allowed within a circular cone, positive particles arriving from 
the west, negative from the east. 

For the earth we have (a = 8*1.10^®; Rq = 6*37.10® cm.) 

^ 1-0.10i« e.v./c; Pa = 6. lO^o e.v./c. (4) 

If we go to higher latitudes, and decrease so that also softer 
radiation reaches the earth. The shape of the allowed cones becomes 
very complicated. The observed effect upon C.R. of the terrestrial 
magnetic field is that the measured total intensity increases with latitude 
from the equator up to about 45°. The increase is very much larger 
in the upper atmosphere, where even the low-energy part of C.R. is 
measured, than at sea-level, to which only the most energetic particles 
can penetrate. In the upper atmosphere the intensity increases at least 
up to 58°, as shown by Millikan, Neher, and Pickering (1943). This shows 
that there are primary particles with momenta as low as 2.10® e.v./c. 

7.22. Solar field. Janossy (1937) pointed out that the solar magnetic 
field may prohibit the arrival on the earth of low-energy particles. The 
problem has been discussed further by Vallarta (1937) and by Epstein 
(1938). If the earth is supposed to be situated close to the solar magnetic 
equatorial plane, the problem of the motion of C.R. in the solar field is 
the same as that wh ich we have just discussed. We may apply equations 
(1), (2), and (3) if a now stands for the solar dipole moment and for 
the distance sun-earth. Positive particles in orbits from infinity in the 
range < P < Pj roach the earth from the evening side, i.e. if the earth 
had no niagnetic field they would be observed as coming from the zenith 
at that point of the equator which has local time 18^ (inclination of the 
earth’s axis neglected). For the earth’s distance (P == 1*5.10^® cm.) 
and the adopted value of the solar magnetic moment [a == 4*2.10®^ 
gauss cm.®) we have 

Pi 1-0.10®; -= 5*6.10® e.v./c. (5) 

The ])r()blem of the motion of particles in the solar magnetic field 
differs from the analogous problem in the terrestrial field in one respect. 
In the latter case all |)eriodic and quasi-periodic orbits reaching the 
earth’s surface are forbidden because they are 'shadowed’ by the earth 
itself, but a similar orbit in the solar magnetic field, which reaches the 
neighbourhood of the earth, has in general not been intercepted. In 
fact, if we trace such an orbit backwards, the chance that we shall find 
it to have cut the earth or any other i)lanet earlier within a reasonable 
time is very small. Of the periodic and quasi-periodic orbits those 
resembling the orbit of Fig. 2.5 are most important. 
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It is obvious that all orbits from infinity must have full intensity. It 
has usually been assumed that the periodic orbits in the solar magnetic 
field should have intensity zero, because no particles from infinity can 
reach them. This means that the earth should receive a directed radia¬ 
tion in the range to P^^, so that the solar 
magnetic field would give rise to a solar 
diurnal variation. 

This conclusion is probably not legiti¬ 
mate, because we have neglected the scat¬ 
tering of C.R. The scattering may be due 
to different causes. One of them is that in 
the regular solar magnetic field the fields 
of the planets introduce irregularities. A 
C.R. particle which accidentally passes 
near a planet will be deviated ('scattered’) 
from its regular path. Suppose that a C.R. 
particle enters the terrestrial field but does 
not hit the earth. Then it will leave the 
field again but deflected through a certain 
angle. In order to be scattered considerably 
a particle must approach so near to the 
earth that its radius of curvature p in the 
terrestrial magnetic field H is of the same order as the distance R to 
the earth’s magnetic dipole (moment = a§). If P is the momentum of 
the particle we have p ppg 



Fig. 7.1. Orbits in solar 
equatorial plane. 


R ^ p = 


H 


(6) 


or 




P' 


( 7 ) 


For P = 10'^ gauss cm. = 3.10* e.v./c [compare (5)], and with 
= 8.10*® gauss cm.®, we find for the scattering cross-section of the 
terrestrial magnetic field 

S = ttP* = 2-5.1019 cm.® (8) 

The earth’s ‘ cross-section for absorption’ is much smaller at this energy. 

Hence the effect of the terrestrial field is roughly that particles arriving 
within this surface will be scattered at random from one orbit in the 
solar field to another. Thus if a particle in an orbit from infinity ap¬ 
proaches the earth, it may be scattered into a periodic orbit and vice 
versa. 

When a particle has been scattered into a periodic orbit, it remains 
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there until it becomes absorbed, e.g. in interplanetary matter, or 
scattered back into an orbit to infinity by the terrestrial magnetic field. 
The probability that a particle in a periodic orbit is scattered by the 
terrestrial field may be estimated in the following way. In the solar field 
the periodic orbits passing near the earth occupy a volume V, V ^ jR|, 
where means the earth’s orbital radius. A particle moving with velo- 
city c within this volume has a fair chance of hitting a surface S after a 
time T, 


T = VjSc, 


(9) 


If S means the scattering cross-section of the earth’s magnetic field, we 

T = 160 years. (9') 


Consequently a particle in a periodic orbit is likely to remain there one or 
two centuries before it is released by a new scattering. 

To take an optical analogy, the solar magnetic field constitutes a 
‘screen’ between the different types of orbits. The presence of the 
scatterer means a ‘hole’ in this screen through which particles may pass 
from one side to the other. The isotropic radiation, reaching the scatterer 
from infinity, will leal^ through the hole and fill also all periodic orbits 
passing the scatterer. A stationary state is reached when the intensity 
inside the screen is the same as outside it. Then the same quantity of 
radiation passes the hole in either direction. 

If the particles in periodic orbits arc absorbed considerably during the 
time T, the number of particles in periodic orbits is determined by the 
absorption in interplanetary matter during this time. If the density is 
p g. cm.“'^ the matter which the radiation ])asses in the time T is given 
by I) ~ cTp r.. -. 1-5. g. According to van do Hiilst (1947) 

the density of intcrf)lanetary matter is p 5. g. cm.“'^ This gives 
J) — 0-75 g. cm.-"**^, which moans that the absorption is small. 

Consequently the periodic orbits are filled to about the same intensity 
as the orbits from infinity. Hence for momenta above 1\ cosmic rays are 
reaching the earth fr'om all directions. Below all directions are for¬ 
bidden unless scattering by the outer planets or other causes makes some 
weaker radiation leak in. 

Hence theoretically the solar magnetic field is not likely to produce a 
diurnal variation. This agrees with earlier results by Malmfors (1945), 
who by a study of the trajectories has shown that the obser ved solar time 
variation at Stockholm (rnagn. lat. ~ 58*^) cannot be a product of the 
solar magnetic field. 

It is probable that all planets have magnetic fields. Whether we 



214 


COSMIC RADIATION 


7.2 


suppose these fields to be proportional to the angular momenta or, for 
example, to the volumes of the bodies, we find that all planets, except 
the asteroids, are likely to be rather effective scatterers. It can be shown 
that the earth should be reached by radiation scattered by a magnetic 
field of Mars. This effect makes the low momentum limit of C.R. about 
30 per cent, less than that given by equation (5). Other planets are of no 
importance in this respect.f 

Cosmic dust and free atoms, ions, and electrons may also act as scatter¬ 
ers, but it is unlikely that they are of any importance. 



Tig. 7.2. Minimum momentum with and without scattorer. 


More effective are electric fields. In §§ 5.7 and 6.1 we have seen that in 
connexion with magnetic storms the sun emits beams, which are asso¬ 
ciated with electric fields. The deviation of a C.R. particle when passing 
once through such a field may not be very large, but by repeated scatter¬ 
ing the effect may accumulate. As found above, the absorption is so 
small that a C.R. particle may move for centuries in a periodic orbit 
in the solar field. It seems likely that all sorts of disturbances would 
change the orbit completely during so long a time. If we accept this, the 
conclusion should be that there exist no forbidden orbits in the solar 
magnetic field. C.R. of all energies present in interstellar space fill up 
interplanetary space. Only close to the solar surface are there forbidden 
regions which are due to the ^shadow’ of sun itself (as in the case of the 
earth). 

t Since this was written Kane, Shanley, and Wheeler {Rev. Mod. Phys., 1949) have 
made a very careful study of the motion of C.R. in the solar magnetic field, taking 
account of the scattering and absorption by the planets and the absorption, by the 
moon and the sun. 
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7.3. Magnetic storm variations 

Large variations in C.R. intensity, which cannot be accounted for by 
changes in atmospheric absorption, are observed only in connexion with 
magnetic storms. Mg. 7.3 shows records of C.R. intensity at different 



ITo. 7.3. C.R. variation during a inagiiotic atorm. (Lauge-Forbush, 1942). 

observatories during two magnetic storms. From these and other 
measurements it is evident that these variations occur simultaneously 
on all stations. The variations are associated with magnetic storms, but 
there is no simple connexion. In general C.R. intensity increases some 
hours before the magnetic effects commence and decreases during the 
main phase of the storm. 

For that part of C.R. which is hard enough to penetrate the atmosphere 
there are no forbidden cones to an observer at a latitude above about 45° 
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(see § 7.21). A change of the terrestrial magnetic field may introduce 
forbidden cones at higher latitudes and thus cause a decrease in C.R., 
but it cannot possibly cause an increase, because the full intensity is 
already normally observed. The fact that C.R. increases at Godhavn 
(geomagnetic latitude = 80°) during some part of a magnetic storm 
shows that changes in the earth’s magnetic field cannot be the (direct) 
cause of the C.R. storm variation. 

Nor can the solar magnetic field cause the observed C.R. variations. 
This is shown by the fact that even at an equatorial station such as 
Huancayo (geom. lat. = 0 * 6 °) variations are observed. At the equator 
only the most energetic particles (momentum > 10 ^® e.v./c) are per¬ 
mitted, and for these there are no forbidden cones in the solar magnetic 
field, which according to 7.22 (5) only affects particles with momenta 
below 5'6, 10 ^ e.v./c. 

Hence the only possible explanation seems to be that the storm varia¬ 
tions of C.R. are due to changes in the electric conditions around the 
earth. According to 5.81 ( 10 ) the electric field in interplanetary space is 

E = -^[vH]. (1) 

In connexion with magnetic storms a stream is sent out from the sun with 
a high velocity. The solar magnetic field polarizes the stream and this 
polarization is compensated by the electric field ( 1 ) in order to make the 
current zero within the stream. If a C.R. particle passes the stream, it is 
acted upon by the electric field E (but not by the polarization, which is 
effective only for the particles moving with the stream). Hence if a 
C.R. particle crosses the stream its energy changes by 

AW = ejEd.s. ( 2 ) 

Outside the stream there is no electric field (in the ideal case; compare 
§ 5.8). It should be observed that the electric field is not derivable from 
a potential. 

Therefore, in order to see what happens to C.R. when it passes a stream, 
let us consider an electric double layer giving a change in voltage of 
AF (= J E ds). On one side of the double layer we have the normal 
isotropic C.R. What is observed on the other side of the layer ? 

A positive particle with the energy W, making the angle 9 with the 
normal to the layer, will emerge at the other side with the energy 

W' = W+^W 
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and at the angle 9 ', which if rest mass is negligible in comparison with 
kinetic mass is given by 

siny' fV 

siny Tf+ATf ^ 

This can easily be obtained by elementary calculations or from the 
fact that the refractive index is inversely proportional to the length of 
the de Broglie waves, which is inversely proportional to the momentum, 
which at relativistic velocities is proportional to the energy. 

As the intensity (density of the particles) is inversely proportional to 
the solid angle covered, the intensity increases by the factor 


(W+AW)/fV. 

Consequently, after the passage of the double layer, positive particles 
with the energy IF will increase in number per solid angle by a factor 
(1F+A W)/ I F and, at the same time, their energy will increase to 1F+A TF. 
For negative particles therci is a corresponding decrease in number and 
energy. 

Confining ourselves to positive primaries (which in any case produce 
most of the etfects observed at sea-level) we suppose that the number of 
primaries in the energy interval IF to W -\~(IW is n{W) dW and that one 
primary particle of energy IF after passing the atmosphere gives a reading 
a(W) on a measuring a])paratus. Then the whole measured intensity is 


/ - (■ a{W)n(W)dW. (4) 

0 

If all pai’ticles gain the cMUugy A IF in the double layer, the intensity 
becomes 

/ I A/ . \ ^-l'yy.(W+^W)n(\V)dW. 

d 

For small vaJui's of A IF w(‘. have 


/ I A/ [ + (5) 

0 

r/j 

or (6) 

() 

The integral in ((>) is diflicult to evaluate because a is not known. The 
relative inci'c^ase in iiitensity A /// is probably about equal to the relative 
increase in energy A 1)7 Wo of the rays iioar the maximum in the 
spectrum {W^^ ^ 10 ^<* c.v.), according to a crude analysis. 
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Chapman has assumed that a storm-producing stream moves with a 
constant radial velocity, the tangential motion being governed by the 
constancy of the angular momentum (which equals the momentum at the 
solar surface). Tig. 7.4 shows the shape of a stream at a certain instant. 
Although electromagnetic forces may act upon the stream (e.g. they 
tend to establish isorotation), it seems reasonable to start with Chap¬ 
man’s assumption. 

The position of the earth before the stream has arrived and after it has 
passed is shown in the figure. The field of the stream is directed forward. 
Hence before the stream has reached the earth positive particles which 



Fig. 7.4. Shape of stream from the sun according to Chapman. 

pass through it on their way to the earth are accelerated, so that an 
increase in C.R. intensity is caused. After the stream has passed the 
earth, positive particles directed towards the earth lose energy when 
crossing the stream, so that the C.R. intensity diminishes. 

Consequently the storm variations in C.R. are explained qualitatively. 
That the earth before the storm is situated on the convex side and after 
the storm on the concave side of the stream also explains why the increase 
before the storm is of shorter duration than the decrease after the storm 
(when the earth is partially wrapped up by the stream). 

The quantitative side is more difficult. In order to produce an intensity 
change of as much as 10 per cent., AF cannot be much smaller than about 
10® volts. The breadth of the stream near the earth cannot exceed about 
10^® cm., so that the field must not be much less than 100 /x volt/cm. A 
velocity v equal to 3.10® cm. sec.-^ in a field H equal to 1*2.10"® gauss 
(solar field at the earth’s distance) produces only 4 /x volt/cm. This is 
probably enough for ordinary storm variations in C.R., which amount 
to only 1 per cent, or less. A 10 per cent, variation is certainly an extra¬ 
ordinary event, but still it must be explained. The solar magnetic field 
is not likely to be in error by more than a factor 2, so we should have to 
assume a velocity of the order 3.10® cm./sec. This would mean enormous 
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kinetic energy of the ions in the stream. Perhaps it would be possible to 
assume that the stream, which comes from the solar surface where the 
field is of the order of 10 gauss, in part carries a strong magnetic field 
with itself. Owing to the high conductivity the field may be ‘frozen in’. 
A careful analysis of the different possibilities is needed. 

If cosmic rays move in periodic orbits in the solar field (see § 7.22), 
these are affected very much by a storm-producing stream, because they 
cross it once for every revolution around the sun. The energy of periodic 
orbits near the earth is small however (< 5*6.10» e.v./c), so that only 
the weakest part of C.R. is affected in this way. Certain periodic orbits 
close to the sun possess higher energies (up to lO^^ e.v./c), and if particles 
in these orbits are accelerated there is a chance that the periodic orbit is 
changed into an orbit to infinity, so that the particles leave the close 
vicinity of the sun and eventually reach the earth. ’ Hence the energy- 
change of particles in periodic orbits may produce an increase, but no 
decrease, in C.R. intensity measured on the earth. 

Finally, it should be mentioned that if there are some C.R. particles 
near the solar surface, they may be accelerated by eruptive prominences. 
Such prominences are sometimes emitted at the speed of 10® cm./sec. 
Suppose that they move in a field H ^ I gauss and that their linear 
dimension is of the order I = 10^® cm. The voltage difference over such a 
prominence is V = vHljc = 0 * 33 . 10 ® e.s.u. =:= 10^® volts. Acceleration 
processes are discussed further in § 7.6. 

7.4. The isotropy of C.R. 

The smallness of the sidereal time variation indicates that C.R. in 
interstellar space near our solar system has a high degree of isotropy. 
If C.R. consisted of y-quanta, as was initially assumed, or other neutral 
particles, which necessarily travel rectilinearly through space, the iso¬ 
tropy at our place must mean, unless very special assumptions are made, 
that the radiation is isotropic everywhere in the universe, even outside 
our galaxy. Near our solar system the energy density of C.R. is about 
the same as that of starlight (sun excluded). As in intergalactio space 
the density of starlight is several powers of 10 less than in our neighbour¬ 
hood, the total energy of C.R. in the universe must be several powers of 
10 times as great as the total starhght energy. Hence the ‘universal 
isotropy’ of C.R. means that C.R. plays a decisive role in the energy 
balance of the universe. The source producing cosmic rays is far more 
energetic tlian all the stars together. 

The discovery that C.R. consists of charged particles makes it possible 
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to avoid the above conclusion, because the paths of charged particles 
may be curved by magnetic fields. Electric fields of reasonable strength 
are unimportant. Consider the case when in an arbitrary magnetic 
field, say a dipole field, there are situated a number of sources emitting 
chargedparticles with such small momenta that the radii of curvature of 
their paths in the magnetic field are small in comparison with the exten¬ 
sion of the field. The particles will oscillate along the lines of force and 
also drift because of the inhomogeneity of the field. An observer situated 
not too close to any of the sources will have a good chance to receive 
charged particles from all directions, i.e. to observe a radiation with a 
high degree of isotropy. 

If sources within our galaxy are to produce a radiation which is fairly 
isotropic within the galaxy, we require a galactic magnetic field H strong 
enough to bend the particle paths so that the radius of curvature p 
becomes much smaller than the extension of the galactic magnetic field 

where = momentum in As our galaxy is a flat disli with a 

diameter of 100,000 light years (cm.) and a thickness of 10 .OOO light 
years ( 10^2 cm.) we must require p < 10*2 cm. This gives for = 3.1 ()» 
e.v./c, H ^ 10-15 gauss; ^ 3.IO12 e.v./c, H > IO-12 gauss; and 

for P,, = 3.1015 e.v./c, H > lO-® gauss. Consecjnently, as tho main part 
of C.R. has momenta below, say, 3 . IQi® volts, a galactic inagnotic field 
of 10 2 gauss is enough to make it fairly isotropic, but in oi'der to niako 
even the radiation supposed to produce the extensive showers isotropic, 
which it seems to be, a field of 10 -® gauss is required. 

(The magnetic fields of the stars are of no iinportance in this con¬ 
nexion. At a distance ofone light year from the sun the solar field is only 
10-22 gauss and the average field from the stars cannot lie more than a 
few orders of magnitude greater.) 

If we assume the existence of a galactic magnetic field, it is possible, 
that the intensity of C.R. is much smaller outside the galaxy than within 
It. This would be the case if the sources of C.R. are situated inside the 
plaxy, e.g. near the stars. The galactic magnetic field may very well 
have such a shape that only a small fraction of tho C.R. of the galaxy 
leaks out into intergalactic space. 

Under these conditions the output of the sources of C.R. may be much 

smaUer than the energy dissipation of the stars. If we ,suppo.so that the 
leakage from the galactic magnetic field is negligible, a stationary state 
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is reached when the generation of cosmic rays equals the absorption. 
The main absorption will take place in interstellar matter. The average 
density of this is usually estimated to be about g. cm."® If a C.R. 
particle can penetrate say 100 g./cm.®, its range in interstellar space is 
10®® cm. or 10® light years. As the energy density of C.R. and starlight 
is about the same but the average path of starlight within the galaxy is 
only 10^ light years, the production of C.R. need only be 10"^ of the 
starlight production. 

Consequently the fact that C.R. consists of charged particles gives us 
two possible ways of interpreting the isotropy: 

1. ‘ Universal isotropy hypothesis.' The cosmic radiation is isotropic 
in the whole universe. The galactic magnetic field may have any value 
(including zero). The total energy of C.R. in the universe is several 
powers of 10 larger than the starlight energy. 

2. " Galactic isotropy hypothesis.' The C.R. is ' enclosed’ in the galactic 
system, where the C.R particles spiral around the lines of force of a 
magnetic field which is at least 10"^®-10“® gauss. Outside the galaxy 
the intensity may be much smaller than within it. The total energy of 
C.R. in the universe may be only a small fraction 10"^) of the starlight 
energy. 

7.5. Speculations about a galactic magnetic field 

There is no direct evidence of the existence of a galactic magnetic 
field, but the assumption of such a field makes it easier to explain the 
origin and isotropy of C.R. In any case it is of interest to try to analyse 
the possible properties of the assumed field. According to § 7.4 the 
strength should be at least of the order 10"®-10"^® gauss. 

The solar magnetic field, supposed to be a dipole field, is of the order 
10"^® gauss at Pluto’s orbit, so it is of importance only within the limits 
of the planetary system. Even if other stars have somewhat stronger 
fields, all the star fi elds are too local to be of importance in this connexion. 
The galactic magnetic field must be, so to say, a property of interstellar 
space, or rather of interstellar matter. 

The density of interstellar matter is estimated to be 10”®^ g./cm.® or 
about one atom per cm.® This is certainly a very low density, but as the 
mean free path (of the order of 10^® cm.) is much smaller than the dimen¬ 
sions of the galaxy (10®®-! 0®® cm.) and the time between two consecutive 
collisions of a molecule (of the order of 10® sec.) is small in comparison 
with the age of the universe, there is no reason why we should not treat it 
as an ordinary gas. Its temperature is supposed to be 10,000°. Hence 
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according to § 3.24 the electrical conductivity parallel to the magnetic 
field ail = 1 * 4 . 10 ^® e.s.u. Its conductivity perpendicular to the field, 
a_L, is for H = 10 "^ gauss equal to 1 - 4 . 10 ’ e.s.u. and for H = 10 “^^ 
gauss 1 - 4 . 1 0^® e.s.u. Consequently interstellar space should be regarded 
as a good but anisotropic conductor. In fact the parallel conductivity 
is of the same order as in the sun. According to § 3.12 the conductivity 
is transformed as so when reduced to ‘laboratory scale’ the galaxy 
gets a very high conductivity. 

The decay constant T of the sun’s general magnetic field is according 
to Cowling ( 1945 ) of the order 10^° years (see§ 5.22). As T is proportional 
to (where I is the linear dimension) we find that the galaxy, the radius 
of which is 10^^ times the solar radius, ought to have a decay constant of 
1 0^4 y ears. This shows that the magnetic lines of force are very effectively 
‘frozen’ into the interstellar matter. No appreciable change of the 
magnetic field can occur during the age of the universe, unless in con¬ 
nexion with the motion of interstellar matter. 

With H ^ 10~® gauss the velocity of magneto-hydrodynamic waves 
V = ^ 300 cm. sec."^ = 10~®c. Hence during the age of the 

universe ( 10 ^^ years) a wave travels only 100 light years. Because of the 
low wave velocity the magnetic field does not affect the motion of inter¬ 
stellar matter very much. The magnetic pressure (H^/Stt < 4.10-20 
dyn. cm.-^) is much lower than the gas pressure ( 1 - 4 .10-^2 dyn. cm. “ 2 ). 
Consequently, unless the galactic magnetic field is much stronger than 
assumed, its effect upon interstellar matter is negligible. 

The long decay constant makes it futile to look for present causes of 
the galactic magnetic field. It has been assumed (by the author) that a 
small anisotropy of C.R., which is equivalent to a current through space, 
could cause a galactic magnetic field. This is not right. Suppose that a 
beam (of cosmic dimensions!) of, say, swift electrons is emitted. The 
current of the beam tends to produce a magnetic field, but because of the 
high conductivity no appreciable change in the magnetic state is per¬ 
mitted. The result is instead that a compensating current is induced 
which carries slow interstellar electrons in a direction opposite to the 
electrons of the beam, so that the sum of the currents becomes very close 
to zero. 

The long decay constant shows that the galactic magnetic field is 
probably a relic from a primeval state. 

Blackett ( 1947 ) has pointed out that a magnetic field may be a general 
property of all rotating bodies (compare § 1 . 1 ). He finds for the earth, 
sun, and 7 8 Virginis that the magnetic dipole moment a is proportional 
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to the angular momentum U : 

a 7 ^ 10 - 15 C 7 . (1) 

Let M be the mass, R the radius, and v the average velocity of the galaxy 
due to rotation. Then we have (for the order of magnitude) U = MRv 

jj ^ = 10-^^MvB-^. ( 2 ) 

The total mass is supposed to be 10^^ times the solar mass, or about 
10^® g. Withv = 10’ cm. sec.“^and JS = 3.10^2 cm. we obtain J? == 10-® 
gauss. If instead we take only the mass of interstellar matter, supposed 
to have a uniform density p (== g. cm.“^), we have H = lO-’^^dv 
(where d = thickness ofthe galactic disk). Withd = 10^2 cm., we obtain 
H = 10"^® gauss. The field according to Blackett’s relation is about 
what is required to make even the extensive shower particles fairly 
isotropic. It must be pointed out that if there is a general connexion 
between magnetic field and rotation, as Blackett assumes, this means 
that a new term must be introduced into Maxwell’s equations, a term 
which certainly is very important in cosmic electrodynamics. 

Let us assume that once upon a time, say 10^® years ago, the galactic 
magnetic field had a simple shape, e.g. resembled the sun’s general 
magnetic field. In the solar as well as in the galactic field the lines of 
force are * frozen ’ into the matter so that a local motion of matter drags 
the lines of force with it. This causes magneto-hydrodynamic waves 
which upon the whole try to re-establish the primary state. Any local 
motion is braked in a time which equals the time a wave needs to travel 
over the region which was put into motion. As a wave travels through 
the whole sun in less than 100 years, the waves succeed upon the whole 
in keeping the solar magnetic field ‘ in order’. This is not the case for the 
galactic magnetic field. If a region of an extension of, say, 1,000 light 
years starts moving, it will not be braked by magneto-hydrodynamic 
phenomena until after more than 10^^ years (on the above assumptions 
H 7::i lO-^ gauss) which is more than the age of the universe. Hence, as 
the restoration is very slow, local motions will deform the magnetic field 
and drag out the lines of force more and more. Consequently if there is a 
galactic field of less than lO-® gauss it is probable that it is very irregular. 

With increasing disorder the average magnetic field will increase 
because the lines of force are dragged out more and more. The average 
primeval field may have been much weaker than the present one. 

If the field were as strong as 10“® gauss, a wave could pass the whole 
galaxy in a time less than the age of the universe. Such a field would be 
regular and would also regulate the state of motion of interstellar matter. 



224 


COSMIC RADIATION 


7.6 


7.6. Origin of C.R. 

As we have seen, there are two different ways to interpret the observed 
isotropy of C.R. According to the 'universal isotropy hypothesis^ the 
C.R, is really isotropic in the whole universe (or a very considerable part 
of it) and the total energy of the cosmic radiation is many times as large 
as that of starlight. If this is right, the origin of C.R. is to be found along 
cosmological lines. As Lemaitre ( 1931 ) has pointed out, C.R. may have 
been generated when the conditions in the universe were quite different 
from those prevailing at present, the radiation circulating in the closed 
universe since that time. The 'pre-stellar state’, which is supposed to 
have preceded our present'stellar state’ and during which the elements 
are supposed to have been formed, had a temperature of 10^^ degrees 
according to investigations by Chandrasekhar and Heinrich ( 1942 ) and 
by Klein, Beskow, and Treffenberg ( 1946 ). Although this is extremely 
high in some respects, it corresponds to only lO*^ e.v. and thus does not 
give very much hope of explaining the energies of C.R. Thus the genera¬ 
tion of C.R. must probably be put back to a still earlier period of which 
we know nothing. 

MiUikan has for long advocated a theory according to which the origin 
is due to a spontaneous annihilation of atomic nuclei, a process which, 
however, is extremely unlikely from a theoretical point of view. As 
support of his theory he quotes that he and his collaborators (Millikan, 
Neher, and Pickering, 1943 ) have found that the energy spectrum of 
C.R. has a band structure, but this result has not been confirmed by 
others. 

Klein ( 1944 ) has pointed out that general symmetry considerations 
suggest that part of the universe consists of 'inverse matter’ with 
negative atomic nuclei and positive electrons. Collisions between in¬ 
verse nuclei and ordinary nuclei are likely to give rise to a very energetic 
(10^-10^® e.v.) annihilation radiation. Although this theory is perhaps 
the most attractive one of the 'universal isotropy’ type, it probably 
meets insuperable difficulties in explaining the higher parts of the energy 
spectrum. 

On the other hand, we may assume that the observed isotropy is 
produced by a galactic magnetic field ('galactic isotropy hypothesis’). 
The assumption of a galactic magnetic field does not invalidate any 
theory of the type discussed above, but it gives us new possibilities of 
accounting for the origin of C.R., because the total amount of energy 
which the source must be able to produce is now very much smaller, in 
fact only a small fraction of the starlight energy. 
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The nova and supernova hypothfv<j; 
with the ‘universal isotropy h.VT5othf.o- though originally 
likelihood if combined with the ‘ a-alno+- **^-*^^ ^^^■ckgrounrl -would gain in 

the total energy, generated as C.R during 

so ovorwhe^ly l»ge. It m difileuU ,o se,. hoLver, h... .he very 
tags particle e„erg.os of O R. could be e.ypWd i„ ,1,1. .av. Even if 
the nova, and especially the supernova. evplo,i„„, air vrW violent 
phenomena and assocuted with temperatum, .hich from an orJiaarv 
point of view are enormonaly high, there is no litelih,,,! ,h.r singie 
particles eould acqune energies of the order of magnilnde found in 
C.R. 


The possibility that C.R. has got its energy by acceleration in elcK^tro- 
static fields has been pointed out by several authors, first by Bothe and 
Kolhorster (1929). This process encounters the difficulty that interstellar 
space is a good conductor. In other words, there are t<.>f) many charged 
particles in space, and an ordinary electrostatic field in a certain rc*gion 
must accelerate all charged particles which are present to C.R. energies, 
which requires an enormous energy if the region is extended. In order to 
avoid this difficulty we must either find a inechanisrn by which the field 
only accelerates some of the particles, e.g. those w hich alrt^ady have high 
energies, or introduce fields which are very intense over a rather .small 
region. 

We shall discuss these two possibilities in the following. 

7.61. Acceleration in streams of ionized ^natter. As we have in 
§ 5.82, the high conductivity of space precludes the existence of electro¬ 
static fields of any importance in this connexion. Induced fields may be 
produced by relative motion of matter. If the velocity of a stream of 
matter is v and the magnetic field the electric field is given by 


E == - ^ [vH]. 
c 

If a charged particle moves in this field and its radiu.'S of curvature p is 
so small that E and H are approximately constant over p it dws not 
change its energy. In fact, as E is perpendicular to H it only pro<liict^ a 
drift with the velocity v, i.e. it compel, the partide lo move «. h the 

etreem of matter. As idlmotionsaie relative, the seme mvol..eob,mnrf 

if the problem is treated in a system where the stream is al r^t. Then 

electric field is present and the particle just spuaLs around n magnetic 

“Xrhand,iftheorbitoftbeparticlei.snhuge.h..i.,™v,r» 

Q 


3595.74 
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regions with different states of motion, a change in energy is possible. 
An example of this has been given in § 7.3, in connexion with a theory 
of magnetic storm variations in C.R. A similar example will be discussed 
here. 

Suppose that in Fig. 7.5 there is a homogeneous magnetic field H 
perpendicular to the paper. A stream of matter with velocity v and 
breadth b cuts the plane at an oblique angle. A particle moves in the 

plane of the paper in such a way that it 
crosses the stream. In order to do so its 
energy W must be so large that the radius 
of curvature 

p (= WjeH) 

equals at least \b. When it crosses the 
stream its energy increases by 

ATf = eEb = ebv^Hjc, 

As WT > \hH the maximum relative in¬ 
crease in energy 

LW 
W 



Fig. 7.5. Acceleration of 
particles in stream field. 


c 


The velocity of streams of matter is not 
likely to be close to the velocity of light. For a storm-producing stream 
emitted by the sun (as has been treated in §§5.7, 6.1, and 7.3), vjc is 
supposed to be about 0*01. Even if higher values are not excluded, the 
relative increase at one single crossing cannot exceed a few per cent. 
Other stars than the sun might send out corresponding streams with 
higher velocities, but not even this would suffice to increase the energy 
by orders of magnitude. 

A large increase would be possible if multiple acceleration takes place. 
When in Fig. 7,5 the particle has crossed the stream it will move in a 
larger circle, which, under the ideal conditions which we have assumed, 
brings it back to the stream. As every crossing gives a new increase in 
energy, the resultant acceleration may be very large. The accelerating 
field is non-potential and may be interpreted as due to a change in 
magnetic flux produced at the upper and lower border of the stream in 


connexion with the magneto-hydrodynamic waves to which the stream 
gives rise (see §§ 4.6 and 6 . 82 ). 

The acceleration process which we have discussed will take place 
wherever there is a stream of ionized matter. In interstellar space there 
are large streams in connexion with the motions of stars or star clusters. 
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The velocities are in general so small that the relative increase in energy- 
does not become very important. In special cases multiple accelerations 
are possible, especially if particles move more or less accidentally in 
periodic orbits. The chance that a particle loses energy is of course 
about the same as that of energy gain. Hence the probability of obtaining 
very large energies in this way seems to be small. 

More favourable are the conditions near stars. By analogy with solar 
conditions we could expect streams with vjc = 0*01, perhaps in some 
cases even more. Further, there are stable periodic orbits in the dipole 
field of a star, so that there is a fair chance for multiple acceleration in 
non-potential fields of the type described. In § 7.3 the possibility of 
accounting for the storm increase in O.R. by multiple acceleration was 
mentioned. Even here the chance for energy loss is about the same as for 
energy gain, but if a particle in a periodic orbit has increased its energy 
sufficiently the orbit becomes non-periodic and the particle leaves the 
neighbourhood of the star. Hence of the group of particles, the energies 
of which change accidentally up and down, the most energetic are per¬ 
manently emitted. 

7 . 62 . Fields from stellar rotation. As an alternative to the acceleration 
in fields produced by streams of ionized matter we shall also discuss the 
possible acceleration in fields produced at the rotation of single and 
double stars. At first it may be of interest to point out that if there is a 
general galactic field (which we have already assumed as we are working 
with the ‘‘galactic hypothesis’) the rotation of the galaxy may produce a 
polarization in the same way as, according to § 5 . 82 , the sun is polarized. 
The potential is of the order V = vHBIc if H is fairly regular. If H is 
very irregular, as was suspected in § 7 . 5 , it becomes smaller. With 
V — lO^ cm. sec.-^ H = K)-® gauss, and i? == 3 . 1()2‘^ (values used in 
§ 7 . 5 ) we find F == lO^^e.s.u. = 3 .1(F‘^ volts. If in some way this voltage 
could be used to accelerate particles it would explain the energy of the 
main part of C.R. In order to account even for the extensive shower 
particles of, say, 3 .10^® e.v. we must assume H = 10“®, which seems not 
to be in conflict with any known facts. We know, however, too little, 
or in fact nothing, about the galactic magnetic field to be able to analyse 
the problem more closely, so we shall confine ourselves to stating that 
there may be voltage enough but it is not easy to find a mechanism by 
which it could be converted into particle kinetic energy. 

Similar results are obtained for electric fields produced near the stars. 
The sun is polarized so that the voltage difference between the equator 
and the poles amounts to 2.10^ volts. Stars with stronger magnetic field 
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and swifter rotation than the sun are able to produce larger potentials. 
For example, 78 Virginis has probably a magnetic field which is 30 times, 
an angular velocity which is 25 times, and a radius which is twice the 
solar values (see Babcock, 1947 ). This gives 6.10^^ volts. 

Swann ( 1933 ) is one of the first to point out that the acceleration 
could be produced in changing magnetic fields. According to him the 



betatron action of a rapidly increasing sunspot magnetic field may 
accelerate charged particles to C.R. energies. 

Another model employs the electric fields induced by the rotation of a 
double star (Alfv6n, 1937 a). We shall here discuss this process more 
closely. Let us make the following assumptions. The two components of a 
double star are exactly equal, both having the magnetic dipole moment 
a. They move along the same circle (radius = with constant 
angular velocity coq around the symmetry axis, which we take as a:-axis 
of an orthogonal reference system (see Fig. 7.6). Their magnetic axes 
(which may coincide with the rotational axes of the components) are not 
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parallel to the a:-axis but tilted in opposite directions at an angle <(>. 
Their directions remain fixed during the revolution. 

Because of the symmetry the magnetic field on the a:-axis is always 
parallel (or antiparallel) to this axis. Hence charged particles can move 
freely along this line from x = —oo to x = During this motion 

they may be accelerated by an induced electric field E caused by the 
motion of the dipoles. It is easy to calculate E^ at the instant when the 
two dipoles lie in the same plane (as in Fig. 7 . 6 ). One of them moves in 
the direction of the positive 2-axis (perpendicular to the plane of the 
figure) with the velocity ojq. If Hy is the ^/-component of the magnetic 
field of this dipole at a point on the x-axis, the induced electric field is 
\D^Q)QHylc. The other dipole moves antiparallel to the first one and its 
magnetic y-component has also the opposite direction. Hence the 
electric field deriving from the second dipole has the same magnitude 
and sense, so that the total electric field becomes 




D. 


'oU>o 


Hy. 


( 1 ) 


From the formulae for the field from a dipole [1.2 (12)-1.2 ( 14 )], we find 

with R = VK'i The energy gained by a particle with the charge 

ne moving from the negative to the positive infinity along the a;-axis is 


with 

The integration gives 


il 

(3) 

-1-00 


j EJ.X. 

(4) 

—■CO 


,, Ha.w„ . 

V = — 
cR,, 

(5) 


where ~ \I)q. V is the electromotive force of the ‘ double-star genera¬ 
tor’, which accelerates positive and negative particles in opposite 
directions. It is easily seen that half a turn later the e.m.f. has the 
opposite direction. The generator gives an alternating voltage with the 
amplitude F. The same voltage would be induced in a conducting wire 
along the a:-axis (the circuit being closed by a conductor at a great dis¬ 
tance). 

Suppose that Dq times the radius of our sun and the period of 
rotation is 2 days (reasonable values for a narrow double star), and 
further that 9 = 10°. Then a voltage of 10^^ volts is obtained if a is 15 
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times the solar dipole moment. As the surface field of 78 Virginis is 30 
times the solar value and its radius is supposed to be twice the solar 
radius, its dipole moment is 30 . 2 ® (= 240 ) times the solar moment. It 
is unlikely that 78 Virginis should represent the highest possible value 
among the stars. Hence it is not unreasonable to assume that in special 
cases a double-star generator may accelerate particles to 10^® e.v. or 
even more. If a singly ionized heavy atom is accelerated, it will soon be 
stripped of most of its electrons by collisions with other particles. 
Because of its multiple charge its final energy may be still higher by one 
or two powers of 10. Consequently even the highest energies observed 
in C.R. may be attainable by this process. 

A rough estimate of the number of particles accelerated by a double¬ 
star generator and the frequency of double stars (Alfven, 1937 a) seemed 
to indicate that the generators may be powerful enough to explain the 
observed intensity of C.R. (of course under the galactic hypothesis). 
The estimation was probably too optimistic, and the intensity problem 
is serious. 

Another objection against Swann’s theory as well as the double-star 
theory is that the conductivity of the solar atmosphere and of space 
around the stars is so high that strong fields are prohibited. In other 
words, the resistance in the circuit of the generator may be so low that 
it is practically short-circuited. Hence the result should be not a certain 
number of swift particles but instead a much greater number of relatively 
slow particles. It is difficult to judge whether this objection is right. If 
the current density surpasses the limit given in § 3.5, as it probably ought 
to do in many cases, we should expect a very high resistance and, at least 
at intervals, surges of very high voltage. 

The result of our discussion is that there seem to be two different ways 
in which particles may be accelerated. The first one has the advantage 
of being a very general process, taking place as soon as there is a stream 
of ionized matter, but the disadvantage that acceleration to very high 
energies must occur in many successive steps. The second one has the 
advantage that particles are accelerated to very high energy in one single 
process, whereas the main objection is that the process requires some¬ 
what special conditions. 

As a general conclusion it must be stated that we cannot in any way 
account for C.R. without reference to cosmological problems or intro¬ 
duction of new physical laws. This is obviously the case if we work with 
the ‘universal isotropy hypothesis’. If instead we chose the ‘galactic 
hypothesis’, it certainly may be possible to account for the generation 
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by classical processes, but we must also introduce a galactic magnetic 
field, and the origin of this field still remains an unsolved question. 
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NOTE 

■^hich has elapsed since this was written has changed the oiitlook 
^ ^ i^^y respects. High-altitude measurements by the photographic 

method, especi^y by Bradt and Peters (Phya. Rev. 1948), have shown that the 
p ima^ra wn consists of atomic nuclei mixed in about the same proportions 
mteratellar matter. This gives further support to the view that C.R. has 
be^ accelerated by electric fields in interstellar space. 

(Phys. Rev. 1949) have proposed that there are magnetic 
. p ® gauss in interstellar space, so that the radius of evurvature 

« iJ interstellar distances. Hence C.R. should be 

fViAOM A° ^ This alternative to the universal and galactic hypo- 

“tensity problem much easier. The interstellar 
npA+mff ^ generate by magneto-hydrodjmamio waves. A mechanism con- 
nm^ .Iff? (see 7.3) has been 

W uuff^ ?■ Fermi (PAya. Rev. 1949) 

according to which C.R. is accelerated in interstellar 
space by the variable magnetic fields of magneto-hydrodynamio waves. 

wave^x^^f* for the Joule damping of a magneto-hydrodynamic 

afflicrHeJh?. of isotropic conductivity and is not 

a HamninA. eor ^ circularly polarized wave can pass with 

LsTSsi T considered in §§ 6.23, 

dam^^e the T introduces an additional gravitational 

dampmg. the final result may be the same, at least qualitatively. 
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